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INTRODUCTION 


SomE fifty years ago an excellent little book was 
ublished bearing the title, “The Calculus Made Easy.’ 
e author adopted as his motto, “ What one fool can do 
another can,’ intending thereby to encourage a diffident 
student. As the author, however, disclosed the fact that 
he was a “ Fellow of the Royal Society ’’ it is doubtful 
whether the words would bring much comfort to those 
who were proposing to study the subject. 

In those ip the calculus was looked upon by many as 
abstruse and lying beyond the boundaries of elementz 
mathematics. But the increasing use of the subject in 
engineering and science, and consequently the desirability 
of bringing such a powerful mathematical instrument 
within the reach of a wider circle of students, led to the 
gradual simplification of its presentation. 

The present volume is in the line of this development. 
It aims at making it easier for the private student, who is 
unable to obtain the guidance and help of a teacher, to 
acquire a working knowledge of the calculus. Like other 
books in the series, it attempts, within the inevitable 
limitations of space, to provide something of the presenta- 
tion and illustrations employed by a teacher of the subject, 
especially in the earlier stages when the student is trying 
to discover what it is all about. 

Those who propose to use the book will naturally want 
to know what previous knowledge of other branches of 
mathematics are necessary. It is assumed that the readers 
possess an elementary knowledge of algebra, trigonometry 
and the fundamental principles of geometry such as is 
contained, for example, in the companion books on these 
subjects in the same series. To assist the student, cross 
references to the relevant parts of these books are given 
wherever they may be of assistance to him. 

Perhaps the greatest difficulty in writing a book of this 
character is to determine what to include and what to 
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it. e calculus is so wide and deep in its ramifications 
i Bgl ig that the temptation Is continually preet 
to include much that the limitations 1m) by the avaul- 
able space, make impossible. The aut! or, therefore, has 
been guided by the policy of including what seems to him 
to be necessary to enable and encourage the student to 
sroceed further in his study tae subject or 7 fear cake 

its application to science and engineering. — S on. 
after bs hesitation that the book was lengthened by a 
inclusion of the last three chapters. They were Insert 
in the hope that they would convey to the student some 
idea of the possibilities of the calculus and lead him to 

inue his study of it. 

"τὸ as posaiiid the “ proofs '’ of many of the theorems 
have been simplified and curtailed. In consequence > 
this simplification they may frequently be lacking in ἐν ᾿ 
mathematical rigidity and exactitude which are possibl 
ina! and more ambitious volume. It is hoped, how- 
ever, that they will supply the student with a sufficiently 
logical basis for an intelligent study of the subject. 

A considerable number of “ routine "’ exercises have ἐς τε 
included, and the student is urged to omit very few o 
them. They are necessary to give him a working know- 
ledge of the calculus and facility in the manipulation of it. 

The majority oi the tables at the end of this book are 
taken from Mr. Abbott’s Mathematical T ables and acne 
by courtesy of the publishers, Messrs. Longmans, Green 
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CHAPTER | 
FUNCTIONS 


1. What Is the calculus? 


Tue word “calculus” is the Latin name for a stone which 
was employed by the Romans for reckoning—+.e., for “ cal- 
culation ’’, When used as in the title of this book, it is an 
abbreviation for ‘‘ Infinitesimal Calculus ’’, which implies a 
reckoning, or calculation, with numbers which are infinitesi- 
mally small. This, in all probability, will not convey much 
to the beginner, and the real meaning of it will in many cases 
not be ae rt πονῶν agus ana some ἊΣ 
way with his study of the subject. following example 
ht help to ‘tino a little light on it. | 

Coniston promi dharma lant. βόηθα 
ee know that it grows apa lly and continuously. 
it be examined after an interval of a few days, the growth 
will be obvious and readily measured. But if it be observed 
after an interval of a few minutes, although growth has 
taken place the amount is too small to be distinguished. If 
observation takes place after a still smaller interval of 
time, say a few seconds, although no change can be detected, 
we know that there has been growth, which, to use a mathe- 
matical term, can be regarded as infinitesimally small, or 
infinitesimal. 

The process of gradual and continuous growth or increase 
may be observed in innumerable other instances, of which 
the case of a living organism referred to above is but one. 
What is of real importance in most cases is not necessarily 
the actual amount of growth or increase, but the rate of 
growth or Increase. It is this problem, closely connected 
as it is with infinitesimal increases, that is the basis of the 
Infinitesimal Calculus, and more especially that part 
of it which is called the Differential Calculus. The 
meaning of differential will be apparent later. 

Historical Note. The calculus is the most | 
mathematical invention of modern times. The credit for 
its discovery has been claimed for both Sir Isaac Newton 
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and Leibnitz, the t German mathematician, and a 
controversy raged for years in England and Germany 
as to who was the first to invent it. ibnitz was the first 
to publish an account of it, in 1684, though his notebooks 
showed that he used the method for the first time in 1675. 
Newton published his book on the subject in 1693, but he 
communicated his discovery of it to friends in 1669. It is 
generally agreed now that the fundamental! basis of the 
‘vention was reached independently by the two mathe- 
maticians. 


2. Functions. 

The student will realise, from his knowledge of Algebra, 
that the example cited above of the growth of a plant Is 
an instance of a functional relation. It may be affected by 
variations in temperature, moisture, sunlight, etc., but if 
these remain constant the growth Is a function of time, 
although we are not able to express it in mathematical form. 

It is desirable, therefore, that we should begin the study 
of calculus by clarifying our ideas about the meaning of a 
function, since this is fundamental in understanding the 
subject. The student will have become acquainted with 
the meaning of “function” in his Algebra (Algebra, Chaps. 
XIII and XVIII), but a brief revision is given low for the 
benefit of those who may not be quite clear on this very 
important matter. 


3. Variables and constants. 

Of the letters and symbols used to represent quantities 
or numbers in an algebraical expression OT formula, some 
represent variable quantities, others represent constants. 

hus in the formula for the volume of a sphere, viz. 


V τι Ἐν" 
where V represents the volume and r represents the radius 
of the sphere, 
(1) V and r vary with different spheres and are 
called variables. 
(2) π and ᾧ are constants whatever the size of the 
sphere. 
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Again, in the formula for a falling body, viz.1 


$= $gt* 
in which s represents the distance fallen in time t, 


s and t are varlables. 
} and g are constants. 


4. Dependent and Independent variables. 

It will be seen that in each of the above examples the 

— ng - kinds. | 

us in V -- ῥἐπγῇ if the radius (7) be increased | 
decreased, the volume (V) will aA or decrease in 
consequence. 

i.c., the variation of V depends upon the variation of r. 

Similarly in s = $gt*, the distance (s) fallen depends on 
the time (ἢ. 

So, generally, it will be found that in all such formulae 
and mathematical expressions there are two kinds of 
variables : dependent and Independent. 

(1) That variable whose value depends upon the valu 
assigned to the other is called a dependent ‘aiabile: as v 
and s above. 

(2) The variable in which changes in value produce 
corresponding changes in the other is called the Independent 
variable, as r and t in the above formule. 

In a general form of an expression of t | 
ὩΣ panics expression of the second degree 

y =ax*+bx +e 
a, b and ¢ represent constants, and the value of y depends 
on the value of x. Consequentl x is an i endent 
variable, and y a dependent variable. The constants a, b, 
and ¢ are ated to indicate the relation which exists between 
the two variables. 


5. Functions. 

This connection between two variables—viz. that the 
value of one is dependent upon the value of the other—is 
pay: a by the statement that the dependent variable Is 
a function of the independent variable. en the variables 
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pr apse aga aim, eye that one q tity is a function 
of the other. Thus in the examples above 
1) The volume of a sphere is a function of its radius. 
The distance moved by a falling body is a function 
of time. 
Note.—For the use of the word “ cing . see Algebra, § 6. 
Innumerable examples might be given of functional relation 
between quantities. Here are a few common examples : 
The nage of a number is a function of the number. 
The volume of a fixed mass of gas is a function of the tem- 
perature while the pressure remains t. 
The sines, cosines and tangents of angles are functions of the 


angle. 

he time of beat is a function of the length of the pe dulum. 
The range of a , with a constant propelling , is a 
function of the angle of projection. 


Definition of a function. 

Generally if two variable quantities X and Y are so 
related that, when any value Is assigned to X there Is thus 
determined a corresponding value of Y, then Y Is termed 
a function of X. 


6. Expression of functions. 

When treating generally of functional relations letters 
such as x and y are commonly employed to represent 
variable quantities. Thus, in the expression y = x? + 3x 
if, when any value be assigned to x there is always a corre- 
sponding value of y, then y is said to be expressed as a 
function of x. Similar examples are: 


It is usual, when dealing generally with functions in this 
way, to employ letters at the end of the alphabet to re- 
present the variables; when x and y are so employed the 
independent variable is generally expressed by x and the 
dependent by y. 

or constants, other than actual numbers, letters at the 
beginning or middle of the alphabet are usually selected. 
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Thus in the equation of the straight line in general form 
y = mx + ὃ, 


pee! apples 5 m and b are constants, 

When expressi unctions of angles, the Greek letters 
6 (theta) or Φ abe) ad:well: as x are often employed to 
represent the angle. 


7. General notation for functions. 


‘When it is necessary to denote a function of x in general, 
without specifying the form of the function, the notation 
f(x) is sg yed. In this notation the letter “f’’ is used 
as being the first letter of ‘‘ function ’’, while the letter “ x "" 
or other letter which might be employed indicates the 
independent variables. Thus /(®) would be a general 
method of indicating a function of “6”. 

Other forms of this notation are F(x), 6(x), ψ(χ). 


A statement such as f(x) = x7 — 7x +8 
or “ἢ = sin? --- cos? 0 
defines the specific function of the variable concerned, 
This convenient notation is employed when it is desired 
to indicate that in a particular function, which has been 
defined, a numerical value is to be substituted. | 
Thus if f(x) = χ" — 4x +3, Χ(1) would stand for the 
rae value of the function when “1 ”’ is substituted 
rx. 


Thus fQ) τ 1" -- (4x 1) +3=0. 
2) = 2? — (4 x 2 +3=-—l1 
f(0) =0 —0+3 -Ξ 3. 


f(a) = a® — 4a + 3. 
f(a +h) = (a +h)? -- 4(α +h) Ὁ 8. 
Again, if ¢4(0) = 2 sin 6. 
¢(0) = 2sin0 = 0. 


#(5) =2sin§ = 2x = v3. 
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8. Notation for Increases In functions. | 
If x be any variable, the symbol 5x (sometimes Ax) is 
used to denote an increase in the value of x. A similar 
notation is employed for any other variable. The symbol 
“ δ" is the Greek small “d’’, and is ronounced “ delta ᾿΄. 
Cont to the ordinary usage of bra, 5x does not 


function of x, and if x be increased by 5x, then y will be 


increased in consequence and its increment will be denoted 
by 5y. 


Accordingly, if y = f(x) 
then + dy = f(x + 8x) 
whence ὃ = + 5x) — f(x). 
If for example y = «ὃ — 7x? + 8x 


and x receives the increment 8x, y will receive the increment 
by. Then 


y + Sy = (x + &x)® — 7(x + 8x)? + 8(x + 5x). 

Again, if s = ut + ἐπ 
and ¢ receive an increment δέ, then s will receive the incre- 
ment 6s. 

Then s + ὃς = u(t + δὴ + df(t + δ}. 

Single letters are sometimes em loyed to denote incre- 
ments instead of the above method. For example 

Let y =f(2). . 
Let x receive the increment h and k be the corresponding 
increment of y. | 
Then y +k =fi(x +h) 
whence k = f(x +h) — f(x). 
9. Graphic representation of functions. 

Let f(x) be a function of ~. | 

Then by the definition of a function (§ 5), for every value 
assigned to x there is a corresponding value of /(*). Thus 
by giving a series of values to xa corresponding set of values 
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τὸ 


of Se) is obtained. If these —_ of values of x and f(x) 


are plotted as 


shown in Alge 


a,§ 108, ἃ hical repre- 
sentation of f(x) may be drawn. 518} Ρ 


Consider the example of f(x) = x*, or y = x? 


Assigning to 


x the values 0, 1, 2, ὃ, — 


"τι στ 


— 3, . . . we obtain the corresponding values οἱ f(x*) or y. 


Thus 


fio =0 hs 
ers) 
[ἢ Ξε oA 3} =9 


From these values we deduce the fact that f(— a) has 


the same value as /(a). 


metrical about 


Hence the curve must be sym- 


ut the axis of y. It is a parabola (Algebra, 
§ 108), and is shown in Fig. 1. At the points on the 


Fic. 1.—Curve or f(x) = χ". 
x-axis where x = 1, 2,3... the coir ge ordinates 
(1), 


are drawn, the nner of these represent 


and the ordinate 


wn where x = a, represen 


eC 
ts f(a). 
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In Fig. 2, which represents part of the curve of f(x) = 
ory = x, 


FIG, 2. 
points L and N are taken on OX, so that 
OL =a, ON = ὃ. 

Drawing the corresponding ordinates KL, MN, 
then KL = f(a), MN nt ga a is 

In general, if L be any point on OX so that OL = ~, let % 
be increased by LN oon Ly = 8x, - 

MP represents the corresponding increase in f(x) or ¥. 


, MP = by. 
Since KL =f) 
: MP =f Τὴ — fs 
or 3 Sy = f(x + 5x He 


10. Inverse functions. Ἢ 
Let y = x*; then αὶ Ξε ν;γ. | 
In the first equation y is expressed in terms of x and is a 
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function of x. In the second x is in terms of 
y—that is, as a function of y. The two functions—+.c., 
y=x*, and ἃ τς 1/y—are called Inverse functions. 
Similar examples will occur to the student, as for example: 
If y=a*, then x = log, y. 
If y=sinz, , *=sin'y. 


11. Implicit functions. 
If an equation such as 

ai — 2xy —3y = 4 
can be satisfied by values of x and y, but x and y are 
together on the same side of the equation, 1.¢., y is not defined 
directly in terms of x, y Is sald to be an Implicit function 
of x. In this particular case it is possible to solve for y in 

BS tT) θυ 4.-- Bho as os 
terms of %, giving y = — ox 3’ which is an explicit 
function of y. But the solution is not always possible. 
Further examples of implicit functions are: 
x — 3x*y + by —7 =0 
x log y +- y* = 4xy. 


12. Functions of more than one variable. 


We have been dealing with quantities which are functions 
of a single variable, but there are also quantities which are 
functions of two or more variables, 

For example, the area of a triangle is a function of both 
base and height; the volume of a fixed mass of gas is a 
function of both pressure and temperature; the volume of 
a rectangular-shaped room is a function of three variables, 
the length, breadth and height of the room; the resistance 
of a wire to electrical current is a function of both the 
length of the wire and its sectional area. 

n this book, however, we shall confine ourselves in the 
main to functions of a single variable. 


Exercise |. 
1. If f(x) = 2x* — ἀκ + 1, find the values of 
SQ), £0), f(2), A(— 2), f(a), f(% + δα). 
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2. If f(x) = (x — 1)(x + 5), find the values of 
f(2), £0), £00). fla + 1), (4), A\— 9). 
3. If {{θ] = cos 9, find the values of 


1(5)..£00), #(2), AZ), γα). 
4, If f(x) = x4, find the values of 


f(8), f(3-1), f(3-01), f(8-001). 
Also find the value of chy oem εν ἢ 


om 


. If F(x) = x* — 6x? — 3x + 7, find the values of 
F (0), F(1), F(2), F(— ἢ. 


7. If f(t) = 3 + δὲ — 1, find an expression for f(¢ + δῆ. 


8. If f(x) = χῦ + 2x + 1, find an expression for 


7(α + 8x) — f(x). 
9. If f(x) = x, find expressions for! 


δ Ia + 82) f 
(3) We ἪΝ τὶ, -- [ Ἶ 
ae 


10. If f(x) = 2x*, find expressions fort 


ὃ He + ἜΝ: Ὶ 
fet τ "ὦ 


_ If d(x) = 35, find the values οἱ $(0), φ(1), 4(3), $(0-0). 
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13. Variations In functions. 


From the definition of a function we learn that when the 
independent variable changes in value the function changes 
its value in ig age We now proceed to examine in 
a few examples how the function changes. We shall 
consider its variations as the independent variable changes 
through a range of numerical values. The graph of a 
function provides a revealing way of observing these 
changes. 

As our first example we will consider the familiar function: 


[(Χ) =x* or y= x 


and refer to the graph as shown in Fig. 1, It shows within 
the limits of the values plotted how the function changes 
as x changes. In the conventional way x Is represented as 
Increasing through the complete number scale which is 
marked on the x axis OX (see Algebra, §§ 35, 36, 67). The 
values of the function x* are similarly shown on another 
complete number scale on the y axis (OY). 

Remembering that the values of x are shown as con- 
tinously Increasing from left to right, we see, from examina- 
tion of the curve, that 


(1) As x Increases continuously through negative 
values to zero, values of y are positive and decrease 
to zero, at the origin. 

(2) As x Increases through positive values, y also 
increases and Is positive. 

(3) At the origin y ceases to decrease and begins 
to Increase. This is called a turning point on the 
curve. 

(4) If x be increased without limit, y will also 
Increase without limit. For values of x which are 
negative, but numerically very great, y is also very great 
and positive. 
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above function becomes $—then by the converse of the 


above reasoning 
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, the result will be infinit 


_ 
this function we recall the effect on a 


14. Variations In the function y = - 


ely large. 
be expressed as follows, using the 


notation employed in Algebra (Algebra, § 201). 


When 


It is 


f a fraction remains constant! 


(1) When the denominator Increases, the fraction 


decreases. 


he value of the denominator. 


In considering th 
fraction of changes in t 
seen that if the numerator o 


(2) When the denominator decreases, the fraction 


Increases. 


Thus in the function y = 


It may be noted that the same conclusions will be reached 


if the numerator is any finite number—e.z., 


x 


κι 


The above conclusions can be illustrated Ὁ 


y drawing the 


ἄ. 


! 


graph of y = 


, an exceedingly 


These numbers, both very large and very small, are 


] 


large, say, 10%, y is a very small 
7 = WIR 


- 


x is very 


T 


(ἡ τ 
(2) Π x = (102) 
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becomes an infinitely small magnitude, 


smaller than any finite number which can be specified or 


above reasoning that when x 


infinite. 


It is evident from the 


1 


we obtain the curve shown in Fig. 3. 
The curve is known as a hyperbola, and consists of two 


Plotting the curve from the usual table of values, Algebra, 
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branches of the same shape, corresponding to positive and 
negative values of x. 

Considering the positive branch, we note the graphical 
expression of the conclusions reached above. 


(1) As x increases, y decreases and the curve 
approaches the x-axis, Clearly as x approaches infinity, 
the distance between the curve and OX becomes 
infinitely small and the curve approaches coincidence 
with OX at an infinite distance. In geometrical terms 
the x-axis is tangential to the curve at infinity. 

(2) For values between 0 and | it will be noted that 
the curve is approaching coincidence with OY at an 
infinite distance—i.e., the y-axis is also tangential to 
the curve at infinity. 

A straight line which meets a curve at an infinite distance, 
and is thus tangential to the curve, ts called an asymptote 
to the curve. 

Thus the two axes are asymptotes to the curve y = >. 

The arguments employed above apply equally to the 
branch of the curve corresponding to negative values of x. 
Both axes are asymptotes to the curve in negative directions. 

We may further note the following characteristics of the 
function y = Ἶ 

Throughout the whole range of numerical values of x, 
from --- οὐ to +, y Is always decreasing. The sudden 
change from —oo to - as x passes through zero is a 
matter for consideration later. The same feature occurs 
in the curve of y = tan x (Trigonometry, p. 160). 

5. Limits. 

If in a fractional function of x, both numerator and 
denominator involve x, and if each approaches infinity as x 
approaches infinity, then the fraction ultimately takes the 
form ~. 

oO 


For example, if fe) = marae 


VARIATIONS IN FUNCTIONS. LIMITS 23 


both numerator and denominator become infinite when + 
becomes infinite. The question then arises can any 
meaning be given to the fraction when it assumes the form 


= ? In this case a meaning can be found as follows. 
Dividing both numerator and denominator by x 


2% 
f(x) = x+1 
δὰ 2 
σιν 
1... ᾿ 
If now x—>o, then ἜΝ 0. 
Consequently in the limit the fraction approaches a 


or 2, but clearly it cannot exceed this number—4.e., 
at approaches the limiting value 2 as x approaches 
<P Infinity. 

Thus 2 is said to be the limit which 4 
as x approaches infinity ; it is called the limiting value, or 
the limit of the function. 


The following notation is employed to denote a “ limit ἡ" 
of a function; 


approaches 


Lt fh = 2, 
---2 ὦ Χ + 
The value towards which x approaches when a limit is 
approached is indicated by x —-> οὐ, placed beneath Lz. 
e idea of a limit is one of very great importance not 
only in the Differential Calculus, but in all advanced forms 
of mathematics. 


16. Limit of a function of the form ᾧ. 


Let us examine the function 
a—4 
fin) ===. 
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The value of this function for any value of x is readily 
found. But if the value assigned to x is 2, both numerator 
and denominator become zero, and the fraction takes the 
form of ἃ. This form is said to be indeterminate, and it 
would be a mistake to suppose that its value is 0. 

The form ὃ is of great importance, and we must carefully 
investigate it further. 

Let us begin by assigning to x a number of values which 
are slightly greater or slightly less than that which produces 
the indeterminate form—viz., 2: 

a@—4 441-4 041 | 
(2) Let x = 20]. 
χ--4 4040] --4( 00401 , 
Thea Soy ror * eer 7 * 
(3) Let x = 2-001. 
aa—_4 4-004001—4 0004001 , 
Thee 2 Oy TRO ea Oe ce 
Or, taking values less than 2: 
(4) Let x = 1-9. 
te Sai nk ee ἐν 
δ) Let x = I-77, 
(5) L 1-99 
-- —4 3-9601—4 —0-0399_ ἡ 
The Soy MIs eon 

A comparison of these results leads to the conclusion that, 
as the value of x approaches 2 the value of the fraction 
approaches 4, and that ultimately when the value of x differs 
from 2 es infinitely small number, the value of the 
fraction also differs from 4 by an infinitely small number. 
This might be expressed in the form employed previously— 
viz.3 


a—4 


grey S 


as x — > 2, 
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It will thus be seen that the function <= has a limiting 
value as x approaches 2, or with the notation for limits, 
x? — 4 
Ms x—2 sts 
17. Let us next investigate the problem in a more 
general form, taking as our example the fraction ~ == 
and find its value when x = a, for which value of x the 
fraction takes the form 4%. 
Following the method employed above, but in a general 
orm: 
i.c., ἢ is the variable amount by which x differs from a for 
any value of x. 
ubstituting in the fraction 
χα -- αὐ (at+ht—a 
%—a (a+h)—a 
2ah + h* 
eh 
Dividing numerator and denominator by A which is not 
zero, 


— 
— 


x? — q? ares 
a 2a + ἢ. 

As h decreases, x approaches in value to a, or when x 
approaches infinitely near in value to a, h approaches zero, 


then 2a + ἢ approaches 2a, 
ἃ... κα 
i.é., aS X approaches in value to a, x - : approaches 2a. 
Or, using the symbols previously employed, 
when x——> a, h——> 0, 
and Pe Eg 2a, 
x—a 


t.¢., 2a 15 the limiting value of the function, 
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With the notation employed above: 
x? — α 
:—ra x—d 

It will be seen, therefore, that the expression ὃ, as used 
in the above examples, can be regarded as representing the 
ratio of two infinitely small magnitudes. The value of this 
ratio approaches a finite limit as the numerator and 
denominator approach zero. 

18. Limit of a series. 

In the foregoing Sections we have considered a simple 
example of the limit of a function. But the student will 
have learned from Algebra that the term “ limit ”’ is also 
applied in certain cases to the sum of a series. In a 
Seometrical Progression, if the common ratio is a pro 
traction, the sum of the terms of the series, as the num 
of them becomes great, approaches a finite number, which 
is called the limit of the sum. A more detailed examination 
of this will be found in Algebra, §§ 201-205. In this 
chapter, however, we will confine ourselves only to the 
expression for this limit as deduced from the general 
formula for the sum of » terms. 

If a be the first term of the series, 

n be the number of terms, 
y be the common ratio, 
S, be the sum of » terms, 


l—r 
a ΠῚ δὰ 
or 9 7 Γ - " - * (A) 


If r be a proper fraction, the value of r decreases as 
increases. Using the notation employed above 


as n—> οὐ, 7" --ὐ 0 

and arm — > 0, 

Hence {= ) “τῇ 
π--ρ ὦ l—r 


Consequently it is evident from (A) that S, approaches 
γον as a limit as » becomes infinitely great. 
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Thus ΓΞ; becomes the limit of the series as n becomes 


infinitely great, and is called the sum to Infinity. 

If r is numerically greater than unity, the magnitude of 
the terms increases as n increases; and if m approaches 
infinity, so also does the sum. 

As the student extends his knowledge of Mathematics he 
will be concerned with many series of different kinds and 
he will find that it is important to know the following about 
the sum of ἢ terms, when n becomes infinitely great 

(1) Does it approach a finite limit? 
or to Does it become infinite ? 

If the sum of the series approaches a finite limit it is 
called Convergent, but if its sum becomes infinite it 
is called Divergent. 

With a limited number of exceptions most series are 
either Convergent or Divergent, and we will return to the 
matter in Chap XIX. 

19. A trigonometrical — 

limit, Lt ae an Ι. 

6—>0 

Note, — Through- 
out this volume it 
will be assumed, 
unless specified to 
the contrary, that 
angles are measured 
in radlans—+t.e., in 
circular measure, 

It is clear that as 0 
becomes very small, so 
also does sin 8, so that - 
ultimately when 6 and 
consequently sin 0 ap- 


proach zero, the ratio _ approaches the form ὃ. The 


limit of this ratio can be found as follows, In Fig. 4 let 
O be the centre of a circle of unit radius. Let BAC be 


Fic. 4. 
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an arc of this circle and BC its chord. Let OA be the 
radius which bisects BC at right τ τῶ and consequently 
bisects the are BC. From B and C, draw BT, CT tangents 
to the circle. They will meet on OA produced, 

Let ZAOB be 0 radians. 


Then TB - ΤΟ > arc BAC, 
also arc BAC > chord BC, 
Considering halves of these 


BT>arcBA>BD .. . (A) 


Now, tan 0 = = BT, since OB is of unit length. 


‘ arc BA | Ἂ Ξ ‘ 
imilarl θ Ξϑε — =arc BA, since OB is of unit 
read OB length. 


and εἰπῦ 0 = 5 = BD, since OB is of unit length. 
“, from (A), tan 6 > 6> sin 6 


sin 6 ἢ 
or oan ὃ > 0> sin 0 
Dividing throughout by sin 0. 
3 1 0 
... gopd7 anO~ l , 
But, since when 6 —> 0, cos 0—> bat Ws ry ToC ] 
0 . 
aa s between ——, and 1 
ὧδ wa wee always lies agree sos 0 
6— > 0, and ——- —> 1 
i αὐ cos 0 
ore + τῳ: Ι, 
i.c.,as ὕ ---.». 0, ΕΝ, approaches unity as a limit, 
sin 6 
or Le a 
e—>o θ 


It is left as an exercise to the student to prove, using the 
above, that as θ --- 0, ms approaches unity as a limit. 
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20. A geometrical illustration of a limit. 

Let OAB be a circle. 

, a ae be a chord intersecting the circumference at 

and Β. 

Suppose the chord OB to rotate in a clockwise direction 
about O. The point of intersection B will move along the 
circumference towardsO, Con- 
sequently the arc OB and chord 
OB decrease. 

Let the rotation continue 
until B is infinitely close to O 
and the chord and arc become 
infinitely small, | 

It can be conceived that in 
the limiting position when B 
moves to coincidence with O— 
t.ec., the two poi = of ors 
section coincide—the straight | 
line does not cut the circum- i χὰ 
ference in a second point. Therefore In the limiting 
position the chord becomes a tangent to the circle at 0. 
21. Theorems on limits. 

We now state, without proofs, four theorems on limits, 
to which reference will be made later. 

[This can be omitted, if desired, on a first reading.] 

(1) If two variables are always equal, their limits are 
equal. 
(2) Limit of a sum. 
The limit of the sum of any number of functions ts 
equal to the sum of the limits of the separate functions. 
Let uand v be functions of the same variable x. 
Then Lt(u + v) = Li(u) + Li(v). 
(3) Limit of a product. 

The limit of the product of any number of functions 
ts equal to the product of the limits of the separate 
functions. 

u and v standing for functions as above 
Li(u x v) = Li(u) x Li(v). 


oe ὧδ ἜἜἜΕ ας 


Ὡς μα τ ' Fe Ὁ σσοα 
- . 
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(4) Limit of a quotient. 
The limit of the quotient of the functions ts equal 
to the quotient of the limits of the functions provided 
that the limit of the divisor ts not zero. 


Thus Li (“) =Li(u) + Lt(v) 
unless Li(v) = 0. 


22. Worked examples. 
Example |. Find the limit of Κ᾿ τ᾽ ΟΣ when x becomes 


injiniie. 2x? — ὅ 
145 
x* + 3x Lt x 
s—>o 2χ --σοἝ gp w 2 5 
x 
3 | 5 | 
=- να ee ey ie wand a 
γ { A Hot re {2 tal phn 2 
ρθε ὁ 
2—0 2 
Example 2. Find the value of Lt ees 


— 
When « = a, the function is of the form ὃ, and therefore 
indeterminate. 


Let x = a +h, where ἢ is small. 


x” — qa" 
Then See ἈΝ 


Expanding (a + /)" by the Binomial Theorem (Algebra 
281) 


p. 
| el n(n — 1 ᾿ 
EEE δ τς th + wet. f= 
“—-a h : 


= {net SP "μων +... } 
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But since x=a+th 
when x ——> a, h —> 0. 
.. Limit becomes 


Lt Lt {na . u a ht... 


s—a ἃ —@ k—>0 
= na™!, 
since all other terms have a ms of A as a factor and 
therefore vanish when 4 ---- 0. 
Example’3. Find the limit of a? 
xample t im LAP a yn, GEFs aay aaa 


Both numerator and denominator vanish when x = 3. 
Then the function takes the form 8. 
Rationalising the denominator (Algebra, p. 252), 


x= ἃ. 


see 8, wel SMa 5. VSR 
/x —-2—V4—x (x —2) — (4 —2) 
(χα --δ)ΐν α —2 - ν -- αἢ 
Ἐφ εἴ = 
_Vi-3+Vi=s 
| 2 
and limit when x =3 becomes 
Vi+vi_, 
3 ἷ 
Exercise 2. 


1. (a) What number does the function — approach 
as x becomes infinitely large? * — 

" For what values of x is the function negative? 

(c) What are values of the function when the values 
of x are 2, 1-8, 1-5, 1-2, 1-1, 0-5, 0, —1, —2? 

(ἡ) What limit is approached by the function as x 
approaches unity ἢ 

(e) Using the values of the function found in (c) 
draw its curve. 
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3x +1 


2. (a) Find the values of the function when x 


has the values 10, 100, 1000, 1,000,000. 
(ὃ) What limit does the function approach as x becomes 
very great? : 
Find the limit of the function by using the method 
of § 17. 
8. (a) Find Li te 
(6) Find the limit of f the function as x s Ppppeches +1, 
4. (a) Find the values of the function = ot 7 When x has 
the values 10, 4, 3; 1-5, 1-1, 101. 
(Ὁ) Find the limit of ae. as x approaches unity. 


1 ; 
5. Find the limit of the function = ~j 831 approaches 
= fi a . --- 
x Ἐν 4 
6. Find bane κα ταὶ 


a age? 
7. Find the limit of re * ash—> 0. 
8. Find the limit of the function 
proaches oo 
9. Findthelimit JL aan Ἔργον ἢ 
.-» οὐχ + 2x - ἢ νδ΄ '>< 
10. Show from the proof given in § 19 that Ls a Ἢ =I, 


δ; τι 88 % ap- 
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23. Rate of change of a function. 

WE have seen that a function changes in value when the 
variable upon which it depends is changed. Lscaitaas μὰ t 
quest eee next arises is, how to determine rate 
of change 

In the Calculus we are fundamentally concerned with the 
rate of variation of a function with respect to the change in 

the variable on which it depends. 

We will illustrate the roblems which arise by examining 
a few simple cases, in doing so will make use of the 
graph of a function, since the graph makes visible the 
changes in the function. 


24. Uniform motion. 

When a body moves so that it covers equal distances τ 
equal Intervals of time it is said to move uniformly. 
distance is a function of the time, and from the shore 
definition the rateof change of thefunction must be constant. 
This will appear in what follows. 

Let s be the distance moved, and 

t be the time taken. 
Then it is shown in books on Mechanics that 
s=vt 
where y, the — is a constant, and is the distance 
moved in each second 

The ratio of the two variables—viz. 7—is constant for 
all corresponding values of them. 

Consider the following graphical example: 

A motor-car travels distances in times as shown in the 
following table: 


| Time (ἢ (in sees.) 


| Distance (s) (in ft.) 


B (CAL.) τ αὶ 33 


μ᾿ 
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These quantities are reckoned from a fixed point in the 


motion. 


34 


-- ὦ = 
re ὦ “3 Ὥ 
τ: ΠῚ (ες 
4 = ΕΣ 
ΕἸ 3 rE ῳ * 
= = a we = - 
— on a % — — 
ἈΦ δ. δ,.Ὁ 
---- κα = = wi 
eit ἀκ ς ἢ 
Ἂς wa . 5 U0 a 
ce Se “oR 
Ὃ *P Ε.2 Sle δὸς. 
yes <> ΣΡ Ε 
5 ἘΣ- 884, 3% 
Ἐπ πὸ gle δ 
S32 8 κα 
— = ed ἢν wi 
βὰς co eB it - 
: ῳ ΠῚ 
S Ge ἘΞ bas 5 
4 ΕΞ © a ne 
5:1 53 ὦ > 
” £§ 4- 4 3/5 a 
2 2 Se ΒΕ _ 
$23 eps ὁ 
* = aa. ‘S " 
οἸσ ἃ τῷ ἘΞ ὁ ὃ 
πο BaozS BOS 
“Podge πων 
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Plotting these points and δι Shem, they are seen to 
lie on a straight line. This is shown in Fig. 6, which 


represents the graph. 


time is constant and equal to the gradient of 


ratlo of increase of the distance with respect to the 


Increase In 


the line. 


gradient is 
the car 


sec. This is the velocity of 


In the example above of uniform motion, this 


seen to be 20 ft. per 


SRR EE SER REPRE ESSE 
TTT 


wTTTT ΕΝ δ ΕΝ ΕΙ͂ Ε LL 
ELLE 11] 


Thee) π|) ουυυηρα 


25. Gradient of a linear function. 
Generalising the above: 


The straight line representing 


Let y be a function of x. 
the function may be of two forms: 


But this is 


Comparing with the above example, if 5y and 


ἡ", m represents the rate of Increase of y with 


respect to x. 
(2) The function y = mx + b. 


This straight line does not pass through the origin, 


The graph is a straight line passing through the 
but has an intercept b on the y axis. 


(1) The function y = mx. 
&x be increments of y and x, “ is a constant and 


represented by πὶ (Irigonomeiry, ὃ 67). . 


represents the gradient of the line. 


origin. 


From 


Then 


RS 


0Q ~ 0S" 


This is true for any positions of P and R, and therefore the 


PQ 
graph must be a straight line. 


present the corresponding distances (s). 


the above general statement it follows that 


Let 6 be the angle made by this line with OX—+.e., 2POQ. 


Let OQ, OS, represent two intervals of time (é). 


PQ, RS re 
Then 
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In Fig. 7 let CPQ be the line whose equation is 
y = mx + Ὁ. 


Fic. 7. 


Let 6 be the angle made with OX. 
Let P be any point on the line, its co-ordinates being 


(χα, γ). 
ten OA =2,PA =y. 
Let x be increased by 6x from OA to OB. 
=O y be increased correspondingly by ὃν, from AP 
to BY. 
Drawing PR parallel to OX, QR = ὃγ. 
.". co-ordinates of Q are 
(x + 8x, y + dy). 
4.é., OB =x + 8x, ΟΒ =y + ὃν. 
Substituting their values in the equation, 
Pm mete O. . .. ee ὁ ω 
γ -Ὁ ὃν τε οἷα -᾿ δὴ τ . .. (2 
Subtracting (1) from (2) 
ὃν = m(3x) 
2. m= = tan QPR = tan 6 
1.6., εξ represents the gradient of the line. 


τς the ratlo of the Increase of y to the Increase of x 
Is equal to the gradient of the line and is constant for 
all points on the line. 
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It will be clear that the addition of the constant b 
to the right-hand side of the equation does not affect 
the gradient. In both y = mx and y = mx + 8, the 

radient is m, and for any given value of m the lines 
are parallel (Algebra, § 74). 


26. Meaning of a negative gradient. 

The angle which a straight line makes with the x-axis is 
always measured in an anti-clockwise direction. When 
this angle is greater than a right angle, as is the case of the 
angle 6 made by the straight line CD in Fig. 8, Its tangent Is 
negative (Trigonometry, § 69). 


ἐς the gradient of the line Is negative. 

Let P be the point (x, y), so that OA = x and PA = ¥. 

Let x be increased by 8x to OB. 
_ The value of the corresponding ordinate is represented 
by QB. Draw OR Oo ΟΣ, t.¢., the ordinate PA is 
decreased by ὃν to OB. 

Thus while x Is increased by 5x, y Is decreased by 8y, or, 
as we might express it, there is negative increase. 


εν ἐς IS negative—t.e., tan @ Is negative. 


.. the rate of increase of y with respect to x is now 
negative. 
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Summarising this result with the foregoing we conclude : 
(1) When y Increases as x Increases, the gradient Is 
positive. 
(2) When y decreases as x Increases, the gradient Is 
negative. 
27. Gradient of a curve. 


The straight line, representing the graph of a function of 
the first degree, is the only graph in which the gradient is 
constant—+t.e., the same at all points on the line. 

If the graph is a curve, the gradient is different at 
different points on the curve. It is not obvious, therefore, 
what is meant by the gradient of a curve, since it is con- 
tinuously changing, or what is the meaning of the gradient 
at a point on a curve. It is necessary, therefore, to spend 
some little time in investigating these difficulties. 


28. Graph of the motion of a body moving with uniformly 
increasing velocity. 


In § 24 we said that if a body is moving with uniform— 
i.e., constant—velocity, the graph which connects distance 
and time is a straight line. We will now consider a body 
moving with uniformly Increasing velocity—t.¢., in equal 
intervals of time its velocity is increased by equal amounts. 
In such a case it is clear that in equal intervals of time the 
distances over are not equal. As the velocity 
increases, the distances passed over will also increase. The 
greater the velocity, the greater the distance moved. As 
an example we will consider the case of a falling body, in 
which it is clear that the velocity increases with trme. The 
following table gives the distances passed over in successive 
intervals of time from rest by a body falling freely. 


Time in| | | 


When the corresponding values of distance and time are 
plotted, the graph is seen to be a smooth curve, as shown in 
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Fig. 9. Clearly the curve slopes more and more steeply as 
time increases—t.c., the ratio of distance to time, or 
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velocity, Is Increasing. The smooth curve indicates that 
this increase of velocity is uniform. Let us consider the 
ratio of increase of distance to increase of time over three 
successive intervals, as shown in the following table: 


See ee 
Time interval is’ : 
(in secs.). 


These ratios represent the average velocities for the 


—- 
“τ πε. “ὦ «ἧς. an 
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corresponding intervals. They are the distances which 

would be passed over during the intervals, if the body were 

moving with uniform velocities equal to these average 

velocities. It is evident that the average velocity over 
ual successive intervals is increasing uniformly. 

It should be noted, as shown in § 24, that the gradients of 
the chords joining the aight eres points on the curve will 
be equal to these average velocities. 

To generalise these conclusions, take any point P on the 
curve and through it draw a chord cutting the curve again 
in another point A. 

Draw the ordinate AB meeting at B the straight line PB 
drawn parallel to the time axis. 
pao increase in time between the two positions be 5t—+.¢., 

"5b = δὲ. 

Let increase in distance between the two positions be 6s— 
$.€., AB = 6s. ἃς 

Then average velocity over the interval = ἘΓ' 


This is equal to the gradient of the chord PA. 

Now suppose that the interval of time, represented by δῖ, 
continually diminishes. Then the distance $s will also 
diminish, but their ratio continues to ὧν φέρω the average 
velocity during the interval and also the gradient of the 
chord PA, which also diminishes. 

ine now the interval of time to become infinitely 
small. The interval of distance will also become infinitely 
small. In the limit, when A is infinitely close to P—4.e., 


coincides—the ratio of τ approaches a finite limit, and 
the chord becomes a tangent at P (see § 20). 

The limit which ὡς approaches will be the gradient of 
this tangent, and also the velocity at P. 

Hence the term velocity at a point Is the limit of the ratio 


when these each become Infinitely small. It is also the 
gradient of the curve at the point P. 

Thus the gradient of the curve at any point on the curve 
Is equal to the gradient of the tangent to the curve drawn 
at that point. 
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In Fig. 9 draw PQ, tangent to the curve, at P. 

Draw PR of unit — parallel toOX, and from R draw 
RQ pr pane to PR. . 

QPR = 0 = angle made by PQ with OX. 

Gradient of PQ = oe = = = 32. 

.. velocity at the point P = 32 ft. per sec. 
t.e., the velocity at the end of one second is 32 ft. per sec. 
Students of mechanics will be able to verify this. 


29. Gradients of the curve of y = χϑ, ; 

The methods employed above for obtaining the gradient 
at any point on a ae will now be employed to ba the 
problem more generally in the case of an algberai 
function. The curve of y = x* has been chosen as a simple 
example, and one which is familiar to the student. A more 
general form of this function would be y = ax*, but for 
simplicity we will take the case where α = 1. The methods 
adopted can be readily adapted for any value of a, 

ig. 10 represents the curve of y = x?. 
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TEACH YOURSELF CALCULUS 
Let P be wee ee (1, 1). 
Draw a chord PQ cutting the curve again in Q. 
Draw PR parallel to OX to meet the ordinate from ᾧ at R. 
Let PR, the increase in x between P and Q, be &x. 
Let QR, the co nding increase in y, be 6y. 
Then gradient of the chord PQ = tan QPR. 

ginty 

ow Bx 


Also, Ἢ is equal to the average rate of Increase of y per 


5x 
unit Increase of x between P and Q. 


The algebraical expression for can be obtained as 
follows: 
In the function y τα χ3 ἀμ νῶν τι. 


when x is increased by δχ and y correspondingly increased 
by Sy we get; 
γ τ γ τὸ (α -ἰ δι}. . . . QQ) 
Subtracting (1) from (2) 


ὃν = (x + dx)? — x? 
“. Sy = 2χδχ + (δχ)3, 
Dividing by 8x εἴ = 2x + ὄχ. 
From this the value of 2 can be calculated for any 


value of 8x at any point on the curve where the value of 
x is known, 


Thus when x = I, as in the case of the point P on the 
curve above, 


Ife =03, 2~=2+403 -- 33. 
Itex=02, 2=2+02 =22 
Ifsx=O1, 2=2+01 -- 31. 
Ifsx=0-01, %=2+4001 =2-01. 


If 8x = 0-001, 4 —2 +0001 = 2-001. 
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These results exhibit the gradient of the chord PQ when 
&x diminishes and Q moves nearertoP, Then it is evident 
that the gradient of the chord approaches 2. We can 
therefore conclude that when Q moves to coincidence with 
P and the chord becomes the tangent to the curve at P, 

the gradient of the tangent Is 2. 

We may also say that 

The rate of increase of y per unit Increase of x at the 
point P Is 2. 

Similar conclusions follow for any point on the curve, but 
the gradient of each tangent will depend on the value of x at 
the point; the gradient is therefore a function of x. 

us at the point on the curve where x = 3, the gradient 
of the tangent will be 6. 

It is evident that the conclusions reached hold for any 
curve whose equation is known, In general, therefore, we 
arrive at the following important conclusion : 

The gradient at any point on a curve representing 
a function is equal to that of the tangent drawn to 
the curve at the point, It is also the rate of increase 
of the function for the value of x at the point. 


30. Negative gradient. 


In Fig. 10 let a point 5 be taken on the curve, correspond- . 
ing to a negative value of x. Draw the tangent to the 
curve and produce it to meet the axis. The angle made 
with the axis is greater than a right angle, Consequently the 
gradient is negative. As was shown in § 26, this indicates 
that the rate of increase of the function is negative—.e., 
the function decreases. An examination of the curve shows 
that as x increases through negative values from — oo to 0, 
the function as represented by the curve is decreasing from 
+o to0 at the origin. At this point OX is tangential to 
the curve and the gradient of the curve is zero. 


Exercise 3. 
Ι. Draw the straight line 3x —2y =6 and find its 
gradient. If P and Q are two points on the line such that 
the value of x at Q is greater by 0-8 than the value of x at P, 
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bee much is the value of y at Q greater than the value 
at 
2. Find the gradients of the straight lines 


(a) 5 -ῷ = 4. 
(Ὁ) 4x + Sy = 16. 
(ἡ) 5-ἘΠ --Ἱ. 


3. Thegradient ofastraightlineis 1.2, It passes 
a point whose co-ordinates are (5, 10). Piihat fo the 


equation of the line? 

4. The distance passed over by a body falling from rest 
is given by the formula s = I6t*. Representing an increase 
in time by δὲ and the corresponding increase in distance by 
5s, find by the method used in § 29 an expression for 5s τὰ 


terms of δὲ for any value οἱ t. Hence find the value of ® a 
Using this result find the average velocity for the following 
intervals: 

1) 2 secs, to 2-2 secs. 2) 2 secs. to 2:1 secs. 

3) 2 secs. to 2-01 secs. 4) 2 secs. to 2-001 secs. 
From these results, deduce what the velocity at the end of 


1:90 op to be? 
e curve of y = x’, using the notation isi 


i a alk i aa ot es ihe cred 


from 3 to 3-1, 3-01, 3-001 bead 30001 respectively. Deduce 
the gradient of the tangent to the curve at the point where 
x = 3. 

6. Draw the curve of y = x* for values of x between 0 
and 2. 

Find an expression for 5y in terms of x and 5x. 

Hence find an expression for < 

Taking the values of x as 2-1, 2-01, 2-001, and 2-0001, find 
the limit which ΕΣ approaches as the value of x approaches 2. 


Hence find the gradient of the tangent to the curve at the 
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point where x = 2. Check ve drawing the tangent to the 
curve at this point. 

7. For the function y = - Τ (sce Fig. 3) find an expression 
ἜΗΝ ΤῸ, Hence find an expression for 

Taking the values x = 1-1, 1-01, 1-001, 1-0001, find the 
limit which A is approaching as x approaches unity. Hence 
find the eetland and angle of slope of the curve at the point 
where x = 1. Check your result by drawing the curve and 
constructing the tangent at this point. 

8. Find the gradient of the tangent drawn at the point 
where x = 1 on each of the curves 


ὃ grrr (see Algebra, § 112) 


9. Find the gradient of the tangent drawn at the point 
where x = 2 on each of the following curves: 


y = 3x4 
OF Ast a 


CHAPTER IV 
DIFFERENTIAL COEFFICIENT. DIFFERENTIATION 


31. Algebraical aspect of the rate of change of a function. 
In this chapter we take a very important step forward 
in the development of our subject. It follows logically 
from the work of the preceding chapter. To make this 
clear we will briefly summarise the steps by which the 
subject has advanced. They are as follows: 
(1) The value of a function changes as the variable 
changes upon which it depends. 
(2) The rate at which the function changes is of 
practical importance and it is necessary to 
able to calculate it. 
(3) The rate of change (whether of Increase or 
decrease) can be found geometrically as follows: 
(a) When the function Is of the first degree. 
Such a function can be represented by a straight- 
line Lene. and the gradient ἄρον straight line is 
equal to the rate of change of the function. 
If y is a function of x, and &x and 6y are 
corresponding increases of x and y, the gradient 
Is equal to a. This is constant throughout the 
line, i.e., the rate of change Is uniform. 


(b) When the function Is not of the first degree 
its graph will be a curve, and the rate of change 
of the function will differ in different parts of the 
curve. Its value at any point is equal to the 
gradient of the tangent at the point on the curve 
corresponding to any assigned value of x. 

The geometrical method has many important applica- 
tions, and is suggestive as an illustration, but in practice 
the gradient is not easily found by this method. For 
practical purposes, and for accuracy, an algebraic method 
is necessary. 
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The determination by algebraic methods in the case of 
the function y = x* has in effect been indicated in § 29, 
when, by means of arithmetic calculations, the values of 
ay were shown to be approaching nearer to a limit, as z 
approached an assigned value. For convenience the 
working is repeated. 


Let yo, 
Then y + dy = (x + Sx)%. 
Subtracting Sy = (x + dx)? — x? 


= 2x(3x) + (8x)*. 


Dividing by 8x, oY = 2x + 8x fg eed ole) (A) 


We can now carry this a step further. 

It has been shown geometrically that when 5x approaches 
zero, the gradient of the chord, which represents the 
average rate of increase of the function over the interval 
represented by &x, gradually approaches the gradient of 
the tangent at a point corresponding to any assigned value 
of x. 

Thus the gradient of the tangent, represented by the 
limit of ᾿Ξ is equal to the rate of Increase of the function 


for the assigned value of x. 
Since from (A) above, for any value of 8x 


Met ΟΣ ΡΝ." 


i.c., when δὃχ ---Ὁ- 0 the limit of εἶ represents the rate of 

Increase of y with respect to x, for any assigned value of x. 
For example, when χα = I, limit of ἐν = 2, 1.e., the rate 

of increase of y, or x4 with respect tozxis2. (Cf. § 29.) 
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Similarly, 
when x = 2, limit of ἐν =4. (Cf. Ex. 3, No. 8.) 
when x = 3, limit of δ’ =6. (Cf. Ex. 3, No. δ) 
Using the notation of § 15, we may write (B) above as, 
Lt Ψ 2x 
8x —>-0 OX 


A still more convenient notation is employed to represent 


this limit. 4 
oy 
t is represented by °% 
ic 5x P 7 dx 
in which the English letter d is used instead of the Greek 8 
and the condition 6x —— 0 is understood. 
Thus (B) becomes 


yen, 
dx = x: 


This limit is called the differential coefficient of 
the function with respect to x, the independent 
variable. 

Thus, when y = x*, 2x is the differential coefficient of y, 
or x*, with respect to x. 

A similar procedure will enable us to find the differential 
coefficient of any other function. 

32. The Differential Coefficient. 
Summarising the foregoing section we may conclude: 
(1) Lf y be a@ continuous function of x, and 5x be any 
increase in the value of x, there will be a corresponding 
increase (or decrease) in the value, denoted by dy. 
(2) The ratio ob represents the average rate of increase 
of y with respect to x, when x increased to x + 8x. 
3) Since y is a continuous function of x, if 8x becomes 
infimitely small, so also does ὃγ. 
(4) When 8x —> 0, the ratio in general tends to 
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a finite limit, and this limit ts called the differential 
coefficient of y with respect to x. It ts represented by 


| dy 
the symbol >, 


in Vee 


1.2. | τὸν ταν 
: tz > 0 Ox 


ax 

The Differential Calculus is fundamentally concerned 
with the variation of functions, and we can regard a 
differential coefficient as a rate-measurer in such variations. 
It measures the rate at which a function is changing its 
value compared with that of the variable upon which it 


depends. | 
Thus for the function y = 2?, since 4 = 2x, when x =4, 


y, or x*, is changing its value at 8 times the rate at which 
x is changing. dy 

The differential coefficient de is also called a derivative of 
y with respect to x, or the derived function. 
' Except in the case of a linear function, the differential 
coefficient of y with respect to x Is itself a function of x. 


Notation for the differential coefficient. 
Besides the form “, the differential coefficient of y with 
respect to x may also be denoted by γ΄. 
Thus if yox? 
yy = 2x. 


In general, the differential coefficient of y = f(x) may be 
denoted by [Γ΄ (x). ᾿ 

The same forms are used for other letters representin 
functions. Thus if s is a function of t, the differenti 


coefficient of s with respect to t is written 5. 


33. Differentiation. Differentials. 

The process of finding the differential coefficient or 
derivative of a function is called Differentiation. 

The operation may be expressed by using the operating 
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d ᾿ = , 
symbol =.. Thus the differentiation of x* with respect to 
roa get Ης. in the form ἘΠ: ΟΓ ω (x?) 
ak λοι 
In general, the differentiation of /(x) with respect to x 
can be expressed by εὐ or £ (fla). It may also be 
denoted by the form D,y or Dy when there is no doubt as 
to what is the independent variable. 
Differentials. 
The infinitely small increments of x and y which are 


implied in the form % are called differentials. Thus 2 


represents the ratio of the differential of y to the differential 
of x. 

In the example y= 
we have ΩΣ -- Oe. 

This might be described by the statement that the ratio 
of the differential of y to the differential of x is equal to 2z, 
or the differential of y is 2x times the differential of x. This 
could be expressed by the equation 

dy = 2x. dx. 
In this form 2x is shown as a coefficient of the differential 
of x, hence the term “‘ differential coefficient ’’. 


The student should not at present regard 2 as a fraction 


in which the numerator and denominator can be separated, 
but as a limit, as shown above. 
General definition of a differential coefficient. 

It will now be seen, from what has been stated above, 
that the general expression for the differential coefficient 
of any function, f(x) is given by 

Lt f(x + 5x) — f(x) 
is —>0 5x 
34. The sign of the Differential Coefficient. 

It has been shown above that the differential coefficient 

of a function is equal to the gradient of the tangent at a 
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point on the curve which represents the function. It was 
also shown in § 26 that this gradient may be positive or 
negative. Consequently the differential coefhicient may 
also be positive or negative. This will be examined further 
inalaterchapter. For the moment the student is reminded 
of the conclusions stated in § 26 as to the sign of the gradient 
and the increase or decrease of the function, These con- 
clusions apply also to the differential coefficient. 


35. Differential coefficient of a constant. 


Since a differential coefficient measures the rate of change 
of a variable, and a constant has no change whatever, the 
differential coefficient of a constant must be zero. 


36. Differentiation of y = mx + b. 


As the student has learnt previously, this is the general] 
form of a function of the first degree. Its graph isa straight 
line (§ 25), and therefore of constant gradient. This can 
be shown algebraically from first principles as follows: 


Let 8x be an increment of x. 
Let ὃν be the corresponding increment of y. 
Substituting in = mx +b 


subtracting ὃν = m(8x). 


This is true for any value of δχ with the corresponding 
value of 5y, since m is a constant. 


ee x! = Mm. 


It will be noticed that the value of 3 is independent of 
ὃ. For different values of 6 the equation represents a 
series of parallel lines, having the gradient “ m.”" See § 25. 
37. Differentiation of y = x’. 


The oe proof will provide another example of the 
yeneral method which may be adopted for finding the 
ifferential coefficient of a function by first principles. 
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Let 8x be an increment of x. 
Let ὃν be the corresponding increment of y. 
Substituting in 
yu . 
y + dy = (x + 8x)? 
= χϑ + 3x*(8x) + 3x(5x)* + (δχ)δ, (2) 
Subtracting (1) from (2) 
Sy = 3x2(8x) + 3x(3x)? + (8x). 
Dividing by &x, which is not equal to zero, since it represents 
any increase of x 
ἐς = 3χ3 + 3x(8x) + (δα), 
Proceeding to the limiting value of 2. when 8x —> 0 
both 3x(8x) and (8x)* approach zero. 


1.é. 


38. Differentiation of y = x’. 
If the method of the foregoing section be applied to y =z4, 
this would involve the expansion of (* + ant which is: 
a4 + 4x3(8x) + 6x*(Bx)? + 4x(Sx)® + (3x)! 
After subtraction of x‘ and division by 6x, there is left: 
4x5 -ἰ 6x*(Sx) + 4x(5x)* + (δι). 

On proceeding to the limit when 6x —> 0, every term 
after 42° vanishes, and we are left with 4x° as the differential 
coefficient. 

Any function of the form y = 2* is dealt with in the same 
way, and it is evident that in the expansion of (x + δι)", 
the second term provides the differential coefficient. 


Ε- ad 
,— #5 — he 
For example, with y = x5, > = ὄχ! 


"" y=, Y = 6x8, 
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Generally when x is a posilive integer it may be deduced 
that if 
° a il 
— 
A general proof of this follows. 
Let y = x". 
Let 6x be an increment of x. 
Let dy be the corresponding increment of y. 
Substituting y + ὃν = (x + dx)" 
Ἐροράϊης the right-hand side by the Binomial Theorem 
(Algebra, p. 279). 


y + by Ξε  χ" + nx™! (8x) + "Ἤς aia 


| ee (8x3 +... 


but y= 2". 
Subtracting 


by = nxt (sx) + 2% τ Dna (gyys 
hy alee 
ἘΠῚ Seni oo ΠΕ τον 


Dividing throughout by 8x. 
BY geet πε: ἢ oa (py) MON —2) 9 (5,8 
bx Te [3 i a 
Let 5 —» 0; then each term on the right-hand side after 
the first tends to zero. 


or i Se nx”), 
x 


The question now arises as to the values of n for which 
this result is true. Does it a ply only to those cases when 
n is a positive integer? Evi ently the validity of it 
depends on that of the Binomial Theorem. Does this hold 
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when n is negative, or fractional? The question is briefly 
discussed in Algebra, p. 282. There it will be learned that, 
subject to certain numerical restrictions, which do not 
affect the above, the Theorem holds for all values of n. 
The differential coefhcient of y = x" can, however, be 
found by other methods, not involving the Binomial 
Theorem. If the student desires to study them, he should 
consult a larger treatise on the subject. 
The conclusion therefore is that for all values of n 


ἀ(χ χει 
39. Differentiation of y = ax", where a is any constant. 
Compressing the proof given in § 38 we get the following: 
y= ax 
y + ὃν = a(x + 8x)” ; 
ΞΞΞ af x" + nx™!3x + re x™* (8x)? =e } 
Subtracting uct 


by = af nxt (Sx) «Ὁ z 1) 2 (3x)3 ἜἝ.. ᾿ 


ἢ 2 =a{nx4 + MS Dans (an 3% +} 


. Let 8x —> 0. 
ὃ 1 
Thee colt ae See 


The constant factor α thus is a factor of right-hand side 
throughout and remains as a factor of the differentia] 
coefficient. 


ΡΣ Σὰ 
ae παχ΄. 


40. Worked examples. 
acta of |. Find from first principles the differential 
ent 0 


1: St y=x1, 
Let 8x be an increment of x. 
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Let by be the corresp ondine 


increment of y. 


ὃν 
ες Πρ: 
ΝΞ τς x? 
ὥ on =i 
a. - ae 


Example 2. Write down the differential coefficients of 
the following functions. 


(1) y=**; Ἂ = 8x81 ς-- 8x7, 
@yads Pa ptt apt at. 
(3), y = x; Y = —~3r31 = — 2 χ Ὁ = —-, 
4) » τ αὐ; Bars x 201 = 15x05, 
6)» αὶ; B= (—¥ x (et) = — κε 
(6) y=; Ὁ xt =o = Ι. 


Example 3. Differentiate the following functions: 
(1) y = 6x4; 2 6 x 4 x xt = 24χ, 
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(2) y= 4x or y= 4 
atx gx att = grt 


ee 
(3) » = px; 2 =p x 2q x #1, 
= 2pqx*1, 
(4) s = 16; δὲ τι x 16 x #1 = 32t. (Cf. §28) 
Example 4. Find the gradient of the tangent to the curve 
y =< at the point where x = 1. 


The gradient is given by the value of the differential 
coefficient at the point. 


| ὦ (1 1 . 
Now Ἴ (:) ae” (Example 1.) 
when x=] 


d > 
= —I or tan 135% 
(Cf. Ex. 3, No. 7.) 
Exercise 4. 
1. Write down the differential coefficients of the follow- 
ing functions with respect to x: 
x 
x"; 52; 5? 
2. Differentiate with respect to x: 
bx4; os ἄχ; χα; ΧΕΙ. doz’, 
3. Differentiate with respect to x: 
6x - 4; 0-54e —6; —3x +2; px +9. 
4, Of what functions of x are the following the differential 
coefficients: 
χα; Sas x8; 1χ8; x85 x; χα, Gx*; daxt? 


0-06x; 4x5; 15x‘; Στ; 1-5x*; (4χ)3, 
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δ. If v = « + at, where u and a are constants, find >. 
6. If s = ξ,5, where fis a constant, find $° when f = 20. 
1. 14 = no, πὰ ΖΑ, 


8. If V = ἐπυν, find ὅτ 


9. Differentiate the following functions of x: 
δ. 6 
ὄν“; =: fet Wat; W228, 
10. Differentiate with respect to x: 
xrt- 8χῦ8. pat 6x4: xP, 
11. Differentiate with respect to x: 


6x82 Qy-18- 99x07: τς 


12. If p =>), find δῇ, 

13. Find the gradient of the curve of y = }x* at the 
point on the curve where x = 3. For what value of x is the 
gradient of the curve equal to zero? 

14, Find the gradient of the curve of y = 223, at the 
point where x = 2. 9 

15. Find the gradients of the curve of y = — at the points 
where x = 10, 2, 1, 4. = 

16. Find from first principles the differential coefficient 
of y= ry | 

17. At what point on the curve of x* is the gradient of the 
curve equal to 

18. At what point on the curve of y = x* does the tangent 
to the curve make an angle of 45° with the x-axis? 

19. At what point on the curve of y = +/x is the gradient 
equal to 2? 

20. It is required to draw a tangent to the curve y = 
0-5x? which shall be parallel to the straight line 2¥ — ἀγ = 3. 
At what point on the curve must it be drawn? 


CHAPTER V 
SOME RULES FOR DIFFERENTIATION 
SUCCESSIVE DIFFERENTIATION 


41. Differentiation of a Sum. 

THE functions which were differentiated in the bea 
chapter were expressions of one term only, with the excep- 
tion of y= πιχ -ἰ ὃ (§ 36). This was found from first 
principles. 

We now proceed to consider in general the differentia- 
tion of a function which is itself the sum of two or more 
functions of the same variable, such as y = 5x* +- l4x? — 
7x. The proof given below is a general one for the sum 
of any number of functions of the same variable, 

Let u and v be functions of x. 

Let y be their sum, so that 

you+y. 

Let x receive the increment 6x. | 

Then u, v and y, being functions of x, will receive corre- 
sponding increments. 

Let 5u, ὃν and 5y be these increments, so that 

u becomes u +- 6u 
Vv » v + ὃν 
γυνὴ arid Yeeros 


“, From y=ou+o é 

we have y + ὃν = (uw + Su) + (v + Sv). 
Subtracting ὃν = ὃμ + dv. 
Dividing by ὃ. P= εἶν 


This is true for all values of 5x and the corresponding 


increments du, dv, dy. : 
Also their limits are equal. (Th. I, Limits, § 21.) 
oe 8x —> 0 
eee wt lie + =} 
8 


ΕἾ Ht (9) + Lt (2) (Th.2,§ 21.) 


5 
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Replacing these forms by the corresponding symbols for 
differential coefficients 
“y _ du + dv 
s dx ' dx 
clearly the theorem will hold for any number of functions. 
Hence the Rule for differentiation of a sum. 

The differential coefficient of the sum of a number of functions 
is εἰ to the sum of the differential coefficients of these 
functions. 

42. Worked examples. 

Example |. Differentiate with respect to x. 

y = 3x° + 7x? — 9x + 20. 
Using the above rule 
"eee δον ~ 
Υ = 9x? + l4x -- 9. 
Example 2. Find the gradient at that point on the curve 


of y = x* — 4x + 3 where x = ὃ. | 
hat ts the point of zero gradient on this curve? 


If = x*° — dx + 3. 
ΠΝ 
dx 
2. When x =3, 2=(@x 3) -- 4. 
=2. 
When the gradient is zero 
2x —4=0. 
_—) fe 2. : 
Example 3. If s = 801 — 16, find “5, When 5 = 16, 
find t. 


Then , Le. 80 — 32 = 16 
839, = 64 
= 2. 
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Exercise 5. 

Differentiate the following functions of ~1 

1. 6x? + ὄχ. δ. Ὁ. τ ἀκ. " 

2. 38+%—1. ates eee” 

3. 4x4 + 3x4 — x, 7. «(5 — x + 3x4), 

4. dA +4244. 8. 8Vx + 10. 
Find when 

9. s=ut+4/e. 


10. s = δέ + 16%. ll. s=38 — 4 -Ε 7. 
12. Find Y when y = - ax + bx? + cx + d. 

13. Differentiate with respect to x, (- + =). 

14, Differentiate with respect to x, V/% + ΌΣ 

15. Differentiate with respect to x, (1 +- x)*. 

16. It y = am — — nx? + 5m, fina ἦν 


17. Find 9 when y = Vit Vets, 


18, Find the gradient at that folat on the curve of 
y = 2x4 — 3x +1 where ἐν For what value οἱ αὶ 
will the curve have zero 

19. For what chs acai de Gave of y = x(x? — 12) 
have zero gradient ? 

20. What are the gradients of the curve 

y =x — 6x7 + 1llx —6 
when x has the values 1, 2, 3? 

21. What are the points of zero gradient on the curve of 
yout =? 

43. Differentiation of a Product. 

The differential coefficient of some products such as 
(x + 2)* or 3a(% + 2 can be found by multiplying out and 
using the rule for the differentiation of a sum. In most 
cases, however, that cannot be done, as, for example, 


x44/]1 — x and x'sin x. 
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The differential coefficient of a product is not equal to 
the product of the differential coefficients of thet δέδια, 
as will be apparent on testing such an example as 


wy eed % + 2). 
eneral rule for use in all cases is found as follows: 
ΤῊ auad be tenctioas of x. 
Let y=4 X 9, 
consequently y is also a function of x. 
Let 5x be an increment of x. 
= du, 5v and ὃν be the corresponding increments of #, 
υ an 
Substituting the new values of #, v and y in 


saa eee. Se 


y+ ὃν = (4 + διὴ (v + δυ) 
or y+ ὃν = ww + u(dv) + 0 ee 
Sabienctivg | (1) ὃν = u(dv) + or Ag (8v) 
Dividing by &, 2 =. +0. at es 

Let 8x —> 0. 

Then 84, dv, dy all ach 

5 be Limits ts Th, ial - ὡς 


ει 2= “ἘΣ =) t (8 
sels Ἄρα 5) + ΟΣ Ἔν it 
In the limit, since δὲν —> 0, the last term—viz. 8u x 4 
approaches zero. 
.. with the usual notation 


= U 7. “= = 
dx dx 7 "dx 
This important rule may be expressed as follows: 
(1) Differentiate sack factor ic turn and multiply 
by the other factor. 
(2) The sum of the products is 2 Ea 


This rule may be extended to more than two factors, 
Thus if y = uvw 
where #, v, w are factors of x 
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t= ἃ xm) + (Sx om) +(Sf x) 


44. Worked examples. 
Example |. Differentiate (x* — 5x + 2)(2x* + 7). 
Let 
y = (χ" — 5x - 2)(2x* + 7). 
Then 


% = (ee +9) x (2% +7)} 
+ (222+ 5 μι, δε 42} 
= (2x — 5) (2x? + 7) + 4x(x? — 5x + 2). 
This result can be simplified, if necessary. 
Example2. Differentiate (x* — 1) (2x + 1)(x* + 2x? + 1). 


ἐγ. (40 τ } x (ox +1) +22 +1)} 
+ {PEE & (et — ὑοῦ +20" + 0} 
Vyer 60) x (x? — 1)(2x + 1)} 


= 2x beh ee ral +1)+ 
tet + 2x? + 1) Hated + vere — 1)(2x + 1). 
This can ee ληιλ φᾷ simplified. 
Exercise 6. 
Differentiate the following by means of the rule for 
products, 


3x + 1)(2x + 1). 10. (x4 — x + 1)(χ3 Ἔχ — 1). 

a + ν χ +1). 11. ei aes Ὁ 4). 

Bx — δ)" + 22), 12 $)(3x* + x — 1). 
3) — 1). 3. ery ot lie +) 
4x) (3x* — x). γ᾽ x -- ἸΠ(ῶχ ἜΣ 


*+1). 16. Vets NG tat ἢ. 
i) imag 11. δα (να + 2)(Vx — 1). 


59 90 I OU 99 NO 


at 
ot era Pit 15. last be tc 
a 
χ -. 
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45. Differentiation of a quotient. 

In § 40 the differential coefficient of a simple example of 
a quotient, viz. x was found by first principles. This 
method, however, is apt to become very tedious in more 
complicated examples. The general rule which is explained 
below is that which is usually employed. 

Let u and v be functions of x. 

tt 
Let = χὰ 


Be then a function of x. 


sing the notation employed in the preceding section for 
increments of these 


subtracting Ye og 


_ U4 + 84) — u(v + dv) 
v(v + dv) 


υ. 
εχ. ἢ bx 
Dividing by bx, - Sa 
Let ὃχ —~» 0; in conti 5u, δυ, and dy tend to zero. 
Then 

— Lt 


Y με Ἔτι lt («- 5) 
ute = Dh i te 


Tbe dimaine. nt'the-stbaioaataendan te: eieteandeik: tp 


(Th. 4, Limits). 


gis Gone 
"Mg Ὑ5 — : 
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This can be written: ) Using the above rule 
ἦν __ (den. x d.c. of num.) — (num. x d.c. of den,] : 


46. Worked examples. 
Example |. Differentiate Στ 


νυ Ὁ Exercise 7, 
i dy ἀκ “dx Differentiate the following functions of x. 
ye nas A baie 3 πὶ 1 % 
where # = 3x andv=*x—l1. i. 2x — 1° Ἂν ΟΝ» ὃ. ΣΤΗ͂Σ 
dy ((α —1)(8)} -- Bx(1 a πτι 6. 20. 
% — ἢ x—b x x 
_ 3% —3 — 3x 1. x+ob vier: ε, 9, ma 
ou 6 2S tee 12. Vz +1 
ὁ. ae ""“ τὶ τῶν PR 
x —1|)* 13.“ = 14 a@+x+1 15 244 —x +1 
bali Kas ERD 0" Seek 
.1 1+x*-+ x—3 
Example 2. y= Rt . 16, % e 17, a3 18. = 
) 19, 5 —1 90 #42 
Using the formula quoted above 9. στὸ -τα Ἐπ τὸ 
»-- εν 47. Function of a function. 


| To understand the meaning of “ function of a function” 
= a wk 0 consider the trigonometrical BA ho sin? x, i.e. (sin x)3. 


This function, being the square of sin x, Is a function of 
— 6x2 sin x, just as x? is a function of x, or υ is a function of u. 
=(@—1 But sin x Is itself a function of x. 
, .. sin? x Is a function of sin x, which Is a function of x, 
oie 2. ost a τ αἰ "1 f.¢., sin? x Is a function, of a function of x. 
Example 3. Differentiate τα "τος +2" | Similarly ~/x* + 4 is a function of x* + 4x, just as +x 
ay is a function of x. 4 
We have ) πεσε, τὸ But χϑ +- 4x is itself a function of x. 


“, Vx? + 4x is a function of x* + 4x, which is a function 
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of x. The idea of a “function of a function’’ may be 
extended. For example, we have seen that sin*x is a 
function of a function of x. But sin* (νί χ) is a function of 
sin \/x, which is a function of ν΄ χ, which in its turn is a 
function of x. The idea of “a function of a function” 
often puzzles the beginner, and there is a tendency to over- 
look it and to omit application of the rule for differentiating 
it which we shall discover later. For example, it may be 
overlooked that such a familiar function as sin 2x is a 
function of a function, since 2x is a function of x. 

We cannot proceed further with the example above of 
sin? zx, since the rules for differentiating trigonometrical 
functions are dealt with in a subsequent chapter. 

An algebraic function, say y = (x* — 5)‘, will be used 
as an example in discovering the rule for differentiating a 
function of a function. 

Now (x? —5)* is a function—the fourth power—of 
x? — 5, which is itself a function of x. 


If " = (x* — δ) 
we can write y= uh. 


Differentiating y with respect to u, according to rule 

d 

4 = 4»), 
But we require %; therefore the following method is 
adopted to find it. 


Let 5x be an increment of x. 
,, δὰ be the corresponding increment of u. 
Ψ» by 7] " " y ᾿ 
These being finite increments, it is obvious that by the 
law of fractions 
oy fy δα 


δχ δι΄ 6x" 
Let ὃχ ---Ὁ. 0; in consequence 6u and 6y will proceed 


πὸ, "ἢ ratios 7, ἂν τὖν a 
tr Then each of the ratios ©, ©, 5 approaches a 
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ὃ ὃν ὃν 
ἃς os {Ὁ x 
Ν δ ὃχ 


..--»οδά 85,..,.»0 ἰδὲ: 
-ὸ ὃν δὲ 
ας | > Ht se) 
by the third law of limits, § 21. 
. d _dy _ du 
dx du dx 
Applying this result to the above we have: 
dy _ 
are 
and as «= x* —§ 
du Ox 
ἧς Ξ 
᾿ ὧν ἀν du 
ee dx du ™ dx’ 


i.e., 7 = 4(χ — 5)} x 2x = 8x(x? — 5). 


Worked Examples. 
Example |. Differentiate y = ΜΊ — x8 
V1 — χ = (1 — χῃ , 
du 
Let u=1—2; then ἃς =—2e and y=ul, 


. ἦν 
ΓΙ in = ἐνεὶ 


= #(1 — αὐ. 
: dy ἂν du 
Since Σ ΞΙΧ de 


τι substituting “Ὁ τε 4(1 — x44 x (— 2x) 
= — x(1 — x*)-4 
—x 


SS __ , 
| — x? 
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Example 2. Differentiate y = (x* — 3x + δ), 

Let τὶ = x* — 3x +-5; then om = 2x —3 and y = #*. 

ae 4 = 3u* 

Substituting in 2 —D x M 

ΩΣ — 3 (x — 8x -Ὁ δ)" x (2x — 3) 
= 3(2x — 3)(x* — 3x + 5). 

After some practice the student will probably find that 
usually he will be able to dispense with the use of “ u”’ and 
can write down the result. The above example is a con- 
venient one for trying this procedure. 

Example 3. Differentiate y = (3x* — 5x + 4)!. 

Working this without introducing u, the solution can be 
written down in two stages, as follows : 

ΩΣ = ἔβα) — 5x + ΦΕ1 x dic. of (8x* — bx + 4) 
= $(3x* — 5x + 4)* x (6x — 5). 
Example 4. Differentiate y = (x2 + 5)W/2x* +1, 
This being a product of two functions, we employ the rule 


ig SOO) εν Se 
Hence 


oY = (x? + 5){d.c. of +3 
| + {Vx* +1 x dic. of (x* + 5)} (A) 
Of these #/x* + 1 is a function of a function. 
It is better to work this separately and substitute after- 


αἰ Ὁ DY = a(x? + 1H x ((4.0ὴ of (x? + 1)} 
= 4(x2 ΕἸ) x 2x 
2% 


= 308+ ἢ 
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Substituting in (A) 
2 = (+ {sear τ; τ FT x 29} 


_ 2χ(χ - 5 ξ΄... 
Vere tee TT 
This might be further simplified. 


1 + 3x 


Example 5. Differentiate ΤΣ 


Employing the formula for a quotient, viz.1 


Of these 1/1 + 3x or (1 + 3x)? is a function of a function. 
Applying the method above 
a ae ee 4 3 3 
Substituting in (A) 
3 BAe Pe 
" ἀπ ΤΕ 
dx 16x 
6x ae ὍΝ 
ΓΤ vi +h 
} — 16 — = 
_ 6% — 4(1 + 3x) 
Ἰθχῆν 1 + 3x 
_ 6% —4—12x _ —4— 6x 
1622/1 +32 [Ιθχϑν] - ὃν 
Dees 2+ 3x 
8x2\/1 + 3x 
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48. Differentiation of Implicit functions. 

It was pointed out in § 11 that it frequently happens, 
when y is Ἢ function of x, bint the dation bobween pend | y 
is not explicitly stated, but the two variables occur in the 
form of an equation from which y can be obtained in terms 
of x, though sometimes this is not possible. Even when y 
can be found in terms of x, it is in such a form that differ- 
entiation may be tedious or difficult. This is apparent 
from the examples of Implicit functions given in § 11. 

In such cases the method adopted is to differentiate 
term by term throughout the equation, remembering that 
in differentiating functions of y we are differentiating a 
function of a function. 


Example |. Find ΖΡ from the following equation. 
a8 — y* + 3% = by. 
Differentiating 2x — 2y. 4 +3= 5. 
The differential coefficient ἐν remains, as we have not 
yet determined it. It will be seen, however, that the 


equatide cain’ bé solved for 4 
Thus collecting terms involving it 


yy. 2459 5... 


d 
or (ὃν -ἰ δὴ -- 3. Ὁ 8 
: 5 Ἐν 
τ ae Bsa 


It will be observed that the solution gives in terms of 
the two variables x and y. When corresponding values of 
x and y are known, the numerical value of 4 can be deter- 
mined. An example of this follows. 
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Example 2. Find the of the tangent to the curve 
χ + xy + y* = 4 at the point (2, — 2). 
Differentiating x* +- xy + γῆ =4 as shown above, and 
remembering that xy is a product 
an ty +2. + 2% =0, 


2+) =- ὃν ἘΣ) 


d 2% + 4 
wal Ἐπ τ, 
“, when x=2,y=—2 

emt 


ἐς the gradient of the tangent to the curve at this point 
is 1 iad the angle of slope is 45°. 


Exercise 8. 
Differentiate the following: 
l. (2% + 5); (1 — 5x)*; (3x + 7). 
2. ms: (1 — 2x)2; WI —2z. 
3. (x8 —4)5; (1 — x8; W327? —7. 
4. γ- σαὶ γ ΓΞ ta; «νῚ -- χ᾿, 
abel bac! ] 
gaa! Yeas’ ἅ--ν 
ade : % 
RV Yam! View 
x >. —% 
8. x((*); ve FT. 
9. Va? + x; - 


a+ 
10. VI -- ὦ +24; (1 — 2x4)", 
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] 
15. γεν; xV 2x + 3. 
Find 2 from the following implicit functions! 


16. 3x? + Txy + 9y? = 6. 
11. (x4 + γ᾽" — (αὖ —y*) = 0. 

18. 4° + y° = 3xy. 

19. 2° + y" =a", 

20. Find the gradient, at the point (1, 1), of the tangent 
to the curve 2* + γῆ — 3x +4y —3 = 0. 

49. Successive differentiation. 

It was pointed out in § 32 that the differential coefficient 
of a function of x, unless it be a linear function, is itself a 
function of x. 

For example, if p = 3x4 

oi = 12x. 


Since 12x° is a function of x, it can be differentiated with 
respect to x and 


d 


This expression Is called the second differential coefficlent 
of the original function, and the operation can be indicated 


wae 


The symbol τὰ is employed to represent the second 
differential coefficient. In this symbol the figure “2"’ in 
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the numerator and denominator x is not an index, but 
signifies that y, the original function, has been twice 
differentiated and each time with respect to x. 


Thus, ΕΣ measures the rate at which 2 is changing with 
respect to x, just as 2 measures the rate at which y is 


changing with respect to x. 
The second differential coefficient is also a function of x, 


unless rd is a linear function or a constant. Consequently 
ΤῊΣ can also be differentiated with respect, and the result 
is the third differential coefficient of y with respect to x. 
it Is represented by 2 
Thus in the above example in which 
oY, = 36x". 


oh = 72x. 


Thus it is possible to have a succession of differential 
coefficients, is process of successive differentiation can 
be continued indefinitely or until one of the differential 
coefficients is a constant. This can be illustrated by the 
example of y = x*, as follows: 


Successive differential coefficients of x". 


yo 
dy 
κοι 
om = n(n — 1)x™ 


= n(n — 1)(n — 2)x™, 


If n is a positive integer this process can be continued 
until ultimately n — Π is reached as the index of x and the 
differential coefficient becomes n(n — 1) (n ne ee | 
—i.e., factorial n or [n. The next subsequent 
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differential coefficients are zero. If π is not a positive 
integer the process can be continued indefinitely. The 
following example will serve as an illustration. 

Find fhe successive differential coefficients of 


y =x — Tx* + 6x + 8. 
Then Y — 8.3 — 14x + 6 


50. Alternative notation for differential coefficients. 

The successive differential coefficients are also called the 
derivatives or derived functions of the original function. 
They may conveniently be denoted by the following 
alternative symbols: 

(1) When the functional notation is employed: 

If A (x) or¢(x) denotes a function of x 

Γ (αὶ τ 4 (x) denotes the obi ey coefficient. 


Tt (x) o φ΄ (x ) » os 


f'"' (x) ish $'”' (x) “4 8rd J 
J (x) or f*¥ (x) = 4th ὦ etc. 
(2) Or y may be retained with a suffix or an accent: 
Thus if y denotes the function. 
Vy As Ist diff. coefficient. 
Va "" 2nd a” 
ys ” 3rd ” , etc. 
or sometimes the terms γ', y”’, γ᾽". . . are used. 


5]. Derived curves. 

If has been shown above that successive differentiation 
of a function of x produces a set of derivatives each of which 
is also a function of x. These derivatives can be represented 

their graphs. Consequently the derived functions give 
rise to a series of derived curves, between which definite 
relations exist. 


graph of y, = 2x — 4, and ΠΝ d= 5, the graphs ὁ 
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then y, Ξε ῶχ —4 
and γι = 2. 
Fig. 11 shows (1) the graph of y = x* — 4x +3, @) το 
e 


two derived functions. The connections between 
the curve of the original function and of its two derivatives 
will be obvious. 


r, Seen 


ἘΓΓΤῚ ee ee 111 
“Shen. 8 


sarseeaare 
ΓΙῚ hl sae = - 
SREB Sees. “See oe “BE 


erates ΓΙΒΗΤΗ 
"» 

| ze 

inne 


Bab. ~SRRRE BBs “2S 


aay Samer yer vepaees 
55 ΓΑ ἜΡΕΝ ΓΤ ΓῚΤ᾿ 
11 1 7} ee Gane 


EEE ΡΑΎΓΓΓῸ ett tt 1 1᾿ 
SSS 08)  ΡΕΡ ΕΡΈΡΕΡΗ ae 


(1) Since y,, the first derived function, gives the rate of 
increase of y with respect to x, Its value for any assigned 
value of x equals the gradient at the corresponding 
point on the curve. 

ake any point A on OX where x = 3-6. Drawing 
the ordinate at A, P is the corresponding point on the 
curve, and Q the int on the straight line y, = 2% — 4, 
the first derived function. 

Then, the value of the ordinate QA Is equal to the 

radient of the curve at P. This value is seen to be 

32 units. By calculation, substituting * = 3-6 in 
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γι = 2x — 4, the differential coefficient, this is equal 
to (2 x 3-6) —4 = 8:2, 

(2) The graph of Ὁ» secgad perros function, viz. 
γῳ = 2, being parallel to and having a constant 
aie for any ordinate, shows that the gradient of 

" = 2x — 4 is constant, viz. 2. 

(3) At the lowest point B on the curve of y = x? — 
4x -ἰ- 3 the value of the ordinate at the corresponding 
point on the first derived curve, y, = 2% — 4 15 zero; 
it cuts OX at this point. Thus the gradient of the 
original function is zero, when x =2. A tangent 
drawn to the curve at B will be parallel to OX. 

(4) For values of x less than 2, the function x? — 
4x + 3 Is decreasing while the derived function values 
are negative. For values greater than 2, x? — 4x + 3 
is Increasing and the derived function 2x — 4 Is positive. 


Exercise 9. 
Write down the first, second and third derivatives of 
the following functions of x: 
1, 29(x — 1). | 2. 
8. 5x4 — ὃχ3 + 2x9 — 4 + 1, 
4. 10<5 — 4x3 + 5x — 2, 


δ. =. 6. Vz. 
1. ν ἂς ΕἸ. 8. = 


9. Find the nth differential coefficient of See 


1 ] " πὶ 
[ Hint, a’ Ξ- πε, fata - Ὶ 

10. If f(x) = 6x — 5x + 3, find f’(0). For what value 
of xis f’(x) = 0? To what point on the curve of f(x) does 
this correspond ? 

11, If f(x) = 4 — 5x9 +7, find f’(1) and {“(2). For 
what values of x does f’(x) vanish? 

12. Find the values of x for which the curve of f(x) = 
ἀχδ — $x? + 6x + 1 has zero ient. For what value of 
x is the gradient of f(x) equal to zero? To what value of 
f'(x) does this correspond ὃ 


CHAPTER VI 


MAXIMA AND MINIMA VALUES. POINTS OF 
INFLEXION 


52. Sign of the differential coefficient. 

The sign of the differential coefficient, to which brief 
references were made in §§ 34 and 51, must now be examined 
in more detail. 

If y is a continuous function of x, and if x receives an 
increment 6x, then y will be increased or decreased by a 
finite quantity 5y. 

If y Is Increased, then Sy must be positive, and 6x being 
always positive, the rate of change as expressed by the 
limit of i.e. Ym ust be positive. 

If, however, y Is decreased, Sy must be regarded as 
negative. Hence the rate of change as expressed by the 


limit of 2 must also be negative—.e., - must be negative. 
More concisely: 
(1) If y Increases as x Increases, 7 is positive. 


(2) If y decreases as x increases, : is negative. 


Similar conclusions were reached in connection with the 
gradient of a curve at a point. Since algebraical functions 
can be represented ically, the form of the curve, as 
shown below, will indicate whether the function is increasin 
or decreasing, and consequently whether the differenti 
coefficient is positive or negative. 

A. Functions which are pre: are shown by portions 
of their curves in Figs. 12(a@) and 12(b), where P is a point 
on the curve and 0 the point corresponding to an increase 
of 5x in the value of x. 

(1) Curves may be concave upwards and rene as in 
Fig. 12(a). Examples are y = x* (for positive values of 


x), y = 105, y = tan x (between 0 and 5): 
77 
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(2) Or they may be concave downwards and rising, 
as in Fig. 12(b). Examples are, y = V%, y = log x, 
y =sin x between 0 and 5 


Fic. 12(a). 


ΕἸα. 15). 


In both kinds the curve rises upwards to the right as τ 
increases, | 

As is evident from the figures, as x is increased by 6x, 
y is increased by 5y, 

Thus εἶ and its limit are positive. 

Geometrically it is evident that in each case the tangent 
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to the curve at P makes an acute angle with OX. Hence 
the gradient, given by tan 9, is positive. It is also evident 


that in Fig. 12(a) 4 is Increasing, in Fig. 12(b) decreasing. 


B. Functions which are decreasing can be similarly repre- 
sented by portions of their curves in Figs, 13(a@) and 18). 


¥ 


Fie. 13(a). 


Fie, 13(b). 

_ Using the same letters and notation as in Figs. 12(a) and 
12(6), it is evident that in each case, as x at the point P 
receives an increment 5x, the new value of the function at x 


isless. Hence ὃν must be regarded as negative and ee with 
Its limit χ᾽ are negative. 
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As before, there are two types: 

(1) =< a own upwards falling, as : Fig. 
13(2)._ Examples 

y =# (lor ΝΣ values of x), y=. y= 


cot x (between 0 and 5) 9 tc. 
(2) The curve concave downwards falling, as in 
Fig. 13(6). Examples are: 
y =sinz (between 5 and πὶ, y = — x (positive 
values of x), etc. 


aber gen drawn to both of these curves make obtuse 
angles with OX. Consequently tan 0, the gradient of the 
line, is negative. 

It is also clear that εἰ Is Itself increasing In [3(α) but 


decreasing In Fig. 13(8). 


53. Stationary values. 


Two of the cases illustrated above—viz., Figs. 12(a) and 
13(a)—occur in the graph of y = x4 — 4x +3 which was 
shown in Fig. 11, This is repeated in Fig. 14, and we will 
examine it further. 


Since = χ"Ἔ -- ἀχ +3 
ἢ wn ἢ“. 
ὭΣ = ῶχ — 4, 


Pain latter is represented in Fig. 14 by the straight line 


‘The following changes in the curve and function can be 
seen from the graph: 


(1) While x Increases from —o to +2, y Is 
decreasing. Values of “represented by the line 
AB—are negative (see Fig. 13(a)). 

(2) While x Increases from +2 to +o, y Is 


Increasing (see Fig. 12(a)). Hence values of 2 are 
positive. 
(83) At C the curve ceases to decrease and begins 
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to Increase. Thus when x =2, the value of y is 
momentarily not changing, but is moony: There 


Is therefore no rate of change, and . Is zero. The 


straight line AB thus cuts OX at this poin 

Hence when x = 2, the function Is said to have a 
stationary value, and C is called a stationary point on 
the curve. 
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These important conclusions may be summarised as 
follows: 


(l) Ifx<+2,yis ronan ent Ap 
(2) If x > + 2, y is increasing ana Y dn ts positive, 


(3) When x = 2, at C y is momentarily neither in- 
creasing nor decreasing—i. e., the function has a stationary 


dy 
value and Pte 0, 
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Next we will consider the function: 54. Turning points. 
Comparing the stationary points in Fi 14 and 15 of 
y =3 + 2x — χἢ. this cuteas of εν κῇ 
dy 2 — x. γ τ χ -- ἀχ - 8 


Ζ Ξ 
The graphs of these are shown in Fig. 15, in which the 


and y=34+2e—-2 


we note the scioaian, important differences. 
In y = x* — 4x + 3, at the stationary point, 


{2) The curve Is changing from concave upwards 
falling to concave upwards rising (Figs. 13(a) an a(n 
The slope, 6, changes from an obtuse angle, throug 
zero, to an acute angle. 

(2) The values of the function are decreasing before 
and Increasing iit? 


iti TT 


(3) Consequently ἊΣ de is negative before and positive 
after. 


In y =3 + 2x — x? 

(1) The curve is changing from concave downwards 
rising, to concave downwards cae Ὑ but 6 is 
changing from an acute angle before point to an 

obtuse after (cf. Figs. 12(6) and 13(8)). 


(2) The values of the function are Sarid before 
and decreasing after. 
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ΠΤ (3) Consequently 4 is positive before and negative 
after, 
Thus at both points: 


(1) The function decreases before and increases 
after, or vice versa. 


(2) 5 = 0 and changes sign. 


Fic. 15, 


straight line AB represents the derived function 2 — 2x, 
Examining these, as was done above, we see: 


(1) When x < + 1, y és increasing and ἢ | > ha tacit Such ahi on a curve are called “turning points”’ 
(2) When x > +1, és decreasing and 5" is Μεραϊέσο. ne ΩΝ see later that not all stationary points are turning 
A wl rs te a (at C) y has ceased to increase and 
ns to 
/ yg ibe θη of the function at C ts stationary and 
the curve has a stationary potnt. 


a ‘aaa be noted that for both stationary and turning 
points an essential condition is that yA =0. It is the 
behaviour of the function before and after, and conse- 
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quently that of the differential coefficient, which deter- 
mines the difference. 

55. Worked examples, 


Example |. For what value of x is there a turning point 
on the curve of y = 2x* — 6x + 9? 


If getnane om ve eS 
y — 4% —6 
dx | * 
For a stationary point 2 = 0, 
. 4¢—6=0 
and x = 1-5. 


For values of x < 1-6, "ἢ is negative. 

ἡ, function is decreasing. 

For values of x > 1-5, pi is positive. 

ἐς function is Increasing. 

As the function is decreasing before the stationary point 
and increasing after, 

ἐς, there is a turning point when x = [-5. 

Example 2. Examine y=1—2x -- χ for turning 

rary 


If ἜΤ anton 


For stationary values oY == 0, 

. —2% —-2=0 and *«=—1, 
.. there is a stationary point where x = — 1. 
If*< — 1, 2 is positive; .. y is increasing. 
ΠΧ — 1,2 is negative; .*, y is decreasing. 


.. y Is Increasing before and decreasing after the 
stationary point. 
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Ms ee stationary point Is also a turning point when 


x= — 
Note.—The student is recommended to draw the 
curves of the above two functions. 


56. Maximum and minimum values. 
There is a important difference between the turning 
points of avoataba Of the functions examined in § 53, viz.: 
γ» τὸ. χὃ -- ἀκ - 8 
and y =3 + 2x — 24, 
as the student will have observed by an examination of 
Figs. 14 and 15. | 
(1) In y = x* — 4x + 3 (Fig. 14) the turning point 
C, is the seth? τῶ τῇ on the curve—i.e., at that point 
y has its least value. If points are taken on the curve 
close to and on either side of C, the value of the function 
at each of them is greater than at C, the turning point. 
Such a point is called a minimum point, and the 
function is said to have a minimum value for the 
corresponding value of x. ) 
It d be observed that values of the function 
decrease to the minimum point and increase after it. 
(2) za Probe + 2x — x*® (Fig. 15) the turning point, 
C, is the highest point on the curve—+.e., at that point 
y has its greatest value. If, again, points are taken 
on the curve, close to and on either side of C, the 
value of the function at each of them is less than at C. 
Such a point is called a maximum point, and the 
function is said to have a maximum value for the 
corresponding value of x. 


Values of the function increase to the maximum value 
and decrease after it. 

The values of the function at the maximum and minimum 
points, while greater or less than values at points close to 
them on the curve, are not necessarily the greatest and 
least values respectively which some functions may have. 
This will be apparent in a function such as that which is 
examined in the next section. Examples of both maximum 
and minimum values may be found in the same graph, 
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57. The curve of y = (x — |)(x — 2)(x — 3). 

This function will vanish when + — 1 =0, « —2 =0, 
and x —3 = 0—4.¢., when x = 1, x= 2and x -- 8. 

Consequently the curve will cut the x axis for these 
values of x. If the function is a continuous one—+.¢., 
small changes in * always produce corresponding! small 
changes in y—then, between two consecutive values for 
which the curve cuts the axis there must be a turning point. 

Consequently for the curve of the above function there 
must - two turning points. 


Between the points x = 1 and x = 2. 
3 Between the points x = 2 and x = 3. 


We note further by examination of the function: 


1) If x < 1, y is always negative. 
2) Ifx>1 ‘and < 2 y is positive. 
(3) If x > 2 and < 3 y is negative. 
(4) If x > 3, y is always positive. 
These last two sets of results lead us to the conclusion 
(1) That there is a maximum point (positive) 
between x = 1 and x = 2. 
(2) That there is a minimum point (negative) 
between x = 2 and x = 3. 
— the usual table of corresponding values of x and y 
and making use of the above conclusions, the curve can 
be drawn as shown in Fig. 16. It would need, however, 
much tedious calculation to obtain with any high degree of 
accuracy either the value of the maximum or minimum 
points, or the corresponding values of x. 
We therefore proceed to the algebraical treatment of the 
problem. Multiplying out the function, we have: 


= χῇ — 6x? + llx — 6. 
1 eee | 
da = 31 12% + 11. 
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Solving the equation, the two roots are x = 1-42 and 
2 = 2-58 (both approx.). 
For these values of x, therefore (marked P and Q on 
Fig. 16), there are turning “— on the curve. 
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Substituting the values in the function, we get for the 
values of the turning points: 
y = + 0-385 (P on Fig. 16) 
and y = — 0-385 (Q on Fig. 16). 
The conclusion therefore is that: 
i y has a maximum value of 0-385 when x = 1-42. 
(2) y has a minimum value of — 0-385 when x = 


It is a necessary condition for turning points that 


d 


e. 3x3 — 12« + 11 Ξε 0. 


88 TEACH YOURSELF CALCULUS 


with certainty and ease. 

Three methods can be used; they all follow from the 
conclusions previously reached. 

Test |, Examination of changes in the function near the 
turning points. 

A dh sone point was defined as one at which the value 
of the function is greater than for values of x, a little greater 
or a little less than that at the turning point. 

A minimum point was similarly defined as one at which 
the value of the function is less than for values of x slightly 
greater or less than at the turning point. “ 

Test | consists in the application of these definitions. 
Values of x slightly greater and less than that at the 
turning point are substituted in the function. From a 
comparison of the results we can decide which of the above 
τ τ. teats peta te 

is might τ in g 3 as follows: 
Let f(x) be a function of x. 


Let a be the value of x ata turning point. τς 

Then f(a) is the value of the function at the point. 

Let ἃ be a small number. 

Then ila Ἢ h) is a value of the function slightly greater 
than at the turning point and f(a — A) is a value of the 
function slightly less. 

Then for a maximum /(a) is greater than both f(a + h) 
and f(a — h). 

Test Il. Changes In the value of the differential 
coefficient before and after the turning point. 

(1) Maximum point. We have seen above that: 

pring function is Increasing before and decreasing 
after. 


ee = must be positive before and negative after. 
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To discover this, substitute in the differential coefficient 
values of x a little greater and a little less than the value at 
the point. 

If it is changing sign from positive to negative through 
the zero value the point is a maximum. dy 

(2) Minimum point. Similarly, since Σ must be 


negative before and positive after, if on substitution as 
below it is changing sign from negative to positive, the 
point is a minimum, 
Test Ill. Sign of the second differential coefficient. 
This method is based upon the fact that 5% is the 
differential coefficient of ὃν and indicates, therefore, the 
variations of that function. 
(1) Maximum point. 
(a) The function is Increasing before and decreasing 
fter. 
(b) .. :Σ is positive before and negative after. 
(c) .", at a maximum polnt A Is decreasing. 
dy Ἐξ ϑονξη τ 
“Ὁ, =4, must be negative. 
(6) dx? 5 
(2) Minimum point. 
(a) The function is decreasing before and Increasing 
er. 
(δ) .. 2 is negative before and positive after. 
(c) .", at ἃ minimum point - In Increasing. 


“ag Must be positive. 


59. Graphical Illustrations. 
All these conclusions can be exemplified by further 
consideration of the curve of 
y = (« —1)(* — 2)(% -- 8) 
or y =x — 6x4 + llx —6 
which was examined for turning points in § 57. 
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Since f(x) =x — 6x7 + lle —6 
7 (x) ya galilans 
Γθ}- 12. 
All three curves are oo in Fig. 17. 
Testing for turning points 
whence x = 1-42 and 2-58 (as above). 


Fic. 17. 
Corresponding to these values of x, marked A and B in 
Fig. 17, are the turning points P and Q , and it was found 


in § 57 that at P, Mie = ὑπωρίας ao. f vo = — 0-385. 
est III above may be employed to distinguish alge- 
braically which is the maximum and which the minimum. 
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Accordingly we substitute in 5% or f”"(x) those values of x 
which produce turning points. 

From above 2 -- és —~— 

(1) When x = 1-42, 6x — 12 = 8-52 — 12 


= — 3-48, 


#.¢. εχ Is negative 


“Ὁ, P must be a maximum point. 
(2) When x =2-58, 6x — 12 = 15-48 — 12 


= + 3-48, 
$.6., a Is positive. τὸ 


*, Q must be a minimum point. 
Turning to Fig. 17, we will now examine these turning ᾿ 
points, comparing for the maximum and pre values 
the corresponding curves, viz., /(x), /’ (x) or Ὁ» pS” (2) or 4 
A. At the maximum point P. 


Ἦν f(x) =0, the essential condition of a turning point. 
2) f(x) is increasing before P, decreasing after. 
(3 " (*) is positive before P, negative after. 

(4) .*, f(x) Is Paw A 


(5) .*. f(x) or ΕΣ Is negative, 


B. At the minimum point Q. 
(1) f’(x) = 0, the essential condition. 
f(x) is decreasing before Q, increasing after. 
(3) f(x) is negative before Q, positive after. 


(4) .", f(x) or "4 Is Increasing. 


(5) .. f(x) or a Y is positive. 


All of these conclusions are illustrated in Fig. 11. 
Of the three methods given above for the Denteckostion 
between maximum and minimum values of a function: 
Test | is a sound one fundamentally, though the 
calculations are apt to be tedious. 
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Test Il is also sound, but often laborious, 
Test Ill is generally the easiest and most useful, but 
there is an exception which will be discussed later. 


60. Worked examples. 


Example |. Find the maximum or minimum value when 


ἂν Ἢ 
πω 6. 
For a maximum or minimum 
ἂγ 
4, = 0. 
¥e 4x —6 =0 
χ-ε] 


There is a turning t on the curve when x = 1:5. 
To distinguish between Pee cen Gel iin: 


(a) Considering the expression for J viz. 4x — 6: 
(1) Ifx< 1, 4 is negative. 
@) It x> 15 & is positive. 
oa ie is Increasing as x increases, 
.. by Test II y is a minimum when x = 1-5, 


(ἡ $3 -- 4. 
This is always positive. 
”. by Test III y Ils a minimum when # = 1:5. 
Example 2. Examine y = ὃ — x — x* for turning points 
and distinguish between maximum and minimum. 
Since Ξε ὅ ---αὶ -- χϑ 


ΤΣ τε —1— 2x, 


For a turning point —1— 2χ -εοῦ, 
whence x τῷ «ἃ, 
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(a) Ifx< —4, — 1 — 2x Is positive. 
Ifx> — 4, —1 — 2x 1s negative. 


ee oy is decreasing as x increases. 

“, by Test II y is a maximum when x = — }. 
(ὁ) Also ΟΣ = -- 2. 

This is always negative. 


*, by Test III the turning point Is a 
maximum. 


Example 3. Find the turning points on the curve of 
y = χ — 6x* + 9x — 2, and distinguish between maximum 
and minimum. 


χτ ares 
if >, = 31) — 12x +9, 


and ΤᾺ = 6x — 12. 
For turning points, 
dy Ὁ 
dx = 
”, 3x?—12x+9=0 
or xa—_dx+3=0. 


᾿ς #3 orl. 
.. There are turning points when x = | and x = 3. 
To distinguish between maximum and minimum, we use 
Test ΠῚ and examine $2. 


From above po = 6% — 12, 
χε], po =-—6. .*, a maximum point, 


If x = 3, oy = +6. .. a minimum point. 


the curve has a maximum point when x = 1 and a 
πλόκον, γον ΜΈΡΑ ὦ oe 
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The values can be found by substituting these values for 
x in the function χϑ — 6x* + 9x — 2, 
They are maximum value + 2. 
minimum value — 2. 


Example 4. When a body ts projected vertically upwards 
with a velocity of 80 ft. per sec., fhe hotel (s) reached after a 
time ἃ secs., is given by the ormula s = 80t — 168, Find 
the greatest height to which body will rise, and the time 
taken. 


s is a function of t and s = 80 — 16. 
Differentiating s with respect to ἐ. 


ds 

di = 80 — 32¢. 
But when s 15 greatest 

ds 

di = 0, 

", 80 — 32: =0 
whence ὃ t = 2:5 secs. 

" ς 


This is always negative, .", there must be a maximum 
value for s when t = 2.5. 


Substituting in s = 80¢ — 164 
we get s = 100 ft. 

Example 5. The cost, {C, per mile of an electric cable is 
given by C =~ + 600x, where x is its cross-section in 
7 ins. Find the cross-section for which the cost ts least, and 

least cost per mile. 
120 


C= = «+ 600x. 
ig dC _ 120 ΜΝ 
For a maximum or minimum value of c, & =0. 
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᾿ς — iy +600 =0 
2 
5. x ~~ §00 


x =+0V70-2 = + 0-447 sq. in. (approx.). 
The negative root has no meaning in this connection, and 
is disregarded. 
To discover whether this value of x corresponds to a 
maximum or minimum, we use aan III. 


a aoe 
When x = 0-447 this is positive. 
“ the cost is a minimum for this cross-section. 


Substituting for x in = + 600%,we get the minimum 
cost. 
= = £587 (approx.). 


Example 6. A cylindrical gasometer ts to be constructed so 
its volume is V cu. ft. Find the relation between the 
radius of the base and the height of the gasometer so that the 
cost of construction of the metal , not including the base, 
shall be the least possible. Εἰ also the radius of the base, 
r, in terms of V. 
Let h be the ht of the gasometer. 
Let A be =the of surface, excluding the base. 
The cost wil] be least when A is least. 
Using the formulae for a cylinder, without base, 
A= ca laa actehia> «ἃ {) 
and V =nrh ἐν erica 2 
These equations contain two ier sal ΒΑ variables, Γ 
and ἢ. We acl Ἐν eliminate one of them, h, between 
the two equations and obtain A in terms of r and V, which 
is a constant. 


From (2) h=—y 


97 
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The following brief investigation will also include con- 
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Substituting in (1) 


Ων πο Ὁ but the function is 


neither a maximum nor minimum. 


sideration of a case in which 


nr? + (ξεν x =). 


A= 


We will first illus- 


r * 


2V 


= πῦῷ + 


7 = 


dA 
Since A is to be a minimum 


Then 
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zero at the origin. This indicates that the gradient of 
y = 2 is zero at that point, which is a minimum point for 
y = 3x*. It shows further that y = x* has a minimum 
gradient at the point. 

Such a point as this on a curve is called a Point of Inflex- 
ion, the word indicating a bending in the curve. The 
curvature is changing at such a point from concave down- 
wards to concave upwards, or vice versa, as would be the 
case for y = — 2. 

This is an invariable condition for a point of inflexion, 
but at such a point 2 is not necessarily zero, as in the above 
example—i.e., the tangent at the point is not always 


parallel to OX. Nor does the zero value of 2 necessarily 
correspond to a turning point for the function. But for 
the point of inflexion the gradient is a minimum and the 


minimum value of in this example is zero. 


As an example of a function for which the tangent to the 
curve at a point of inflexion is not parallel to OX, we can 
consider the case of the point C on the curve of 


y = (x — 1)(x — 2)(x — 3). (Fig. 17.) 
From this curve we note: 


(1) At the point C the curvature is changing from 
concave downwards to concave upwards. dy 

(2) When the curve is concave downwards τα is 
decreasing. 


is pe Is negative (ὃ 52). 
When the curve is concave upwards ΩΣ is in- 
creasing. 
a Is positive ( 52). 
(3) At the point of change—+.e., at the point of 
inflexion— τος is zero. 
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(4) Consequently os is changing sign at the point 
of inflexion. d 

(5) At the point of inflexion, C, pf is a minimum for 
the corresponding value of x. 

(6) This value of —viz., — 1—gives the gradient 
of the curve at the point of inflexion. It is therefore 
the gradient of the tangent at the point. If θ be the 
slope of the tangent, then tan @ = — 1, and θ = 136°. 

Summing up, it may be stated that at a point of inflexion 
on a curve: 


(1) The curvature changes from concave upwards to 
concave downwards, or vice versa. 


(2) Consequently 2 will be increasing before and 
decreasing after, or vice versa. 

(3) Therefore da will be positive before and negative 
after, or vice versa. 


(5) ‘A will also be a maxtmum or minimum. 


Fg 
Pee et ee 
Thus “= changes sign through the point of inflexion., 


62. The tests for discrimination between maximum and 
minimum values of a function may be summarised as 


Negative before ( 

Positive after. 

Egual to 0 at the 
point. 

. increasing. 


j 
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Exercise 10. 

1. Draw the curve of y=a—2x, Find & and obtain 
its value when x = — 1, 0, 2, 3, checking the values from 
the graph. For what value of x is there a turning point on 
the curve? Is this a maximum or minimum point? 
What is the sign of $3? 

2. Draw the curve ofy = 3% — x’*. Find and calculate 
its value when x = 0, 1, 2,3. For what value of x is 2 
zero? What is the sign of 2 for the same value of x? 
Is the function a maximum or a minimum for this value? 

3. Find the turning points for the following function and 
ascertain whether the function is a maximum or minimum 
in each case: 

1) 4x — 2x. 2) x — 1-5x'. 
3) x* + 4x + 2. 4) Wx? +x — 1. 

4. Find the maximum and minimum values of the 
following functions and state the corresponding values of x1 


(1) χϑ — 12x. 2) 2x8 — θχ3 + 12x. 
(3) «* — 6x? +- 12. 4) 4x3 + 9x9 — 12x + 13. 
(5) 2 — Ox + 6x4 — x. 
5. Find the maximum and minimum values of 
(x + 1)(x — 2)" and the corresponding values of x. 
6. Find the maximum and minimum values of 4% Ἐς. 


7. Divide 10 into two parts such that their product is a 


eu re f th f 

8. In a certain type of engine the ratio of expansion, r, 

and the number of pounds, N, of steam used per I.H.P. 

hour are related by the equation N = 0-527 — 5-57 +- 32. 
Find the value of r which gives the minimum value of Ν. 


9. A closed cylindrical tin is to be manufactured to ~ 


contain 40 cu. ins. If the minimum amount of metal is 
to be used, what is the ratio of the height of the tin to the 
diameter of its base? 

10. An open tank is to be made of sheet iron; it must 
have a square base and sides perpendicular to the base. 


MAXIMA AND MINIMA VALUES ΤΟΙ 


Its capacity is to be 8 cu. ft. Find the side of the square 
base and depth, so that the least amount of sheet iron 
may be used. 


11. If - = 4.8 — 3.2, and s = 5 when ἐ = 0-5, express 


s as a function of ¢ and find its maximum value. 

12. If H=pV and p=3 — Ἐν, find the maximum 
value of H. 

13. A rectangular sheet of tin, 30 in. x 24 in., has four 
equal squares cut out at the corners, and the sides are then 
turned up to form a rectangular box. What must be the 
length of the side of each square cut away, so that the 
volume of the box may be as great as possible? 

14. The strength of a rectangular beam ig eee length is 
proportional to dd* where 6 represents the breadth and ὦ 
the depth. If the cross-section of a beam has a perimeter 
of 4 ft., find the breadth and depth of the strongest beam. 

15. Find the values of x corresponding to (1) a maximum 
value, (2) a minimum value, (3) a point of i ion on the 


curve of y = 2.3 + 3x* — 36x + 10. 


16, Find the maximum and minimum values of the curve 
of the function y = x(x*— 1). Find also the gradient of 
the curve at the point of inflexion. 

17. Find the value of x at the point of inflexion of the 
curve of y = 3x° — 4x + δ. 

18. The distance s travelled by a body propelled vertically 
upward in time ¢ is given by the formula 

8 = 120¢ — 16?. 
Find the greatest height which the body will reach and the 
“ 1 ding (M) of a beam ed 

19. The bending moment of a , supported at 

one end, at a distance x from one end is given by the 


formula > 
M = ζτυΐϊκ — 4w2', 
where / is the length and w is the uniform-load per unit 


length. Find the point on the beam at which the bending 
moment is a maximum. 


CHAPTER Vil 


DIFFERENTIATION OF THE TRIGONOMETRIC 
FUNCTIONS 


63. The circular measure of angles. 

When considering the differentiation of the Trigono- 
metric or Circular functions it must be remembered that 
the angle whose function is being examined is assumed to 
be measured in circular measure. Thus, when finding the 
differential coefficient of sin 0—1.e., the rate of increase of 
sin θ with respect to 6—it is clearly necessary that 6 should 
be maps μι in absolute units, and Ξ arbitrarily chosen 
units such as degrees or nless it is speciall 
indicated to the contrary, in all further work in this tener 
angles will be regarded as measured in radians, often 
expressed in the convenient form of fractions or multiples 
of x radians. 

Students who are at all hazy about circular measure 
— x) it before proceeding further. (Trigonometry, 

ap. X. 


64. Differentiation of sin x. 
Let y = sin x. 
Let 8x be an increment of x. 
Let ὃν be the corresponding increment of y. 


Then y + ὃν =sin (x + 8x) 
but y = sin x. 
.. Subtracting dy = sin (x + dx) — sin x. 


eee y _ sin (x + 6x) —sinz 
Dividing by ὃ, Φᾧ =S29 tM —SRe a) 
Our next step is to find the value of the limit of the right- 
hand side as 8x —>» 0. This requires some manipulation. 
We first change the numerator from a sum to a product 
by employing the trigonometric formula 
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where (x + 5x) takes the place of P, and x the place 
of 


ransforming the numerator in (A) we get: 


2 cos (+) ἘΞ). 40 {{5 Ὁ δὼ — x} 


3x ὃχ 


Transferring the numerical factor, 2, on the right side to 
the denominator, we have: ke 


sin 
ἂγ---. , ἂχ 3s 
<n (« = 3) “ bx 
2 
In this form the second factor takes the form of “πὶ the 
limit of which, when 6——> 0, was found in §19. From 
this we know that, proceeding to the limit in B, 


. 8% 
sin 


Li ——— = |, 
is—>0 8% 


ap i 


Taking limits, therefore, we have 
| - OF 
sin Ὁ 
bx 
2 


, ὃ» , 8% 
i -~= Li cos — 
ait 5 ts —> 0 gee i 


d es ae oe bx 
= FH = COS X (since > 0) 
Geometric proofs of the above, as well as of those which 


follow, are of interest, and will be found in larger books on 
the subject. 
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65. Differentiation of cos x. 
Employing the notation and method used with sin x we 
obtain :— , 
Sy = cos (x + dx) — cos x. 


Using the formula | 
cos P — cos Q = —2sin? TP sin? — 0 
(Trigonometry, § 87.) 
. ὃχ ὃχ 
Dividing by 8x ree A 
sin — 
Mos 1 Δ᾽ bx 2 
= — 2sin a+s Χ Ἐπ 
sin ὃ 
Ss aoe Γ] Ἂ 
2 
sin 
} ἂν] σεν es: ὃχ 2 
** LE we ae ΚΤ τὸ ~*~ δε 
dy 
: = — sinx. 
whence - 


66. Differentiation of tan x. 
This can be found most easily by making use of the 
differential coefficients of sin x and cos x as obtained above. 
; sin x 
Since tan 4 = —— 
dy _ (cos% X cos x) — {sinz x (—sinx 
dx 


(quotient rule) 


= --- γ' (Trig., § 65) 
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d 
es oa ΞΞΞ sec? x. 
A proof from first principles can pre be obtained by 
the method employed above for sin x cos x, using the 
appropriate trigonometrical formula. 


67. Differentiation of sec x, cosec x, cot x. 

The differential coefficients of these functions can be 
found from first principles as above, but they are more 
easily obtained by expressing them as reciprocals of cos x, 
sin x and tan x, and using rule for the differentiation 
of a quotient. 


(a) y = cosec x. 


dy O—cosx —cosx } 
This is more useful in the following form: 
— COs x cos x 1 


— = — pa, 
sin? x sinx © sins 


Po dy = — cosec x cot x. 
dx 


(6) y = sec x. ’ 
Pe ae a 
d — (—sin x : τ 
Pa 2 = Ξ So (quotient rule) 
_ sins 
~~ cos? % 
= 1 sin αὶ 
 €08% “" COS*# 
as O = sec x tan Xx. 
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(c) y = cotx. 


] 
Y= tan x 
dy  —sec*x : 
ἐς πὸ ἜΣΕΣ (quotient rule) 
ss 1 J cos? x 
~  Gos?x © sin? x 
] 
~~ gin? x 
μι ἢ dy Se cosec? Xx. 
dx 


68. Summary. 


The above results are summarised as follows for con- 
venience: 


— cosec x cot x 
sec x tan x 
— cosec® x 


69. Differentiation of modified forms. 
The differentiation of the trigonometric functions 
frequently requires the application of the rule for “a 
lion of a jon’’, A very common form involves a 
multiple of x—for example, ax. This is a function of a 
function, and its differential coefficient is a. Hence this 
must appear as a factor of the differential coefficient. 


Thus if y =sin ax, 2 = a cos ax 
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y = cos ax, Ψ = — asin ax 


y = tan ax, 2 = a 56. ax 
and similarly for their reciprocals. 


ey . | : 
Thus qx Sin 2% = 2 cos 2x 

d ae x 

dx °° Ὁ iat ceed 


Slightly more complicated forms are such as the following: 
If y τὸ βίη (ax +0), 2 = acos (ax +2) 


y = sin (x + nx), 2 = nos (π + ma) 


y = tan (1 — 2), Ὁ = —sect (1 — 2) 


Vs dy 2 l 
ee ee 
70. Worked examples. 

Example |. Differentiate y = sin? x. 
4.6. 2) κξ (sin x)* Bi 
Ὁ ἢ =2sing x (6182) 


= 9 οἷη x cos x 


= sin 2x. 
Example 2. Differentiate y = sin Vx. 
βὰς decay ον 
ἦν ἄν = 008 (x) x (rt) 
= ἐ cos x# 4 Hr 
cos νίχ 
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i.e, = (sin x)? 
2 Ya yeinsyt x 1% 
_ cos% _ cosx 
2 sin xt ~~ 24/sin x’ 
Example 4. i ee 7 = sin® (χὮ. (See § 47.) 
iy = (SI ᾿ 


- ἦ = 2sin x* x cos x? x 2% 
ax 
= 4y sin x? cos x?, 
Exercise |. 


Differentiate the following: 

1. 3 sin x. 2. sin 3x. 

3. COS δ᾽ 4, tan 5: 

5. sec 0-6x. 6, cosec 5. 

7. sin 2x + cos 2x, 8. sin 3x — cos 3x. 

9. sec x + tan x. 10. sin 4% +- cos 5x. 
11. cos $0 + sin 10, 12, sin (2x + 5). 
13. cos (8m — x). 14. cosec Ἢ — $x). 
15. sin? x. 16. sin (x*). 

17. cos* (2x). 18. sec (x*). 

19, ἐδῃ ν] — x. 20. asin nx + bcos mx. 
21. a(1 — cos x). 22. 2 tan 4 
23 cos (2x + 5). 24, tan 2x — tan* x. 
95. x2 + Bsin fx. 26. cos ©. 

x 
27. x sin x 28. ceo 
., ἜΤ 

29, πα, 90. tan χ᾽ : 
31. a 32. sin 2x + sin (2x)*. 
33. cos® (x4). 34, x? tan x. 
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35. cot (5x + 1). 36. cot? 3x, 
37. cos x. 38. sin 2x cos 2x. 
39. sin? x + cos? x 40. sin? x — cos? x, 
l 1 —cos* 
pe | ΤΊΤΟΣ TF τος κ᾽ 
i ν3 
43. nope 44, x* cos 2x. 
x* tanzx —] 
45 oe πὶ 46 nes 
Ξ sin? x 
47. ἂν τῇ x. 48. ΓΞ εἴη χ΄ 
49. | — tan x 50. sec? x COSEC x. 
71. Successive derivatives. 
Let = sin x. 
Then - = cos x 
a) = — 5'η αὶ 


Clearly these derivatives will repeat in sets of four, 


identical with the first four above. 


From Trigonometry we know that cos x = sin (x +5). 


.. the above may be written: 
2 = (08 % = sin (x +5) 


i= felon στὴ) mem (2+) τωρ 

at τ de {8 (5 +9) } =o (x Ὁ 5) sin (x +9). 

They may be continued indefinitely, 5 being added in 
each successive derivative, the sine form being retained. 
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Thus it may be deduced that 


a = sin (x+ 5). 


Successive sss of cos x may be similarly obtained. 
Those of tan x, sec x, cosec x, and cot x become complicated 
after a few steps in differentiation, and cannot be expressed 
by a general formula. 


72. Maximum and minimum values of trigonometric 
functions. 

Note.—Unless the student is familiar with functions 
of an angle of any magnitude, he should revise Trigono- 
metry, §§ 130-136. 

(1) y =sin x, y = cos x. 


When y = sin x 
dy 
Ἂς ΤΕΣ 
“3 = — sin x 


The graph of sin x is represented by the thickest curve in 


Fig. 19. The broken curve is that of = ὧν , and the thin one 
δὲν τ 
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A periodic function. Since sin αὶ = sin (x + δι, κα 
portion of the curve between x τὶ θ and καὶ = 2x will 
repeated for intervals of 2x as x increases. There will = 
similar sections for negative angles. 

Thus the section of the curve between 0 and 2m will be 
repeated an infinite number of times between —o and 
+ co, the whole forming one continuous curve. 

sin x is an example of what is termed a periodic function, 
and the number 2π is called the period of the function. 

The following characteristics of the curve of sin x 
illustrate much of the work of the preceding chapter. 


(a) Types of curvature. The curve between 0 and 
2x provides examples of the four δ νη of curvature 
illustrated in Figs. 12(a) and (δ) and 13(a) and (δ), 


while that of ms illustrates the connection between these 


forms of curvature and the sign of the differential 
coefficient (see § 52). 

(6) Turning points. The curve between Ὁ and 2π 
shows that between these two values of x there are 
we turning points, at P and Q, the values being + 1 
and — l. 


At P, when x = > oy = 0, and a Is negative, 
" Pisa maximum point. 

ΑΕ Ὁ, when x = Σ, 7 =Oand ΤΥ is positive. 
.. Qisa minimum point. 


This is true for any section of 2x as x increases, 
Consequently throughout the curve from — οὐ to + co 
there is an Infinite sequence of turning points, 
alternately maximum and minimum. 

(c) Points of Inflexion. There are two points of 
inflexion on this section of the curve at A and B. 
AtA jn curve changes from concave down to concave 


Ρ, & is a minimum, viz, —1, 54 =0 and is 


ws from negative to positive. 
Hence A is a point of minimum gradient. Its 


113 
With this 
5 from + 


t. 


ange 


The curve of the function is therefore 


discontinuous. Similar changes occur when αὶ anf 


ἘΝ 


small increase in x tan 0 
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while still numerically infinitely ge 
etc. This can be observed in Fig. 20. 


(6) The curve of tan x Is consequently periodic and 


the period Is x. 


to —o, 
δ’ 


infinitely 


angle of 135°. 
from positive to negative. 
There 


At B this is reversed. The curve changes from 


of sin x, moved 5 to the left 


shows its shape 


Fig. 19. Consequently with angles, where they occur, 


= 


sign 


t 


of maximum gradient. This is 
curve cuts the axis at 45°, 


$62. 
dy 


dx 


t 


is also a point of inflexion at the origin. 
It will be seen that Fig. 19 illustrates graphically the 


whole of the s 


tangent of the angle of slope, the 


axis at an 
in 
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p to concave down, 9 is a maximum, and 


ummary 


The graph of cos x is 


along OX. 


As this is the 
curve crosses the 
0, and is changing 


=— 


gradient is given by the value of = at the point, viz., 


B is therefore a 
equal to + 1,an 


concave u 


ὧν 


— 1. 


Scenes 


Saar 


+. oe er al 


za88 


position in 


and 


The curve of 


ἄς 


4 viz., sec? x, is always 
points occur for = 0 


Simil 
ple of x. 


is always Increasing, and this is 
multi 


from concave down to concave up, 


oint of Inflexion when x =. The 


ing 
os , τόνων να | 
roger its curve is the inversion of that 


the differential coefficient, sec* x, is a minimum, and 
It is always decreasing (— cosec? x is always 


negative); it is periodic and has points of inflexion 


e of 45°. 


(c) The function 
and any integral 


indicated by the fact that 


tive. 
ἔτ There Is a p 
Since cot x = 


its value is +1. Consequently the curve crosses OX 


curve is 
at an angl 
of tan x. 


π 
9? 


= — cosec’ αὶ 
tan x——> +o. On passing through δ᾽ an infinitely 


ΤΣ = 2 cosec? x cot αὶ 


The graphs of tan αὶ and of its differential coefficient sec* # 
are represented in Fig. 20, the latter curve being dotted. 


= cot # 


dy 
dx 


the above remarks respecting sin x are 
When! 


yd 


Tt 
(2) The curve Is discontinuous. When x —>» 


small increment of x results in the angle being in the 
second quadrant. Its tangent is therefore negative, 


The following characteristics of the curve of y = tans 


may be noted: 


(2) y = tan x, y =cotx, 


applicable to cos x. 


diminished by 
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when x = = δ, a. . The student should draw it as 


an exercise. 


(3) y = cosec x, y = sec x. 

Turning points on these curves may be deduced from 
those of their reciprocals. When sin* is a maximum, 
cosec% is a minimum; consequently the curves are 
periodic, and maximum and minimum values occur 
alternately. 

If = COSEC αὶ 


2 =— cosec x cot x. 


When x= ὃ, — cosec x = — 1, cotx = 0. 


, es 
| a 9. 
©, will be found to be positive. 


Hence there is a maximum value when x = 5° 


Both curves are discontinuous and periodic. 
(For the curves see Trigonometry, pp. 157, 158.) 


73. Worked example. 
Find the turning points on the curve of y = sin x + cos x, 
If = sin x + cos x 
i = cos x — sin x. 
For turning points 


Ἔα ante: Seanliont ah δ᾽ ΠΗ ΟΣ, engine Nhoge 
tangent is + 1, 
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All these angles are included in the general formula 
nn +4 (Trig., § 136.) 


᾿ς the angles for which there are turning points in the 
above function are 


π ὅπ Or 
δ 4" δ᾽ Ὁ" 
Also oy = —sin x — cos. 
This is negative when 
x On 
eed | a se 
and positive when 
pos! "5 
itr ae ὁ 


the curve is periodic, and maximum and minimum 
Br ξ occur alternately: 


Maximum when ine Frias 
Minim Ϊ um when oo  « 
Max. value = sin ἢ ao cos 7 

l ee 


Similarly minimum value = — 7/2. 


The curve is represented in Fig. 21, P is the maximum 
point and Q the minimum. A Is obviously a point of 
inflexion. 

The curve can be drawn y first deewing the curves of 
sin x and cos x, and then the Settee of the two 
curves for various values of : x. 

The curve is a simple example of what are termed 
Harmonic Curves, or wavediagrams, which are of importance 
in Electrical Engineering (see Trigonometry, § 139). 
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Exercise 12. 


For what values of x, not greater than x are there maxi- 
mum or minimum values of the following? 
. sin 2% — x, 
. sin? x cos? x. 
. sin x + sin x cos x. 


ee 


2sin x + cos x. 
sin x + cos 2%. 
2 sin x — sin 2x. 
. sin αὶ sin 2x. 
. What is the smallest value of x for which 2 sin x 
+ 3 cos x is a maximum 

10. Find the smallest v value of x for which tan? x — 2 tan 
is a maximum or minimum. 

11. Show that the maximum value 5. See Ses 0 
is ν αἱ + 63 and the minimum value — 


OOS μ᾿ wrom 


a? + 
(Trig, § 139.) 
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74. Inverse circular functions. 


When we write y = sin x the sine is expressed as a function 
of the angle denoted at When x varies, the sine varies 
in consequence—4.é., angle is the independent variable 
and the sine the dependent variable. 

But we may require to reverse this relation, 4.¢., to 
express the angle as a function of the sine. Thus we 
express the fact that when the sine is varied, the 
varies in consequence. The sine now becomes the In 

pendent vari iable and the angle the dependent variable. 
relation, as the student knows from Trigonometry, is 

expressed by the form 

y = sin x 
which means, y Is the angle of which x Is the sine. From 
this meaning we can write down the direct function relation, 
viz.3 

x = sin y. 

It must be noted that the — 1 is not an index, but a 
part of the symbol sin-', which expresses the inverse 

nection. 

All the other circular functions can similarly be expressed 
as inverse functions. 

75. Differentiation of sin x and cos-? x. 

Let y = sin? z 

Then, as shown x =siny Leh bip Liat the tien 

Differentiating x with respect to y. 


From the relation sin* y + cos? _y = 1 we have 
= “/1 — si a V/1—x* (from A) 
d 


- Ligh Ο δ Hino ὁ 
Hence eas, apse 


= 
-_ 
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dient of the curve is the tangent of 


d.c. will be 
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fe 


an acute an 


tive, while at such points as P an 
f slope is obtuse, the d.c. will be 


Reo 


where the ang 


negative. 


gra 
the 


y = cos! x 


Similarly if 


can- 


l 


(5) Since x lies between + 1 and — | 
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The followin 
functions and 


Differentiation of tan-! x and cot x. 
y =tan*x 
% =tany 


to the x-axis. 


ΟΥ̓ 
Χ 
Similarly, if y = cot-* x we can show that 


Differentiating with respect to y 


Let 
Then 
and 


νῷ 
~ 


valued function— 

any assigned value 

of x there is an infinite 
number of values of y. 
sin x is a single valued 


toe 
function, 


(1) The function is a 
(2) Since sin y lies be- 
(3) Since there is an 
infinite number of angles 
having a given sine, so for 


tween + 1 and — 1, the 


any value of x between 


tween these values of x 
+ 1 and — 1 there is an 
infinite number of points 


only. 


function sin- x exists be- 


man 


ΓΝ 


y 
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Set Sh 


) The differential co- 


efficient of sin“, viz., 


4 


may be positive ornegative. Referring to Fig. 


22, it will be seen that at all such points as Ὁ, where the 


1 


ΓΞ 
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(2) τὲ ἂν does not vanish for any value of x; .", there 


is no sealie point. 

(3) Points of inflexion occur when y = 0, x, 2x, — x, 
etc, 

The gradient is positive. 


Baa ttt tt tt 
ἨΒΗΗΗΥΗΗΗΉΗΕ 2 


ἘΠΕ arte ΤΗΤΕΞΕΗΤΗ 


ΓΙ SCRE EEE ee er 
aan tt EERE REE REE 
5" ca 5" ] 


ἘΠΕ ΉΗΝΝ EERE 


Fic. 93, 
The graph of y = cot-? x is the reverse of this curve. 
2 is always negative, .", the function is always decreasing, 
There are no turning points, but a series of points of 
inflexion at which the gradient is negative. 


The drawing of the curve is left as an exercise to the 
student. 


77. Differentiation of y = sec"! x and y = cosec? x. 
Let y == sec x. 
Then x% = 860 y. 
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ΠΤ ΤΙΥΙῚΓῚ eT 
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Ι. 


Fig. 24 represents part of the curve οἱ sec*x. Itisa 
man τοῖα ὅκου discontinuous curve with no part of it between 
, = %y landz=—l. 


] ; ΜΠ 
ar ἣν wrt cannot vanish for any finite value 
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of x. There are therefore no turning points, but when 
s=+ 1, 2 becomes infinite, as was the case in the curve 
of sin-! x (Fig. 22). The curve of cosec-! x is similar. 


78. Summary of formulae. 
The differential coefficients of the inverse functions are 
collected sae ναμή below for reference. 
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Similarly for the other three functions. 


79. Worked examples. 
Example |. Differentiate sin-* x*. 
Using the on for a “ nee = a function ” 


i” = (x*) 
= σξε 
Example 2. Differentiate tan-1 5, 


5 - τα x (a) 


1+(5 
i LI ye 
bea” 
istitt ouy 3 
χ -ἘῚ “ χὮ 
ae 3} 


Example 3. Differentiate χ εἰν 1 (1 — x), 
Using the rule for differentiation of a product 


aarti Se | oi 
= 2x sin-! (1 — x) + ETH x (— 


= 2x sin-1 (| — x) — : , 
sin-* ( x) — 
Exercise 13. 

Differentiate the following functions} 
l. (a) sin-? 4x; (6) sin-?%, 

2 (a) bcos"! (=): (δ) cos-* 4 
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(a) tan-*=; (Ὁ) tan-t (2 — 2). 

(a) cos- 2x2; (b) sin-? o/x. 

(a) xsin-+x; (Ὁ) sin-?-. 

(a) sin-? (8x — 1); (6) cosec-t 5 

(a) tan? (x - 1); (6) (+1) tan 
Ἢ ἐαπ- vw Σ- 4] @ Cet I—2 7 

3 i sec? 5x; (δ) sec? x?, 

10. (a) sin- (sin x); (δ) sin-? sin x. 


11, (a) 2sec-2ax; (δ) tan-+/x. 
12. (a) tant; (6) tan-? = ᾿ 


OHI HS TP w 


, 2 e Ὁ 
14, (a) sin! Sasi (b) cotert σον -' 
15. (a) xtan-1~; (δ) tan x sin“ x. 
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


80. Compound Interest Law of Growth. 

THE student will be familiar with two methods of pay- 
ment of interest on money, termed Simple and Compound 
Interest (Algebra, § 207). In each the interest bears a 
fixed ratio to the magnitude of the sum of money involved. 
But while with Simple Interest the principal remains the 
same from year to year, with Compound Interest it is added 
to the principal at the end of each year, over a period, and 
the interest for the succeeding year is calculated on the 
sum of principal and interest. 

Let P = the Principal. 

Let r =the rate percent. perannum. , 

Interest added at end of Ist year = P x 100" 


ἐς Amount atend of Ist yaar =P+ pad 
=P(1 + i): 
by ae Line κὰκ δ γα ae tor to tat year 
Amount at end of 2nd year =P (1 + 5%). 
Mo, ἀνα ane, (ee {π΄ om). 


Ἀν nde Eee, 


“eee interest is added at the end of each half year 
of at the end of each year, then: 


Amount at end of Ist half-year = P (1 Ἐς κα τοῦ] 


” ” Ist year Ξε Ρ (ι + sm) 


ΡΜ" ΓΤ] 2nd " =P(1 +5<1m) 
.. Amount at end of ¢ years =P( 
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If the interest is added 4 times a year: 
4 
Amount at end of Ist year = P (1 + ix in) 
Py fe ζῶν 
oo tw ome pg) 
Similarly, if the interest is added monthly, #.¢., 12 times 
ἃ year: | οἱ 
Amount at end οἱ t year = P (1 + 15 106) 
If the interest is added m times a year: 
Amount at end of t years = P (2 Ἢ Toon) 
In this result let | 


Then 


., the amount after ¢ years = P (1 + 


Now suppose that n becomes indefinitely large, #.e., the 
ign ee on at indefinitely small intervals, so that 
the growth of the principal may be regarded as continuous. 
Then the amount reached wil be the limit of 


ἐ[0 εν ]ῶ 
when n becomes infinitely large. 


To find this we require to find the limit of (1 + +)" as 
n—> ὦ, fe. 


i= 1, 4.1)"} 100 
Amount =P{ πὶ (1 +-) } 
It becomes necessary, therefore, to find the value of 


_i\ 
PP a 
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7 ay 
81. The value of Ut (1 ae -) 
Expanding (1 + =)" by means of the Binomial Theorem 
1\* 1 , an(w—1) 1 
(1 ἘΦ) =2 ἀδοῤο δ σρη Wieeceal 
n(n —1)(n —2) 1 
+ | 3 * Ἔ δ δ ἅ 
Simplifying by dividing the factors in the numerators by 


π, μ, "ἢ... 
Then 


Ἡλι τορος Eo 
] teal 

O-DO-) (534) 

But the limit of (1 Ὁ ΥΒ equal to the sum of the 


] 
n 
limits, (Th. limits No. 2.) 
Also 


1 
"Seon ἘΣ a es 
1\" 
ie (49) 


trginifels ihe sand 
The limit is thus represented by an infinite series. It 
can be proved that as the number of terms is increased 
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without limit, gee Hy mp: aes A ef a finite Let rt 

limit, #.¢., the series is convergent ὕω τι _ Its value has ” isto ™ 

been calculated to of places of , and can | 7 

be found arithmetical as follows to any require Then we can write: 
Each term can be found from Peal 


by simple division of the preceding by the new factor i 
e denominator. Thus: 


Ist term = 1-000000 
2nd 


= 1-000000 
8rd ;, = 0:500000 (dividing 2nd by 2) 
4th ,, = 0-166667 


e* is called an exponential function because the index or 
exponent is the variable part of function, whether it be t as 
above or x in general. 


82. The Compound Interest Law. 


The fundamental principle employed in arriving at the 
above result is that the Bais of the principal is con- 
ΠΝ in time and does not take place by sudden i increases 

intervals. In practice, compound interest is 
at definite intervals of time, but the phenomenon of 
cae growth is a natural ‘law of organic growth 
and change. In many ide nat chemical, electrical and 
engineering processes mathematical ressions of 
them involve functions in which the variation Is propor- 
tional to the functions themselves. In such cases the 
exponential function will be involved, and as the funda- 
mental principle is that which entered into the Compound 
Interest investigations above, this law of a was Called 
by Lord Kelvin the Compound Interest 


83. The Exponential Series. 


a shall next proceed to show that the ees Coote, e*, can 
expressed in a series involving ascendin powers of x, a 
result which might have been sntcpated since a series 


was used to arrive at the limit of (1 + = ΠῚ when # became 


10th ,, =0-000003 
Sum of 10 terms = 271683 


Thus its value to 6 siouilicent Geueep ἘΡΕΙ͂ is 2.711828, 
This constant Is always denoted by the letter e. 


or e= lt (1+~) 


η--Ὦ ὦ 


ΑΘ a ΜΝ 
Oe τὲ δὲ  Ἀ ΩΣ 

We have seen above that the amount (A) at C.I. after t 
ΝΠ ed is 


A=P{(1+ 1)" infinite. 
Since 8 ταὶ Lt ( +2): 
when ἢ becomes infinitely large. s—>-« 
Replacing (1 + +)" by its limit when  —> co, we gett Then e={(1 +i) ᾿ 
r 1 ὦ 
A = Pe, =(1+-;). 


Ἑ (CAL.) 
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Expanding thus by the Binomia] Theorem 

" Ι] , mx(nx—1) 1 
a ae 


( +2) =ltne.5 + 


: Lhe ,,,,8#,2 

ν αἰ (1 πὸ} sg  ϑῳ- tite 

l.e., em ltxthaet... 
2 


This series can be shown to be convergent. 
Replacing x by — x we get 
etelix+ oe — κε "." ἡ 


Similarly : ‘the 2) 
maltart oe ἐ18 tees 
2,3 giz 
emda τς τῖς tee: 
84. Differentiation of e. 
This can be performed by assuming the series for δῦ as 
above and differentiating it term by term. 
: χϑ xs 
3x? 13 


d | 2x 43 
eee Ot, ee ere νυ 


ah, +s 
eae eee te 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 131 
But this is the series for δ᾽ 
ae ye 

* = e, 


roperty, viz. that the differential coefficient of δὲ 


This 
is oak to itself, is possessed by no other function of x. 
It was to be expected, since we have seen that fundamentally 


e* is a function such that its rate of change is proportional 
to itself. 
Similarly, if yer, Jae 
yuo,” Ὁ — goss 
you, 2 = — ae, 
The differentiation of δ᾽ can also be readily performed 
by using first principles. 


85. The exponential curve. 


Since 9 is always positive, the curve of the function ἐδ’ 
must be positive and always increasing. .*, it has no 


turning points. 
Since oa = ¢, this does not vanish for any finite value 


of x. 
., there is no point of inflexion. 


eX men, 
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Applying the same reasoning as above, y is always 


negative. .*, curve is always decreasing. There are no 
turning points and no point of inflexion. 

The two curves are shown in Fig. 25. In drawing them, 
values of the two functions will be found in the tables on 
pp. 379, 380. 


nae ΞΞΞΞΞΞΣ \ssssenrsssets 
bid ΞΕΒΞΞΞΕΞΕΞΞΕΒΞΞΞΝ, tataterestaesees 


aa 
1 
a6 
1 
aa 
ae 
ἘΝ 
HE 
ΒΡ 
Fa 


Ber _ a δα ΙΕ Ε ΙΕ Νὶ Κα ΠῈ I mI = Tf 
tw Esse Τ ἢ Τὸ EER BRR ERE PRP Eee -—- Be Ν ,.. 
Bane Ο͵ ee eee ae 


The curve of e* illustrates the continuous increase of a 
function according to the Compound Interest law. 
acu Py — of ὌΝ a law of decrease common in 
emical and physical processes, representing a “ dyin 
away” law, the decrement being proportional to "he 
magnitude of that which is diminishing at any instant. 
The loss of temperature in a cooling body is an example. 
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86. Naplerian, Hyperbolic, or Natural Logarithms. 
In § 81 we arrived at the formula 


Li 
A = Pei, 
This may be written: 


Let 
Then we can write: 


νυ 


In this form it is seen that x represents the logarithm of : 


to base e. In many similar examples e arises naturally as 
the base of a system of logarithms. So it came about that 
when logarithms were first given to the world by Lord 
Napier in 1614, the base of his system involved e. Hence 
such logarithms are called Naplerian logarithms. They are 
also called Hyperbolic logs, from their association with the 
hyperbola, and sometimes natural logarithms. The intro- 
duction of 10 as a base was subsequently made by a 
mathematician named Briggs, who saw how valuable they 
would be in calculations. A short table of Napierian 
logarithms is given on pp. 377, 378. 

In subsequent work in this book, unless it is stated to 
the contrary, the logs employed will be those to base e. 


87. Differentiation of log, x. 


The differential coefficient of log, x can be readily obtained 
by the method of first principles, the work involving the 


limit of (a τς -\" as n proceeds to infinity. Or the 
differentiation of δ᾽ may be demonstrated as follows: 

Let y = log, x. 

Then zs=d, 
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. aa | 
os dy =o 
dy _1_1 
and dx = ey = a 


yo 8 Lb th 
2 (log, x) = x 


If the logarithm involved a different base, say a, then it 
can be changed to base e by the usual method. (Algebra, 


§ 153.) 
Thus if y = log, x 
then y = log. x x log,¢ 
d | 
and a, =; Χ loge. 
As a special case, if 
7) = Ἰοβ)ο * 
dy | 


1 
= logig ὁ 


dx 
| 
== x 0-4343. 
88. Differentiation of the general exponential functions. 
e* is a special case of a* where a is any positive number. 


Let y= @ 
Then log, y = x log. a 
I 
: % = 1086 Y X ΤΥ 
10 gape! ty ὑυνδα 
“ἂν γ᾽ logea 


ie. oe 
sets a x log, a. 
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As a special case, if 


= 10 
dy 10? x log, 10. 


dx 


89. Summary of formulae. 


90. Worked examples. 
Example |. Differentiate y = 655", 
Employing the rule for the function of a function 
If y= 85: 
d d 
=e x τὶ (3x4) 
= 6x x ef", 
Example 2. Differentiate y = log x*. 
ἂν 3 d 
Zz = 2 * dx (*") 
= 2 x 2x 
2 


x 
Or it can be obtained by noting that log x* = 2 log x. 


Example 3. Differentiate log aa 
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This may be written 
y = log x* — log (χΞ — 1)? 
i 1 ad 
δ 6 de ~ (Ga x2) - ~ =a) * zr — 37 


~ waa (4(x* — 1)* x 2x) 
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18. (a) log (sin »); (Ὁ) log (c0s 2). 

14. (a) log2 +; (ἢ) log (@ + €*). 

15. (a) log {x + V1); (ἡ) VE —log (1 + V9). 
16. (a) log tan 3; (6) log V# $1; (0) Fe. 


“s χ 17. (a) x*e; (Ὁ) ae sin kx. 
Ἂν ed 18. (@) 1; (ἢ log (Vai). 
᾿ st = 19. (a) x*; (0) log{V¥x —1 + Vx +I}. 


1.., δ' , 
Example 4. Differentiate y = e** sin (bx + ¢). 20, (a) log y=? (δ) sin x x log sin x. 


This is important in many electrical and roblems, 9]. να -- να, 2+ 
such as, for example, the © dying away sp τὸ ὦ wing of ἃ (a) oy sey ot (b) e* sin 
pendulum in a resisting m medium 22, (a) ὧν, ἃ ΚΤ = ἔξ —e* 

δι... pk ee ἰῶτα bs otal ais: 


Then - = δ δ -- b 
ἣν om caGunoet γῇ ων veh ry we 
Exercise 14. 
Differentiate the following functions: 
. (a) e5*; (6) a ; (ἡ ev=, 
. (a) &%; (Ὁ) δ᾽; (0) e8-™, 
- (a) “πη; (ἢ ὦ; () ease, 
2th, a 
a) xe; ΠΣ Θ᾽ ates 
. (a) ( + de (i) sin x; (c) 10e. 
. (a) 24; (Ὁ) 10%: fc) eae, 
. (a) xa*; ὦ αἰεὶ; ΟἹ eee, 
a) a; (Ὁ) (a -Ὁ δ)»; (0) etane, 
. (a) log ®; (Ὁ) log (ax* + bx +0). 


Ξ ἜΝ, δῇ (δ) log (χϑ + 3). 
ἁ % log x; 0 log (px + 4). 


1 -1] 
94. δ wis ee ἐτηνε αϑθα (c) εἰ" sin (πα +35). 
25. (a) log = ; (δ) sin thes det 


αὉ .- 
26. d the . ond, 3rd, “ὦ and mth derivatives of 
(4) γ =e; ‘Oy ez; (0) y = log x. 


roe 


OOIAM P oo τῷ μ 


ΓΞ 
o 


— — 
oe 
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(1) In curve A the ordinate of any point on it is 
one half of the sum of the corresponding ordinates of 
δ᾽ and e*. For example, at the point P, its ordinate 
PQ is half the sum of LQ and MQ. 

.. for every point on the curve 


CHAPTER ΙΧ 
HYPERBOLIC FUNCTIONS 


91. Definitions of Hyperbolic Functions. 

In Fig. 25 there were shown the graphs of the exponential 
function e* and e+. These two curves are reproduced in 
Fig. 26, together with two other curves marked A and B. 


= -—_ 


2 


(2) On curve B, the ordinate of any point is one half 
of the difference of the ordinates of the other two 


Goons ΤΉ ΤΉ ΤΠ τ jettccuetsccccestesctrcs curves. 

Sonne ΗΤΗ ΗΕΖ ΗΓ ΠΗ Ὶ Thus RQ = (LQ — MQ) 

EEE AEE EEE EEE EEE EEE EEE i.c.,forany point y= }(e -- εκ). 

ἘΠΈΒΗ ΡΗΒΗΒΘΒΒΕΜΕΕΝ ΗΝ Τρ to cures thre tpt two func ot 

BEELER EEE EEE EEE EEE and their equations are given by 

ΠΗ ΗΧΗ ΗΕ ΕΞΉΗΗΕΞΗΜΗΗΉΜΗ y= ie + 6. 

EE eee Sas sccsccsescns a casesens and y = t(e* — e*). 

SeSSc SSeS DCRR SSEREERS ΓΓΓΓΓΓΓΓΙ  ΓΓΓΖΤΓΓΓΓΓΕΓΓΡ It is found that these two functions have properties which 

ΤΥΓΡΑΓΓΕΓ ΓΗ ΤΗ ΤΉ ΓΡΗΙ-: aA in many νὰ May τ are analogous to those of y = cos x and 
: Po Pooh y=sinx. It can be shown that they bear a similar 


relation to the hyperbola that the trigonometric or circular 
functions do to the circle. Hence the function y = 


" » ἐκ: +e) is called the hyperbolic cosine, and y = 
Ay [ε΄ — e=) Is called the hyperbolic sine. 

oo Tt “SUE Pec These are abbreviated to cosh x and sinh x, the added h 
Pec ee Se aR Tt Coch indicating the h rbolic cos, etc. The names are usually 
ΤΡ ΗΕ ΡΤ  ΓΗΜΤ ΗΟ pronounced “‘ cosh ᾿᾿ and “ shine,” respectively. 
ΧΠΒΕΞΈΒΞΤΕ esccinenens cette tea They ae dined bythe etatons sated above, via 
τ ΞΕ ΤΉ τι τ 9: τ Θ᾽ ΖΗ. cosh x = $(e* + 5) 

SSE EEE ee EEE EE ee sinh x = $(e* — e-), 
SE eee Troms Vides νον nies 
SCORE eee eee eee eee ee h | 
gesseuar,cteveutestoyst evsestenteestossostests worse | Ts 
ἩΗΤΕΧΗΗΒΗΒΗ ΗΕ ΕΕΞΗΒΗΗΉΘΗ Se eye 
ΓΓΕΡΓΡ ΣΤ SHURE REEEE OD ἜἬΓΓΓΗ There are four other hyperbolic functions corresponding 
ΕΡΕΡΡΡΗ to the other circular functions, viz.: 
sougeewe snhx e@—¢e*# e—] 


tanh x = 


cosh x 2+e* εἰ +1 
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1 2 
cosech x= = — = f—¢ 
] 2 
sech X= ha ates 
i  ¢@+¢eE 


tanhx @—¢e* 

These functions can be expressed in nential form by 
derivation from their reciprocals. ao 

The names of these are pronounced “ than,’’ “ coshec,”’ 
ce shec PF and oe coth,”’ 

The curve of cosh x, marked A in Fig. 26, is an important 
one. It is called the catenary, and is the curve formed by a 
uniform flexible chain which freely with its ends fixed. 

These functions can be expressed in the form of series 
which are derived from the series for e, found in § 83. 


Thus emltetgtgt-:: 
and etml—stp—Bt... 


Hence by addition and subtraction: 


cohx=1+h +i + ἐπὶ τ 


sinh χ ττα τ ἢ +i + ae 


92. Formulae connected with hyperbolic functions. 
There is a close correspondence between formulae ex- 
pressing relations between hyperbolic functions and 
similar relations between circular functions. Consider the 
two following examples: 
(1) cosh* x — ΤῊΝ x : 
e - ee — 
ies “inh. =, nk 2 "ἢ 
με: δ ὅλ 4) ee Fe “9 ἢ 


“νὰ cosh? Χ -- sinh? Ἀ ΞΞ Ι. 
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This should be compared with the trigonometrical result 
cos? x + sin? zx = 1. 
(2) cosh* x + sinh? x 


ξᾶ. πάρι 2 a δ: 3 
-( 7) +( 3 
-- 20" + 26% 
4 
ere 
2 
= cosh 2x 
4.¢., cosh? +- sinh? x = cosh 2x. 


This is analogous to cos* x — sin? x = cos 2x, 

Similarly, any formula for circular functions has its 
counterpart in hyperbolic functions. It will be noticed 
that in the above two cases there is a difference in the signs 
used, and this applies only to sinh*z. This has led to the 
formulation of Osborne’s rule, by which formulae for 
hyperbolic functions can be at once written down from the 
corresponding formulae for circular functions. 


Osborne’s Rule. 


In any formula connecting circular functions of general 
angles, the corresponding formula connecting hyperbolic 
functions can be obtained by replacing each circular 
function by the corresponding hyperbolic function, If the 
sign of every product or Implied product of two sines Is 
changed. 


For example sec? x = 1 +- tan? x 


becomes sech?z = 1 — tanh? x 

, bh? -- Ξπἢ  Χ sinh x 
ΝΗ cosh αὶ x cosh x 
93. 


The more important of these corresponding formulae are 
su mmarised Ἵ 


for convenience, 
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Hyperbolic Functions, Circular Functions. 
cosh? x —sinh*x = 1 
sinh 2¥ = 2 sinh cosh σα 


cos’? x + sin?s = 1 
sin 2¥ = 2 sin αὶ cos αὶ 
cos 2 = cos? καὶ — sin’ z 


sec's = 1 + tan’ x 
cosec? ἃ = cot? x + 1 


The following — connections between the two sets 
of functions are given for the information of the student. 
For a full treatment any book on advanced trigonometry 
should be consulted. 


cosh x = $(e* + ε΄; cos x = Hol. grad 
sinh x = 4(e* — e7*); sin x = },(e* — δ 


sinh + = 5 sin 1% 
cosh % = cos 1x 
where i -- ν -- Ἰ. (See Algebra, Appendix, p. 284.) 
94. Differential coefficients of hyperbolic functions, 
(1) sinh x. 
Let 


y = sinh x 
_¢—-6 
εἶ 
δὲ + κε 
Then ° 
= cosh x, 
(2) cosh x. 
Let y = cosh x 
e-+e* 
2 
dy @—e* 
Then =z 


= sinh x. 
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(3) tanh x. 


Let y = tanh x = SO, 


(Quotient rule.) 
cosh? x — sinh? x 
= Sais (§ 92) 
= sech? x, 


Similarly, it may be shown that, if 
2) = cosech x, eA = — cosech x coth x 
y = sech x, 2 = — sech x tanh x 
y = coth x, ἣν = — cosech? x, 


These results should be compared with the differential 
coefficients of the corresponding circular functions. 


95. Curves of the hyperbolic functions. 

The curves of cosh x and sinh x in Fig. 26 should be 
examined again with the assistance of their differential 
coefficients. 

y y = cosh x; @ -- sinh x, © = cosh x, 
7, Vanishes only when x =0. There is therefore a 


turning point on the curve (curve A). Also, since 
sinh x is negative before this point and positive after, 


while i is positive, the point isa minimum. There 
is no other turning point and no point of inflexion. 
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(2) y = sinh x; & — cosh 2, o> = sinh z. 
ee t.¢., cosh x is always positive and does not vanish, 
Consequently sinh x is always Increasing and has no 
turning point. When x = 0, a = 0, and is negative 
before and positive after. Therefore there is a polnt 
of inflexion when x = 0; since Y, .¢., coshx =] 
when x = 0, ae at 0 is unity and the slope 7. 
(3) y = tanh x; 2 = = sech? x, 
3 
a ee 


always continuous and cosh x never vanishes, tanh x must 
be a continuous function. 


TTT Ἑ 
ἘΡΙΡΕΡΗ ΕΗ H¢ δ" 


Fic, 27. 
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From this form it is evident that while x increases from 
—c ἰοῦ, are ie το ; 


eo 1 — gay ἘΠ OF tan + increases from — 1 to 0. 


Similarly, while x increases from Ὁ to +o, tanhz 
increases from 0 to + 1. 

The curve therefore has the lines y = -++ 1 as its asymp- 
totes and is as shown in Fig. 27. 
96. Differentiation of the Inverse hyperbolic functions. 


_Inverse hyperbolic functions correspond to inverse 
functions, and their differential coefficients are 
found by similar methods, 


(1) Differential coefficlent of sinh-? x. 
Let y =sinh" x 
Then x = sinh y. 


or 


= ΟΣ --5-----ἰς, 
ν᾽} + x2 /xt Εἰ 
(2) Differential coefficient of cosh-? x. 
Using the same method as above we geti 


, aes. 

x Vx — | 
(3) Differential coefficient of tanh-? x. 
If = ἰδ πῃ ἢ x 


ΕΝ 
and dx ΤΑ Seg 
= 1—tanh’y (§ 93) 
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(4) The differential coefficients of the reci of the 
ans κοι gre cong are: 


= sech7 x, oY ΕΣ dont τς 
Satie vt 
= -1 ‘y = = .ὄ.-ς-.- 
y = cosech™ x, dx 
tee = ἢ | 
= 1 = — . 
ΚΡΙΘΩ͂Ν ΤΕ τ ϑπταρ πο 
The following forms will be found of importance later : 
(1) If y = sinh- 5 


beri ht οῤοώεβο, 
dx eae. eee 
V(1+3) 
l 
“Vite ὑπ 
(2) Similarly, if y = cosh-2 ἢ 
| 
~ Tarra 
97. Logarithm equivalents of the Inverse hyperbolic 
unctions. 
(1) sinh? x = log {x + VI + x3. 
Let y= = sinh-! x, 
Then = sinh y 
But couh*y i= - + sinh y (§ 93) 
1 + x3 
=vi +2 | (A) 
5, chy + cohg eet VE x 
but sinhy-+coshy=@ (§ 91) 
6 ὥ τεχ τ ΝΊ Ὲ 3, 
Taking logs ΟΣ Ἐπ 
ἑ.ε., sinh-* x = log {x + Vx? + 1}. 


Note. —Since cosh y is always positive, the plus sign only 
is taken in A 
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(2) cosh? x = log {x + Vx? — I}. 
Let y =cosh-! x. 
“, Δ =cosh y, 
but sinh? y = cosh? y — 1 (§ 93) 
= xi — ], 
ἡ, sinhy = Vx —1 
(both signs applicable). 
ἔν =coshy + sinh y 
τε ας -ἰ fx — . 
ἧς. = log ἐκ + ν ὃ -- ἢ 
or cosh-1 x = log {x + +/x? — ἢ, 
The two values thus obtained are: 
log {x + V/x* —]} and log {x — x? — 1}. 
log {x + Vx? — 1} + log {x — V2 —T} 


meg μὲ Ὁ ράσι ἢ x (x -- ναῦ -- 1}} 
= log {x* -- (x* — 1)} 


= log 
=: (), 


.. these two values of cosh-? x are equal, differing 
only in their sign. Hence we may write: 


cosh-! x = + log {x + +/x? — 1} 
Note.—x must lie between 1 and +o. 


As above 


(3) tanh? x = flog ΓΞ ἃ 


Let y= chit 
then x =tanhy 
(and x lies between + 1 and — 1 (§ 95)) 
ey —] 
ΞΕ (8 91) 


“, κ(εῖν - 1) ΞΞ ἣν -- 1, 
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1+ Logarithm equivalents. 
Whence ev = ———. , 

l—x sinh-1 x = log {x + +/x? + | 

2y = log 1- 3 cosh-2x = + log {x + +/x? — "Ὁ 
ly tanh? x = flog pt *. 

and al ; log Ι-- a 
: Eyeatiag? 1 -+-x | ΤᾺ 
ἦ.ε., tanh-? x = } logy μεν τ iin sai Σ εἰν Ρ an +a } 


98. Summary of formulae of Inverse functions, 


cosh-1* = log {5:-Ὁ ΜΡ = ah} 


Function. | : Dif Coeff. tanh = ἢ ig: +x 
ia | aya 
sinh™ x V/x2 + | Exercise 15. 
data | | , Differentiate the following functions: 
| Vx? — | : 1. (a) sinh 5; (δ) sinh 2x; (c) cosh 5. 
sant | L 2. (a) tanh ax; (Ὁ) tanh 4; (c) sinh ax + cosh ἀκ. 
ἮΝ 8. Ω sinh =; (Ὁ) sinh* x; (6) cosh® x 
cosech™ x τος 4. (a) sinh tes + b); () cosh 223 ; ω sinh" ax. 
xV1l +x 5. ᾿ sinh x cosh x; (Ὁ) sinh* x + cosh? x; (0) tanh® x. 
» | 6. . log tanh x; () x sinh x — cosh x; (c) log cosh x. 
sech™ x τῷ 7. (a) x* sinh 3x; (b) log mal tome: (c) esiaha, 
| 8. a uss (b) log +E tanh χα, () tanns, 
coth™ x | ---- --- 1 — tanh x 1 
mire | 9. (a) sinb-5; (6) cosh-*Z; (c) sinh? γτ τ, 
The following additional are important. When vel snk tan 9 ee δα; Κα Se ἼΜΕΝ. 
| d | 11, (a) sin? tanh x; (δὴ) cosh-! sec x; tant ὐδς 
y =sinh*= 2 a Va τὸ 12. (a) cosh-* (4% +1); (δ) sinh-* ews : | 
τὸ τος αἴ (c) tanh-* >; 
: a “ya a 13. (a) Le Borage τα; (6) tanh (tan }x); 


y = tanh-22, ee = Peet ὡ ἰδη-ὦ (tanh i ). 
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14. Write the logarithmic equivalents of 1 


(a) sinh-?; (6) cosh-*%; (c) sinh-? π᾿ 
(4) cosh-* = (6) tanh“? 3. 

15. Differentiate: 
(a) log { τς eT . 


(b) log { gi kee 


—* 


; (ὁ flog 2%. 


CHAPTER X 
INTEGRATION. STANDARD INTEGRALS 


99. Meaning of integration. 


The integral calculus is concerned with the operation of 
Integration, which, in one of its aspects, is the converse 
of differentiation. 

From this point of view the problem to be solved in 
τ  χϑονηεν is: What ts the fun : Lae on aint 

ifferentiated produces a given εν ‘or example, what 
is the function which, being ifferentiated, Sis cos x? 
In this case we know from the work on the previous chapters 
on differentiation, that sin x is the function required. We 
therefore conclude that sin x Is the Integral of cos x. 

Generally if f’(x) represents the differential coefficient of 
f(x), then the problem of Integration Is, given f‘(x), find 


f(x), or given χ᾽ find γ. 


But the process of finding the integral is seldom as simple 
as in the example above. A converse ation is ἤν 
more difficult than the direct one, integration is no 
exception. A sound knowledge of differentiation will 
help in many cases, such as that above, but, even when the 
type of function is known, there may arise minor complica- 
tions of signs and constants. 

For example, if the integral of sin x is required, we know 
that cos x, when differentiated, produces —sinx. We 
therefore conclude that the function which produces 
+sinx on differentiation must be — cos x. us the 
integral of sin x Is — cos x. 

Again, suppose the Integral of x Is required. We know 
that the function which produces this on differentiation 
must be of the form x*. But + (x*) = 2x. If therefore 
x is to be the result of the differentiation, the integral 
must contain a constant factor of x such that it cancels with 
the 2 in 2x. Clearly this constant must be 4. Hence the 
integral must be et 

151 
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These two simple examples may help the student to 
realise some of the difficulties which face him in the integral 
calculus. In the differential calculus, with a knowledge of 
the rules which have been formulated in previous chapters, 
it is possible to differentiate not only all the ordinary ty 
of functions, but also complicated expressions formed by 

roducts, powers, quotients, logs, etc., of these functions. 

ut simplifications, cancellings and other operations occur 
before the final form of the differential coefficient is reached. 
When reversing the shores as in integration, we want to 
know the original function, it is usually impossible to 
reverse through these changes, and in very many cases the 
integration cannot be effected. 

It is not possible, therefore, to formulate a set of rules 
by which any function may be integrated. Methods have 
been deviecs , however, for ται es certain types of 
functions, and these will be stated in succeedin pters. 
With a knowledge of these and much practice, the student, 
if he possesses a good grasp of differentiation, will be able 
to integrate most of the commonly occurring functions. 

These methods, in general, consist of transposing and 
manipulating the functions so that they assume the known 
form of standard functions of which the integrals are known, 
The final solution becomes a matter of recognition and 

ection. 

ΟΝ has one advan the result can always 
be checked. If the function obtained by integration 
differentiated we should get the original function. The 
Student should not omit this check. 

100. The constant of Integration. 

When a function containing a constant term is differenti- 
ated, the constant term disappears, since its differential 
coefficient is zero, 

When the process is reversed and we integrate, the 
constant cannot be determined without further information. 

For example, let = χ -ἰ 3. 


Then ὦ == 2x. 


If the process is now reversed and 2x is integrated as it 
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stands, the result is x7. Consequently to get a complete 
Intergal an unknown constant must be added. 

In the above example let C denote the constant. Then 
we may state that the integral of 2x is x + C, where C Is 
an undetermined constant. Consequently the integral is 
called an Indefinite Integral. 

This may be illustrated graphically as follows. 

In Fig. 28 there are represented the graphs of y = x’, 
y =2'+ 2, and y = x? — 8, all of which are included in 
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the general form y = x*+C, They are termed Integral 
curves, since they represent the curves of the integral 
x4 +C, when the values 0, + 2, and — 3 are assigned to C. 
Evidently there is an infinite number of such curves. 

Let P,O.R be points on these curves where they are cut 
by the ordinate x = 1-5. 

At all three points the gradient Is the same. They have 
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the τς coefficient, 2x, which for these points has the 
value 3. 

The integral y = x + C therefore represents a series of 
corresponding curves having the same gradient at points 
with the same abscissa. 

The equation of any particular curve in the series can 
be found when a pair of corresponding values of x and y is 
known. These enable us to find C. If, for example, a 
curve passes through the point (3, 6) these values of x and υ 
can be substituted in the equation. 

Thus on substitution in y = x7+C 
we have 6=3'+C 
whence C = —3. 

Thus y = x* — 3 is the equation of this particular curve 
in the set. 

101. The symbol of integration. 

The operation of integration necessitates a symbol to 
indicate it. The one chosen is | , which is the old-fashioned 
elongated “‘s,’’ and it is selected as being the first letter of 
the word “sum,”’ which, as will be seen later, is another 
aspect of integration. 

he differential dx is written by the side of the function 
to be integrated in order to indicate the independent 
variable with respect to which the original differentiation 
was made, and with respect to which we are to integrate. 


Thus J f(x)dx means that f(x) Is to be integrated with - 


respect to x. 

‘he example of the integration of cos x which was con- 

sidered in § 99 would be written thus: 
[cos xdx = sin x + (, 

It is important to remember that the variables in the 
function to be differentiated and in the differential must 
be the same. Thus J cos ydx could not be obtained as it 
stands. It would first be necessary if possible to express 


one? as a function of x. 
ole—Any other letter may be used to represent the 
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independent variable besides x. Thus J fdt indicates that 


t is the independent variable and we need to integrate 
with respect to it. 


102. Integration of a constant factor. 

It was shown in §39 that when a function contains a 
constant number as a factor, this number will be a factor 
of the differential coefficient of the function. Thus if 


y = ax" 
Y = a(nx"-}), 


It will be obvious from § 39 that when the operation is 
reversed, and we integrate a function containing a constant 
factor, this factor must also be a factor of the final integral. 

When finding an integral it is better to transfer such a 
factor to the left side of the _ δμο μὸ sign before proceed- 
ing with the integration of the function. Thus: 


[δχάχ = δ | xdx 
= 5(}24) + C 
= $x? + C. 
Jaf’ (a)dx = af f'(x)dx. 


It should be noted that no factor which Involves the 
variable can thus be transferred to the other side of the 


integration sign. 
103. The Integration of x", 


Simple examples of this can be obtained by inspection, 
V1Z.i 


Generally 


[xdx =y2+C 
[tax =p +C 
[dx =p + 
| Adz = 1.5 +. 
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From these examples we may readily deduce that: 
| | 
x"dx = ——__ x"t1 4 C, 
| n+ | ν 


Also, in accordance with the rule of § 102: 
J ax*dx =a J x"dx 


<< + C. 
Remembering the rule for the differentiation of a function 
of a function, we can also deduce that 


[(ox + byrdx = ae IT) (ax + b)"+2 -Ἐ Ὁ. 

If a student has any difficulty in realising such a result 
as this last, he will see the reason for it by differentiating 
the integral obtained. 

It was seen in § 38 that the rule for the differentiation of 
2 holds for all values of ". The formula above for the 
integration of the function similarly holds for all values of 
the index. 

Note.—It should be noted that [dx = x + C. 


104. Worked examples. | 
(1) [axrax =3[xtdx =3x 2 4C=5x8+C 


(2) [avadx =4 tdx = 4 x τι +C=4 x αι -Ἐ Ὁ 


ταὶ ἘΟ 
(3) [R= GF -- [σὰν 
χοὶει 
ΣῊΝ 
= 2x4 Ὁ 
= 2/x +C. 


Note,—This last integral and those of the following allied 
functions should be carefully noted: 
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d. | 
Fas: =2/xFb+C. 
d. 2 
i at “ὮΥν ax +b+C 


105. Integration of a sum. 

It is evident from a consideration of the differentiation 
of a sum of a number of functions (§ 41), that on reversing 
the process the same rule must hold for integration—4.¢., 
the integral of a sum of a number of functions Is equal to 
the sum of the Integrals of these functions, 

Examples. 

(1) [(ὐ — 5x4 + 7x — τά 

= [dx — 5 fxtdx + Ἴ [παν -- τὶ [ἀκα 
-* -- ἔχ -ἰ 1χ ---ἼἸΙΧ -Ἐ (, 
Note.—The constants which would arise from the 


integration of the separate terms can all be included in one 
constant, since this constant is arbitrary and undetermined. 


ἃ) [({ὑτ-- ει) δ 
= [πἰς -- [x-rax 
1 stl 40 


=¥F1 
= Bxt — ἂχ + Ὁ. 


=p" - 


106. The Integration of > 
If the rule for the integration of x* be applied to the case 
of Ξ or x1, we get: 


158 TEACH YOURSELF CALCULUS 


This result is a tly infinite, and the rule does not 
seem to apply. Phe ap it contradiction must be left 
for future consideration, ΝΥ it should be remembered that 
in these | we are with limits. 

We know, however, that by the rule for the differentia- 
tion of a logarithmic function (§ 87) that the differential 
coefficient of log, x is 1 


Hence we conclude that 
[> dx = log, x. 


107. A useful rule for Integration. 


By combining with this last result the rule in differenti- 
ation for the function of a function we know that: 


if wei log {/(x)} P 
x 
® = = 75 x f' (x) -ῷ 
consequently [ dx = log f(x) + C. 


Hence—when integrating a fractional : 
that th numerator se di chew epee Lara it 1s seen 


Clearly al 
Phe Ae is a function of the fot eed can - sone 
by this rule by a suitable adjustment of constants. 


108. Worked examples. 
(1) dx 1 | 8 ἂχ 
ἂχ ajax 
= Ξ log ax + (. 


@) [M5 = blog (ax +) Ἐς. 
8) aay — tsar 
, +3 */2x9 +3 

= } log (2x* + 3) + C. 
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2(x + 1l)dx 2% -+- 2)dx 
ω [πῆραν τῇ - letter? 
= log (χ᾽ + 2x +7). 
(5) | tan κάκ = let 
— sin x 5. 
cos x 
= —logcosx +C 
Ι.6., [tan xdx = log sec x + Ὁ. 


(6) [cot xdx = [Soe ax. 


“. | cot xdx = log sin x + C. 


6 
(7) ifthe τάς = log (3x? + 5x +1) +C. 


(8) [e+ 2) — Node, 


Although there is a definite rule for the differentiation of 
the product of two functions, there is none for the integra- 
tion of a product as in the above example. In such a case 
the factors must be multiplied. 


Then f(x + 2)(2x —1)dx = [ (2x4 + 38x — 2)dx 
= 2[x%dx +3 xdx — 2 [ἀκ 

= f° + fe? — 2x + C. 
(9) [ ΞΞ a. 


In this example we Se a device which will be used 
later in more complicat ; the fraction is split u 
into its component fractions. This we do by dividing ach 
term of the numerator by the denominator. 


Then f2t8P εἰς f(e48 43) 
= [πἀν + 3/2 ax + cn 
=} +3logx—54+C. 
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109, i Co = x* express y In terms of x. 
Since 4% is the differential coefficient of , it follows 
that by integrating om, we obtain = Having thus found 
a second integration will give the equation connecting 
y and x. 


Since a2 = a, 
Integrating ΩΣ — [atdz 
= ix + (C,. 
Integrating again y = | (}x* + C,)dz 
= [axtdx + [Cyax 


Pisa. τοῖν οὖ, dl a “lig 


As a result of oe ὑπὸ, hi yo i: are intro- 
, and these are distinguished as C, and Cy. 

"To find these it is necessary to have two pairs of corre- 
sponding values of x and y. On substituting these, we get 
two simultaneous equations involving C, C, as the two 
unknowns. Solving these, the values found are substituted 


in the equation 
;= xx a Cyx Ἔ Cy, 
and so the equation connecting x and y is found completely. 
Exercise 16, 
Find the following integrals. 

1. | ϑχάχ. 2. f δχϑάκ. 

3. [ χαϑάκ. 4. | 0-4xtdx. 

δ. | 12x8dz, 6. 15édt. 

7. f == 8. | 49. 
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9. [eet — δα + τάν. 


χίβα — })dx. 


13. KG — 3) (x + 8)άκ. 


1s. [ J 

17. [ & 

19, | }x-tdx 

21. f(t + «ἢ. 
23. | ΡΣ 
25. Jae. 

27. [Vi dt. 


43. [tex + μα. 


f (CAL.) 


10. | (3x4 — δχϑ)άχ, 

12. | 6x2(x9 + x)dx. 

14. | {(2% — 8)(% + 4)}de. 
16. | Sa-tde, 

18. | Vu. ἀκ. 

20. | τῆ. 

99, fo 41 4 2-)dx. 


24, [ G — bx-°8) ἀν 


& Jory 
a(l + x)(1 + x*)dx. 


162 TEACH YOURSELF CALCULUS 
xdx 
© eur 4. Se 
edx 1 te cos 2xdx 


47. a +6 48. sin Ox” 
49. opt ot aes 
50. 4 = 62%, find y in terms of x, when y = 5 if x = 1, 


51. ae τὰς find y in terms of x when it is known 
eS my | ἀν. 19, μὰν δ, ak Magi 
52. The gradient of a curve is given, by Y max — 5. 


When x = 1 it is known that y = 3. Find the equation of 
the curve. 

53. The gradient of a curve is given by ΩΣ = 9x2 — 10s 
+4. If the curve passes through the Revit (1, 6), find 
its eo 

54. toe = ϑέ, find s in terms of ¢, when it is known that 
if t= 0,s = 10, and “ὃ =8 
110. Integrals of Standard Forms. 

We collect below a number of integrals known as Standard 
Forms, which are obtained mainly by inspection as bein 
the known differential coefficients of functions; a few o 
them were employed above. 

(a) Algebraic functions. 
[xedx = aN goa, 
(1) n+ | 


2) [% = tog, x. 
(3) | a*dx = a” x log,e. 
(4) | etdx = εἰ. 
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The constant is omitted from the above, as well as from 
others which follow, to save space. 


(6) Trigometrical functions. 
(5) | sin xdx = — cos x. 
(6) | cos xdx = sin x. 


(7) [τη xdx = — log cos x = log sec x. 
| (§ 107) 


(8) | cot xdx = log sin x. (§ 107) 


Note.—The differential coefficients of sec x and 
cosec x—viz., sec x tan x and cosec x cot x—do not give 
rise to standard forms, but to products of these. 
They are not therefore included in the list above, but 
follow below. The integrals of sec x and cosec x do 
not arise by direct differentiation. They will be given 


later (§120). 
(c) Hyperbolic functions. 
(9) [sinh xdx = cosh x. 
(10) [cosh xdx 


(11) [tanh xdx = log cosh x. 
(using method of § 107) 
(12) | coth xdx = log sinh x. 
| (using method of § 107) 
Note.—The following variations of the above should 
be carefully noted: 


sinh x. 


[sin axdx = -- ἔς ΟΧ 
[sin (ax + b)dx = — : cos (ax + δ) 


| 
[ cos axdx = 3 sin ax 
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[os (ax + b)dx = -- t sin (ax + b) 
| tan axdx = log sec ax 
J sinh axdx = cosh ax 


| cosh axdx = 5 sinh ox. 


Exercise |7. 
Find the following integrals: 

1. | Betedz. 2. [eas-rdx, 

3. [ (e* +- e-*)"dx. 4, | eadx. 

δ. [ (ὦ + εξ αν. 6. | (om -- στ: οἡάα. 

1. | (82 + a™)dx. 8. | onde. 

9. | 10%dx, 10. | (a? + a-*)dz, 
11. [xeax. 12, [esos sin χάκ. 
13. [sin Sas, 14. [os ὅκάν. 

15. [sin t(x+2)de. 16. | cos(2x + a)dx, 
17. [sin ἐχάχ. 18,. Ι sin (α — 8x)ds. 


19. | (cos ax + sin δα)άκ. 20. {sin 2axdx. 


21. [ (cos 3x — sin) dx. 22. [totes 


23. | sin® = cos ade. 24. [sect xetne de, 
95. J (tan ax + cot dads, 26. Fesrie 
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97. [cosh 2xds. 28. i το ἐν 

29. | tanh 3xdx. {sin (α + bx) — 

a ars ¥ ry wanes (a — bx)}dx. 
Ve 

33. [sect Fa. 34. πξ: 

86. Festi 36. [os «Vain. ἀκ. 


ΕΠ]. Additional standard Integrals. 


In addition to the above integrals of standard forms, the 
following additional in , which are obtained by the 
differentiation of standard forms, are of importance, 


especially Nos. 17-25: 
(a) Trigonometrical, 


(18) | sec x tan xdx = sec x. 

(14) J cosec x cot xdx = — cosec x. 
(15) {qed at = = — cot x, 

(16) [see x = tan x, 


(5) Inverse trigonometrical. 


(20) πὶ αἱ = sinh 7 ae ya, 
log {xt vx teh. 
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dx x 
(21) poy C= cosh - or 
Ιναῖξῷ HY (1: ναῦῖτ- δὴ 
Ω " 
dx | 
(22) |-.---- = - tanh? or 
laa 1 log ΤΣ 
y 2a Fa -- καὶ 
x cite ἢ 4X 
(23) [eae -- — ; “οἷν or 
| x—a 
ε 2a os +a 
) ΩΣ ΞΞ -- - 4% | 
(24) la : 5 Sech _ or 
log 2+ Vat — xf 
ἡ ee ΝΣ 
dx Ι Χ 
ΞΘ — _ ῃ1- 
(25) lB 4 cosech ἃ or 


: log SS ΝΣ er % 
a x 


The following variations of Nos. 20-25 will be found 
useful, es y in some of the applications in the next 


“a dx 1 bx 
20 (ἡ) [Tapa a pein ᾧ᾿ 
= 5 log {= + : —a 
(2) Vex — a5 ta? 
5 log {2+ —a 
μ- 
22 (a) dx gia tanh-2 ὃζ l lo at bx 
ai — $3, ba a Sa — bx’ 
dx ] x l bx -- ἃ 
εὐ Ἐν Ναας - μα τὰ τσ 
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dx I bx 
24 SS Se ἢ -.. 
2 Fy — Bx! = og 2 VER 
dx l bx 
25 (4) ee ene: > See 3 cosech-* “3 
- ὁ; 2 hog? + Vat + δ5χ3 
a bx " 
Notes. 


(1) In Formulae 20, 21, 20(a), 21(a) the “a” which 
— in the denominator of the logarithm is omitted. 
means that the — log a is merged in the constant of 


β tion. 

(2) In Formulae 17-25, if ἃ = 1, we get the simpler form 
stated in δὲ 78 and 95. 

(3) The Formulae 17-25 will be proved directly in a 
later chapter. 

(4) In the trigonometrical integrals it will assist the 
memory if it be noted that whenever the name of the 
function in the resulting integral begins with “‘co”’ the 
function is negative. 

112. Worked examples. agate 
Example |. : [ Ξε ας τισι, 


eee of this integra] can be transformed to that of 
ο. 17: 


iF ἊΣ -[:-. χέξα πὰ [- πῖξΞ 
ΣΥΝ ΕΣ a = ye 
This is now in the form of No. 17, where a = #. 
.. Integral = $sin“ (x + ἢ). 
= ὲ sin? = 

Example 2. Evaluate the integral [ ΕΞ ΟΝ 

P ᾿ V9x? —1 
The form is that of No. 21 (a), where ὁ = 3, a = 1. 
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Hence 


[pg = t costt 3x = Hog 3x + VIET} 
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dx dx dx 
5. ὦ fora © [πᾶτε © [yee 


eX dx 
A 9. (@) | Tiger 3B () ler +5 
Example 3. Find the integral | ia pe 10. (a) | σεξ. (0) Te 


This can be transformed into No. 18. 
11. (a) | νε τ: (b) i τε 


dx 12. (a) BL :» [2 
εἰς» © eee © Ἰ;νττ 
fecal 13. (ἡ) [4S ; (ἡ [-..8Ξ--. 
ἐς by No. 18integral = (3 x τὶ tan-1 7 . «ναι τά: wars 
. % 
= ( x ἢ tant ὃς 14. (ἡ [--.ϑ.3:: ὁ [SEA 
=} tant 
Exercise 18, 
Find the following integrals: 


ι. () [oem © [os 5: © [oes 

2. (a) eta ὦ [ς- 3. © fay 

8. (0) [-πῆξ-ᾳ: ©) [igo 

4, (a) ls=a' (Ὁ) [woe 

6. (ἡ [oats [xy 

6. (a) [-πέξε' 0) [- Ξε: © | Terre 
7. (ἡ fray: © [oe ὁ [a 


CHAPTER ΧΙ 
SOME ELEMENTARY METHODS OF INTEGRATION 


113. This chapter will contain some of the rules and 
devices for integration which were referred to in §99. The 
general aim of these will be, not direct integration, but 
transformations of the function to be integrated so that it 
takes the form of one of the known standard integrals 
which were given in the last chapter. 


Transformations of Trigonometric Functions. 

114. Certain trigonometrical formulae may frequently be 
used with advantage to change products or powers of 
trigonometric functions into sums of other functions when 
the rules of § 105 va fo may be employed to effect a 
solution. Examples of this were given in § 108, Nos. 5 and 


6, where, by changing tan x to me and cot x to ——, the 
integrals J tan xdx and J cot xdx were found. 
Among the formulae which are commonly employed are 
the following: 
ῃ sin?x = if — cos an} 
2) cos* x = $(1 - cos2x). (Trigonometry, § 83.) 
J sin’ xdx = fra — cos 2x)dx 
16 a BME ere τα 
Similarly, J cos? xdx = 4(x + 4 sin 2x). 
It will be noticed that the formula employed in each 
case enabled us to change a power of this function into 


a sum, when integration was immediately possible. 
The following are two further examples: : 


(3) tan? x = sec* x — |, 
δ [tan xdx = J (sec? x — l)dx 
= tan x — x. 
170 


Hence, 


. 
| 
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(4) cot? x. By the same device 
[cot® xdx = | (cosect x — I)dx, 
— (cot x + x). 
(5) | sin? xdx. This can be found by employing the 
rule: 
sin 3A = 3sin A — 4sin* A 
whence sin? A = }(3sin A — sin 3A). 
The integral can now be written down: 
(6) [cos* xdx. The method is the same as in No. 5, 


cos 3A = 4cos*A — 3cosA. 
The following formula are useful for changing products of 
sines and cosines into sums of these functions: 
a) sin A cosB = {sin (A + B) his ἢ —B 
δὴ cos A sinB = }sin (A + B) —sin (A —B 
c) cosA cosB = iad 73 pers ὁ BY 
) sin A sin B = {cos 
115. Worked examples. a 
Example |. Evaluate the integral sax, 
Rearranging 
fsin® x _ fsin® x sin x , 
cost x * = J ~“costx 
x; [ {2 — 9065 x) sin αὶ 
cos! x dx 
sin αὶ sin x cos* x 
costs” —] “costa Ὁ 
= [sec x tan xdz — fsin xdx 
= sec x -++ cos x. 
Example 2. Integrate [sin 3x cos ἀχάκ. 


Using formula (5) above 
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[508 4x sin 3xdx = f4{(sin (4% + 3x) —sin (4x — 3x)} 
= }/sin Txdx — }f sin xdx 
= 4{— 400s 7x + cos x} 
= 4(cos x — 4 cos 7%). 


Exercise 19, 


Evaluate the following integrals: 

1. fsin®Z dx, 2. [cost 5 ἀκ. 

3. | tan* 5 ἀκ. 4. | cos* xdx. 

6. [sint χά. 6. [cot® 2xdx 

7. | sin® Qxdx. 8 [cost 3xdx 

9. | cos? (ax + b)dx. 10. [sine xdx, 
11. [cos xd 15. μὰ 2x sin ϑχάκ. 
13. [cos 32 cos κάκ. 14, J sin 4x cos 2xdx, 
15. [sin 4x οος de. 16. | sin ax cos bxdx, 
17. sin 0 cos 0 d9. 18, | sin? x cos® xdx. 
19. i θαι ΝΘ 90. Be dx, 
21. | tan? χάχ. 29. | sin* x cos® na. 
23, | VI + 008 χάκ. 94. | sect xd, 


Integration by Substitution. 
116. It issometimes possible, by changing the independent 
variable, to transform a fihetion ete aeother ehich can 


be readily integrated. Experience will suggest the par- 
ticular form of substitution which is likely to be effective, 


but there are some easily recognised forms in which certain 
known substitutions can be employed. 
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Irrational functions can frequently be treated in this 
way, as will be seen in the following examples, and those 
employed serve to prove some of the standard integrals 
given in § 111. 


A. Some trigonometrical and hyperbolic 
substitutions. 


7. [Va®— χά. 


The form of this suggests that if x be replaced by a sin 6, 
we get a? — a* sin? 0, 1.¢., a*(1 — sin® 0). This is equal to 
a* cos? @, and on taking the square root the irrational 


uantity disappears. 
: It will be on that we are then left with two independent 
variables—viz., x and 6, since dx remains as part of the 
integral. But we must have the same variable throughout 
the integral. Consequently 
dx must be expressed In terms of 6, 


Since x =asin 6, 
Differentiating with respect to 0 
a = acos 0 


which, for this purpose, we can write as 
dx = a cos 6d8. 
The solution will therefore be as follows! 


To integrate [Vat dx. 
Let x =asin 6 
Then dx =acos 6d0 
Substituting in the integral 


[Vat = wax = [να - α sin* 0 x acos 0. d0 
= [«ἝΊ —sin* 6 x a cos θάθ 
= 43 cos? 6d0 
= a%{}(0 +4 sin 20 See § 114.) 
EOS ies Grete 
(since sin 20 = 2 sin 6 cos 6), 
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It is now necessary to change the variable from 6 to x. 
Since x=asin® and sin θ == 
6 = sin-! = 
° — 
also acos θ =av/l1 — sin’? 0 
= Va? — asin? @ 
= +/ a? — x3, 


.. Substituting in 
[valde = jaro + asin © x acos 0 
we get 
[νᾶ =  βαχ = Ὁ sin2 + 4xva? — x?, 
Note.—Instead of substituting x—=asin@ we could 


equally well put x = acos®, ἡ student should work 
this through for practice. 


[--: Οχ 
Va — x* 

Using the same substitution as in the previous case— 
viz., x =asin 6 
we have! V/at — xi = acos 0 
and dx = acos 6d6 

ἀκ (4008 θάθ 

"* |ναϊ--κἢ J acosé 


: dx Pi BL | 
. [ν-ΞΞ-τ ϑὰ δι (See § 111, 
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[v= @dx. 
For this integral we employ hyperbolic functions. 
Let * =acosh z. 
Then z = cosh-1 =, 
From cosh*z—sinhtz=1 ὁ ὁ6Ὸὃ (See § 92.) 
and sinh z = cosh? z — 1 
= /,-1slya-38 
Also since x =acoshz 
dx =asinhz. dz 


a [ Va¥ = atdx = [ Va¥ cosh? — a x asinhz. dz 
= favsinh* 2 x asinhz. dz 
= a*{sinh® 2dz 
=a*[}(cosh 2z—1)dz (See § 93.) 
= $ (sinh 22 — ἢ 


4". _@ 
= 7 sinh 22 — 52 


oa: qa? 
= 7 2sinhzcoshz—>2 P 
= }(asinhz x ἃ cosh 2) — 
= ἐ(ν χ — αἵ x x) — δ cosh 


(from above) 
i [vx — atdx = ἐχν x? — a? — © cosh! or 
νας τὰ, 5 (log fptvene ᾿Ξ9} 


a 
(See § 97.) 
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lo. és [VP + dx = ἀχνχξ FA + © sinh ~ or 
As in the case of the preceding integral | AxVi pg? + a log x+v aa ll 
Let ἃ = acosh 2, ) | 2 a 
Using the equivalents found above1 | ~. δὰ» 
1 : ' Vx? + ae 
lar—a- pains 7% Sh 3. ds | As above, let xT ecm 
= [az | Then lo = aoe 
dx x | fe 
Ἶ PY ct = h?- or | pe 
ἢ | a M4 ; | dx 2 h-1 * 
x2 ne —-= Sinn*— or 
log shes (See §111,No.21) Fe + Ἢ ε α 
| x+Vx+ 2 4 
[Vx + eax. | ἰος----------. (Gee § 111, No. 20) 
Let % =asinhz dx 
“, ax =acosh σὰς | 18. Jx?+ a 
and s= sinh = and coshz = Vara, | The form of this er TA op —: 
ΡΝ | Ν τ | Accordingly, let κι Ξε α ἰδῃ 6, 
[ν 85: αὔὰκ = farVsinbtz $1 x acosh zdz - 9 = tant 
= [acosh z x a cosh zdz then dx = a sec* 640. 
=a" ‘| cosh? zdz | Substituting cat μοι 
πὲ ἡ ain aa -- [πἰξεῖο 
= δὶ (}sinh 3: + 2) | ἐμέ! 
=> x Qsinh z coshz τ Ὁ = [40 


=tasinhz x acosh +42 
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ate “ἢ ax = Ι tan? ‘ 
χὰ a a 


(See § 111, No. 18.) 


119. Summary of the above formulae. 


| Enteral. Substitution. | Result. - 
[vat Fas | « = asing 6 sin? 4 ἡνίαν 
«<a 
-- dx = 
was 


[vF eas ay 


#>a 
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dx dx 
Note—| 5". and = are solved by a method 
which will be given later (§ 129). 


120. A useful trigonometrical substitution is given 
means of the following formulae, in which sin x at A 


are expressed in terms of tan 5. The formulae are : 


cos ¢ = 1 — tan*. ἊΨ: 
“1- ἰΔη3 47° 
In using these formulae it is convenient to proceed as 
follows; 
Let t = tan 3x 
then sinx = re 
-μ 
cos X = ΓΞ: 
Since ἐ = tandx 
dt = κ sec*® ἐχάχ 
Z 2dt 
= 


This substitution can be used to find the following 
integral ; 


= log ? 


εκ | cosec xdx = log tan μὲ 


2 
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[ sec xdx can be found similarly or may be derived from 
the above thus: 

From Trigonometry sec x = cosec (ξ +2) 

ip [sec κἀκ = [oosec (5 +x) 

δ 2x 
2 +4): 
It may also be shown that this is equal to 


log (sec x + tan x). 


: dx dx 
The integrals [τ τ τῆς, and [oP aig co be 
solved by the above substitution. The following example 
will illustrate the method. 


a eee dx 
Find the integral [Ξτ-ί- 
Let ἀκ = {7H where ἐ = tan ἐσ 
_l-—?# 
then cos x =TTF 
On simplication the integral becomes ! 
[πα ττ Ἐπ ξο ~ oF 
a0 FR UP) Joe 
This is of the form of integral (18) of § 111. 
Ξ ἑ 
“. integral = 2} tan-? 3} 
= ξ tan (} tan 52). 


a | sec xdx = log tan ( 


The resulting integral may take one of the forms 18, 22, 
or 23 of the standard integrals of § 111, according to the 
relative values of ag and b. Or, it may require methods 
given in Chapter 12, 
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Worked examples. 
The following worked examples are numerical variations 
of the above. 
Example |. Integrate [vi — 9x*dx. 
Let 3x = 4sin 0. 
then a= sin® and 6 =sin- jx 
dx =} cos θώθ ἢ 
cos θ = ΝΊ -- 5ἰπ5θ =, jl τὸς =} 0 — 924. 
Substituting 
[ VIG = 9xdx = [V16—T6 sin? 0 x $ cos od6 
= 4 J cos 6 x $cos 6d0 
: [ pom 0 
= §(0 + }sin 20) 
= ifsin-t gx + 5% x ἐντοτ OF 
= ἢ Ξἰπ- fx + ἀχνό — 9x3. 


dx 
Example 2. Integrate [πεῆξτ 
Put x =}sinhz; then z = sinh- 3x 
“. dx =} cosh zdz 
and cosh z = V1 + sinh?z = V/1 + 92%. 
Then dx = {$2328 
αἰ J Vsinh?z+1 


- ὕμιν 3x. 
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Example 3. Integrate | ago 
Put pl babs then arelihe 


lotta =| Hg, 
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Exercise 20. 
Use the methods given above to find the following 
Integrals by using suitable substitutions. 

Note.—For other examples analogous to |-10 but 
involving the irrational quantities as the denominators 
of fractions, the student 1s recommended to solve some 
of the examples of Exercise 18 by the method of 


substitution. 
=| cos 6d Ι. V9 -- xtdx (put αὶ = 2. V25 — χϑάκ. 
1 te 2 cos 6 3 sin 6). 4. V9 — 4x*dx (put χα τα 
=~, [49 8. V1 -- 4xtdx. ὃ sin θ). 
re 5. [ν 1 = das. 6. [νοῦ = Boas. 
»Ὲ "ἡ τ. [νι Ἐ Hae. 8. | vi + Baz, 
ξ - Ὡς sin Χ. 
| st de 9. ihe te 10. [ve — δέχ. 
x = tan 0. ; aT | 7A +t 
Then τὰ eR 
and - μὲ" τ VI + 4, 4 ΕΙΣ, 
Then sec => +t 13. =e ae as. ᾿ “ror 
sec? 646 7 x*dx 
Ἶ ; 16. 
3 Ts χϑ -[-ατὸξ tan? 6 ἐδ a [«--ἰἡστει 2m χὴ 
8603 θώθ | x = cos 6). 
fol Gant a 17. [cosec ἐχάχ. 18. [sec bxdx. 
1 cos? 6 
= [ξὸ * sare”? 19. aaa 20. he 
cos 646 % 
=} sin? a1. | ΓΞ cos χ᾽ Stax 
Ὕ τὰ 1 (by inspection or by putting dx , 
— ne see pig 23. | =. 24. | (sec x + tan z)dx. 
sec 6 : dx 
~ ~ tan 0 25. 543 cos x αν [ἐξ εν 
ν] + x3 ἀκ - 
alg 21. |E 45 cos x 28. | Sane 
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B. Algebraic Substitutions. 


[2]. bag αι τ of a function into a form in which 
it can readily be integrated can be effected by suitable 
algebraical τς tamm} in which the independent variable 
Kind of fan The forms these take will d upon the 
kind of function to be int ted and, in general, experience 
and experiment must pases ἣν the student. The general aim 
will be teint to stenplity the function so that it may become 


= to integra 
mi gt Pe meal thie wasktbed ἃ tha ciate be 

irrati functions in which the expression under the 
radical sign is of the first degree, that is of the form ax + b. 
These can be integrated by substitution. 

Let ἂχ -Ἐ ὃ τϑῷὸῷ. μἢ 
or “= Vax +6. 

The following examples are typical of the use of alge- 
braical substitution. P we 


122. Worked examples. 


Example |. Integrate [av 20+ Idx, 
Let 24 -+1=3 
or “= Ae ἘΣ 
Then s£>23|\" — 
and dx = . 
Substituting 


[av 2x Fldx = [4u*® —1) x u x udu 
= $/u%(u* — 1)du 
= 3f (ut — u%)du 
5 
=1(5 -3) 
= ἐξ (Bu — 
= vy B(x + I)t —5Q2x + ἢ}. 


Example 2, Integrate Fs 
We rationalise the denominator by the substitution, 
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z=Vx+83 or χ 18 --Ἔ Ἔ 23, 


Then x= — 
and dx = 2Qzdz 
ee 
| = [24 
: — 
=f Ske 
| Ζ 
= 2[0' -- 8.4 
ot ty 
=2(3 — 8) 
ata 
Example 3. Integrate raeaity —atdx. 
Let g=l—x and #=1—#. 
Then s=Vi-# 
and ax= — Τ Ξ--- ἀμ. 
Substituting 


μον =w)dx = [( — “V1 -- εὐ x u x arr: du 


= — [υἷα -- «du 
(= — 3u 
cia ge τλός Ἢ 
= — peut (5 — 3u 
= — (1 — χνΊ — 245 — 3(1 — x} 
= — ὐὑξί| — ΧὩ ΤΩ + 3x4)}. 


Example 4. Evaluate [<< a+ 


In this case no ae lg is needed, but we try a 
substitution which will simplify the exponential form, thus; 


Let “= 3 
then ef wis 
“ 
du = edx 
_ du du 
vastly 
Substituting 
dx du . 1 
Jarn=fa OHS 
ΘῈ fg 
πε ΕἸ 


( in we have reached a standard form, viz., No. 18 
1). 
nigel Integral = tan-! 4 
= tan! e*, 


| cos® x 
Example 5. Integrate | Vans ax. 
This example illustrates the advantage in certain cases of 
; trigonometrical forms into algebraical, the reverse 
of the method employed in §§ 117-1 It will then be 
easier to operate with the indices. 
Let “= sin x. 
δ, cosx=V1 —u? 
Then , du = cos xdx. 
. [costxdx _ fcos*x x cos xdx 
“- ἃ | sIn x ~ (Sinz) 


= 2 Vsin® x(11 — 2 sin® x). 
Example 6. Find the ναίει of the integral [ sin* x cos* xdx. 


The form ests trying the , ituti ) 
thie ine cae μὲ Tying e same substitution as that of 
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Let cos*#=% ~~ 
then sin x = V1 — cos* x. 
| — sin xdx = du. 
Splitting the factor sin*x into sin*x.sin* and sub- 
stituting 
[sin® x cost xdx = J sin® x . cost x. sin xdx 
= [( —w) x uw x (— du) 
= — J (u* — 4°) du 
(5-4) 


= 4cos’? x —}cos® x. 


Example 7. Integrate | Ty 


Let x= 
then dx = 2udu 
: | dx __ [ 2udu 
** JV2+2 Je+2 
: (4 +2 —2 


2 
= 2ίμ — 2 log (« + 2)} — 
= 2(Vx — 2 log (Vx + 2)}. 
Exercise 21. 

Note.—Some of the following examples may be 
solved by inspection, remembering the rule for the 
differentiation of a function of a function. The 
student is advised, however, if only for the sake of 
practice, to solve by the method of substitution. 

Integrate the following functions :— 
1. [24cos dx (put? =u). 3. fi αν (put 39 = 1). 


8. |e lame 
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δ. [33 νξ. de, 


sin xdx 
1. iF +2 cos χ᾽ 


9. [χν ὅ + x*dx. 
1]. | x(x — 2)*dx. 
xdx 

m [eee 
15. | xdx | 
11. [eve - 24%. 


19. | χϑη χϑ — Qdx. 


Γ[ Vx 
a. [ ur 
23. | sin? x cos? xdx. 
xdx 
28. | eT 
27. | x8(1 + 2x*)¥dx. 
29, | vt 


(put = τὴ; 


Integration by parts. 


6. [ x*dx 
8 log xdx 
ἜΣ Ὁ 
Qxdx 
10. | eee 
x"dx 
12. | erie 
14, |xWx — Idx. 
16 χαϑχ 
Ἵν αξτ 
18. [5355 (υι«--ἰ τω. 
ax 
20. ———, 
Vx —3 
xax 
2. | ΓῚ 
ja 


24. | sin? x cos5 xdx. 
26. oe 
28. | ἀξ 
χἘν 1 + xt Σὰ 
80. Ι V1 ae 5 ἶχ 
(put | + log x = 2). 


123. This method of integration is derived from the rule 


Viz. — 


for the differentiation of a product of two functions (§ 43), 


d(uv) 
“dx” 


ςς eR... 
mF aot Maze 
in which u and v are functions of x. 
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Integrating throughout with respect to x, we get1 

dv rf ἀυ 
uv = fu 4 dx * + |v. dx ἍΝ: 

Since u and v are functions of x, this may be written 

more conveniently in the form: 
w= fu.dv + fv. du, 

Thus if either of the int on the right side is known, 
the other can be found, We thus have a choice of solving 
either of two integrals, whichever is possible or the easier. 
If, for example, it it decided that [ vdu can readily be 
determined, then the other integral—viz., | udv—can be 


found, thus: | 
[μὰν = wv — v.du. . . (A) 


The method to be employed will be better understood by 
studying an example. Suppose it is required to find the 


ee fx cos xdx. 
Let u=x and dv =cos xdzx. 
Then du = dx 
Since dv = cos xdx 
v= Joos xdx = sin x. 
Substituting in the formulae 


J udv = uv — [ udu 
we get 
|x. cos xdx = x sinx — fsin xdx. 

Thus instead of finding the original integral, we have now 
to find the simpler one of | sin xdx, which we know to be 
—COS X. 


If u and y had been selected as follows :— 
u=cosx then du = —sin xdx 
dv = xdx and v= [xdx = 4x. 


> [x cos xdx = x sin x + cos x. 
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Substituting in the formula we get: 
[= 00s xdx = $x’ cos x — [*(—sin 2). 
Thus the integral to be found is more difficult than the 
"Ὁ (A) above could of course be written in the form: 


fodu=uv—fudo. . . . B) 


The choice is arbitrary, but the student will probably 
find it better always to use one of the two forms. If the 
form selected is (A) then u will always stand for the function 
which is to be differentiated and dv as the one to be inte- 
grated to complete the formula. In determining which of 
the functions is thus to be represented by u and which by ν, 
trial must be made as to which will produce the easier 


integral. 

The following worked exam will perhaps serve to 
make these points clear. ee ror Sar 
124. Worked examples. 

Example |. Evaluate the integral flog χάχ, 

Evidently since log x produces a simple expression on 


being differentiated, we put: 
“ = log x. -- &= = 
dv = dx. . vs [ax = ΨΚ, 


.. substituting in 
Judo = uv — [vdu 
flog xax =x log x — fx x 1 δι 
= xlog x — [ax 
= xlogx —x 


or | log xdx = x(log x — |). 
This important integral should be carefully noted. 
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Example 2. Evaluate [πο τάν. 

We know that e* uces the same result, except for 
constants, whether it be differentiated or integrated. But 
x has a simple form for its differential coefficient. 


Hence let ὦ =x. “, du=dx ' 
dv = e*dx “w= Jewdx = em. 
Substituting in 
[ἀν = uv — fodu 
“δος pa 
| xerdx = x x — em —" x - oot 


αν 
hoe i a 
Example 3. Integrate [sin dx. 
For the reasons given in § 123, we choose 
u = x}, “. du =2xdx 
and dv = sin xdx and v = [sin xdx = — cos. 
Substituting in Formula A, we get: 
[5 sin xdx = — x*cos x + 2[ x cos xdx. 

In this example we arrive at an integral which cannot be 
evaluated by inspection, but is the one evaluated in § 123 
and requires itself to be “‘ integrated by parts.” 

As was shown above 

[5 cos xdx =x sin x + cos x. 

Substituting this in the result obtained above, we get 

[5 sin xdx = — x* cos x + 2{x sin x + cos x} 
= — x* cos x + 2x sin x + 2 cos x. 

This repetition of the process will occur in many other 
cases. For example, if | x* sin xdx were required, the inte- 
gration process would have to be applied three times. 
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Example 4. Integrate [ sin-* xdx. 


As in Example 2, we must represent dx by dv and u by 
sin-* x. 


Let | sin-2 Xe oe du = vio 
dv = dx. Fo v= [de =x. 
Substituting in 


[udo = uv — fodu 


we get [sin nde = x sin x — [5S 


Noting that the numerator with adjustment of sign is 
the differential coefficient of (1 — x*) in the denominator 


xd i 
[υ.-- ΡΥ 


Hence [sin x = xsin-tx + V1 — x*, 
Example 5. Evaluate Je cos «dx. 
Take u =e? . du = édx. 


Take dv =cos xdx i” ν = [cos xdx = sin x. 
Substituting in 
[πᾶν = οὖ — fodu 
we get 
Jet cos xdx = δ᾽ sin x — fe* sin xdx . (A) 


Thus we are left with an integral of the same type as the 


Now try u = (05 x. .. du = —sin χάχ. 
and dy = e* dx. ee τὰ δ᾽, 
Substituting the formula above 


Je cos xdx = δ᾽ cos x — fe#(— sin xdx). 
Εν [τ΄ cos xdx = e cos x + [Θ΄ βίη χάχ..ὄ . (8) 


SOME ELEMENTARY METHODS OF INTEGRATION 193 
By addition of (A) and (B) 
2 [σ΄ cos xdx = δ᾿ sin x + e cos x. 
< fe cos xdx = }fe*(sin x + cos x). 


n the same way we may find the general form of these 
integrals: 


fem cos bxdx = aa cos bx + b sin bx} 
and 
je sin bxdx = rea sin bx — b cos bx} 
or more generally 
few cos (bx +-¢)dx = a μία τος (bx +c) -ἘΒ 91π(θχ-Ἐ ὦ} 


[eosin (bx + c)dx = αἱ ptasin (bx +c) —bsin (bx +¢)}. 


Exercise 22. 
Evaluate the following integrals :— 

ι. [xsin κάκ. 2. | xsin ϑχάκ. 

3. J x cos xdx. 4. J cos xdx. 

5. |x log κάκ. 6. [A log κάκ. 

7. [23 log κάκ. 8. | Vx log xdx. 

9. | xerdzx. 10. | xtedz. 
11. | xeodz. 12. [ e cos 2xdx., 
13. [cost xdx, 14. | tant xdx 
16. [x tan-* χάκ. 16. fe sin xdz. 
17, [xsin® χά. 18. | xsin x cos xdx. 
19. [5 sect xdx. 20. [x sinh χά. 
21. [2% sin xdx. 22. [χ (log x)* ἀκ. 


G (CAL.) 
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Similarly, in the example above 


[24 - 59; +1), 
CHAPTER Xil z+1 τ wits gee 
INTEGRATION OF ALGEBRAIC FRACTIONS = ΣΕ dx + Pa ἕω 


|. Rational fractions. 


125. Fractions of certain have occurred frequently 
among the functions which have been integrated in 
previous work. One of the commonest is that in which the 
numerator can be expressed as the differential coefficient 
of the denominator. As stated in § 107 


=[@—)ae+ [ae 
= $x? — x + log (x + 1). 
Example 2. Evaluate fete 


Then 
se+14,_ (x=) +H ΕἸ 


Seren 
= fiaz + [a ¥ -3ax 


= ἔχ +42 x }log (2x —3) (§ 125.) 
= ἔχ + τος (2x — 3). 


f(%) ay = 
Fix) dx = log f(x) + C. 

A special form of this which will constantly appear in 
the work which follows is that in which the ian demnater is 
of the first degree, the general form of which is; 

dx [1 adx 
ax +6 ajax +6 
= + log (ax - ὃ) +C. 


Exercise 23. 
126. Variants of the above include fractions in which the ee ee 
numerator is of the same as or of higher dimensions than the 1, [-2 9 | ade 
denominator, simple examples of which have already x+2 1] -- χ' 
occurred. Such fractions can often be trans so that 3 xdx x+1 
the rule quoted above may be applied. Worked examples ‘Jat+bx 4. he ἢ dx, 
illustrating this follow. I oy —] 
6. [[Ξ: 34. 6. [x3 ae. 
127. Worked examples. 2 Ada 
᾿ “ Bist: SITE Ν ——— | 
Example |. Evaluate [7H 4 x pal ᾿ —x 
oi | g [_x*dx 0 x*dx 
The process employed in transforming such a fraction is "18 χ ἴ' 10.1Σ + bx" 
similar to that employed in arithmetic. Thus the fraction Sx3dx dite 
ll 8.8 , 3 11. rie 12. Τ᾽ 
eee eS = 
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128. Method of partial fractions. 


In the fractions above the denominators are of the first 
We next proceed to consider fractions of which 
the denominators are of the second or higher degree. 


When adding two such fractions as 
2 1 


Q(x +5) —(x+3) «+7 
weet τ Ἐ 55 Ἐ6 κ᾽ Ἐ 8x4 16 


into the two fractions fo and ----- a τὴν which are called its 
“Partial Fractions ’’, and these can be itegeabes directly. 
By this device we obtain the integral of wie kis In 


proceeding to develop this method we will, for the present, 

consider those cases in which the denominator of the 
fraction to be integrated can be resolved into linear factors 
which are different. 

If in the fraction to be mega the numerator is of the 
same or higher dimensions denominator, the 
fraction can first be simplified by the process given in Ἢ 127. 

_ The following examples indicate how the partial 
: are obtained, 


129. Worked examples. 


Example |. Integrate [233 ax. 
Factorising the denominator 
% 5 τὸ τ 
- @ + ὃ Ἐ = ὃ} 


From what ats ay stated above this is resolvable into 
two partial fractions with denominators β +5) and 
(x —5). Since the numerator of the given fraction is of 
lower ensions than the denominator, it is evident that 
the numerators of the partial fractions will be numbers, 
#.¢., not containing x, 
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Let the numerators be A and B, so that 
“+35 
{5 +5)% —5) ~ 
Clearing the fractions 
x +35 =A(* +5) + B(x —5). . (2) 


This is an identity and therefore true for any values of x. 
Let x = 5, by which means the coefficient of B vanishes. 


Then 5 + 35 = 10A +0. 
 s0A = 4 
A= 4, 


Substitution of this value of A in (2) would give a 
equation which could be solved for B. But in this, and in 
most such cases, it is more simple to substitute a value of x 
in (2) so that the coefficient of A 

iy! let += -- 5. 

Substituting in (2) 

—5+35=0 +B(—5 — 9). 
0, 


= 
— = 
5 ἃ 


and B= — y 
Substituting for A and B in (1) 
x +35 4 9 


“«Ἔ.-ὃδ κχα--ὃ καὶ -- δ᾽ 
Hence 
% +35 7 4dx 3dx 
x? — 25 x=—6 κα - δ᾽ 

= 4 log (x — 5) — 3 log (x +5). 
Example 2. Integrate wag a mt 


This is a generalised form of Example 1, and is No. 28 of 
eee Integrals (§ 111). 5 
actorisin ‘A 


sos etae ts 
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Let 
] Ὁ Β 
( + a)(% -- a) a PS aa x+a 
ve cane © + B(x — a). 


(1) Let ἢ 
then 1=A@a) +30). .. Aad 
(2) Let x=—a ἢ 
then 1=A(0)+B(—2). 3». ΤΉ Εν κ᾿ 
ca peak SR ag ec 9 3 
. pap ΤΙ erty 


dx 1 fy dx dx 
5Ξ5- ἐΠ.3..- 8 
= 5, {log (x — a) —log (x +a)} 
or 


dx x—a ROS 
Similar] 

Gx: οὐΐττβε, δ ΦΧ. «ἴ 4% 
ope 5 OB =r ς tanh τ 


Example 3. Integrate law ee ee 
Factorising the denominator 


heres a itcge 
“. 28 — ὃχ = A(x +5) + B(2x -- 1). 
(1) Let x= —5; 


then 23 - 10 =A(0)+B(—1l). ., B=—3. 


(2) Let x =}; 
! 23 — 1 =A (4) + B(0). * A=4, 
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Hence 


23 — 2x 4 
99 0x —6° %—1 κα 4 ὅ 
23 — 2x 4dx 3dx 


on fox — 6 = Joe —1— Ju 1 8 
= 2 log (2x — |) — 3 log (x + 5). 
Example 4. Integrate Sa a. 
The numerator pe of the same dimensions as the 
denominator we p as shown in § 127, sated 1. 


| A+ 10x +6 ἘΣΤΙ ) + (ee ἘΜ 


The fraction thus obtained is now resolved into partial 
fractions. Factorising the denominator 


8x + 14 8x + 14 
a+ — 8" πὴ έν 
8x + 14 A 


Let +3e—8 = “ot ty 
Bx +14 =A ( + 4) + B(x — 2). 


(1) Let 
then δ wath + BLO. * B=. 
(2) Let x -εὰ ἢ; 
then 30 = A (6) + B(0). “, A=65, 
8x + 14 3 


+ | 
[aytten [t+ 2+ te 
Uritese¢ thalts. 


130. When the denominator Is the square of a binomial, 
as, for example, (x + a)*. 
In this case the fraction may be the sum of two fractions 
of which the denominators are (x + 4) and (x -+ a)? with 
constants as numerators. 
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Example. Integrate erie 


Let os 2s 4 B 
yh a (x + ΠΡ 
ὡς 8e+tl=A(fxt+1I)4+B .... (2) 

Let x=-—l1; 
then —2=A0)+B. .. Β- -}8. 

A may be found the pro of an identity, viz., 
the cect inate of Waa tees oe ped two sides Ἧ the 
identity are equal. Comparing the coefficients of x in (1), 
above, we get: 


3=A. 
3s+1 8 2 
(w+? *«+1 {ἘΠ} 


4 [ope 3dx 2dx 
* J@+ip* =jz+1 —Je+Ip 
nd eg ΡΝ ΕΣ Το 
The i pe Saag Iw FT , is found by inspection, 


remembering tha 
[:--ὶ 
Exercise 24. 
Find the following integrals 1 
> {ot 
s. [2 re τ 
δ. ee 6. [eae 
mii — *fattiye 
9. (at. 10. rex dz, 
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2x —1 . 
11, Fea ee 


2x+] 
ἰὼ lot 


χἢ — x? +] 
13. [ee 14, reer Lo 
— 2x9 — 11χ —8 go — 2x3 —] 
16. Ga, το. [PS ae. 


131]. Denominator of higher degree than the second and 
resolvable Into factors. 
(a) When the denominator Is entirely resolvable Into 
different linear factors. 

The method is the same as when there are only two 
factors, but the number of partial fractions will correspond 
to the number of factors. 

3 — 4x — x3 


Example. Integrate — : ΞῈΣ ἀκ +3 
Factorising the pM sats we get! 


3 — 4x — x3 
x(x —1)(* —3)° 
let _¢— = 4s + ea Rs lye 6 
a(x —1)(x —3) *—l‘«-—3 
Then 
ate CAE Oe Tea “sacs 
οἷ Let s=0 
3 = 3A + B(0) + C(0). “ 4m 
no) Let x=]; 
then —2=A(0) —2B +C(0). — w=. 


Let #=3;3 
then —18=A(0) + B(0) + 6C. Δὸς Nase Britt 


[πξπξὸ * = [+21 ~ z=) 
Li ine 5 + ἀν ΣΡ (5, (x — 3). 


(Ὁ) When the denominator can be resolved Into linear 
factors, one or more of which may be repeated. 


Example. Integrate [ς--  ξΞ:. 
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aro νδοο 
t 
τῇ + £-&, 
ah ee eee = x—2 
then 
—1 =A(x — 1)(x — 2) + B(x — 2) + C(x — 1)*. 
(1) Let x=1; 
n —1=A(0) —B +C(0). . B=1. 
(2) Let χ =2; 
then —1=A(0) + BQ) +C. Ο -ε --Ἰ, 
(3) Let x= β 
—1 =2A4 -- -- 3. “. A=l. 


{on substituting the values already found for B and C). 


+ [oe =a ᾿ξ σεν - 53:3) “- 


᾿ | 

= log (x -- ἢ — = eas — log (x — 2). 

132. When the denominator contains a quadratic factor 
which cannot itself be factorised. 

The method adopted in cases already considered can be 
employed. 

(x — l)dx 

Example. Integrate fies Cty 

The factor (x* + 1) cannot itself be resolved into real 
factors. However, two fractions with the denomina- 
tors (x +1) and (x* + 1 can be obtained. But the 
numerator of the fraction in which the sae ag ah is of the 
second degree, viz. (x* + 1) may be of the first degree in x, 
The general form of this can be expressed by (Bx + C). 

col -. 

x—1 A 4 Bx +C 
(+ 1)@*+1)  ΧΈΤ #41" 
ee ἘΠ ee ede 2 (1) 
t = -- 

then $2 ia ve. . A=—lL 
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Substituting this value of A in (1), we get : 
« ur Seok eeeepee mace 
Equating coefficients of x? 
l=8 ga 
Equating coefficients of x 
l=B+C. “ἦἾ ποῦ. 


Β-1. (8180. 


Hence 
id oi 
x—!l 


e+e ἢ 


-Ἰ + x 
Oe 0° Mae es 
dx xdx 
πο έχει 
= — log (x + 1) + } log (x* + 1). 
Note.—The integral | 


found by the pS eee of the rule in § 107, but more 
difficult cases will require the methods given in the 
next section. 


oot cia one which can be 


Exercise 25. 
a the following: 


. (refs, 
6 [πῆς ταν 


μ- 
= 


ax 
2 | iste Ἐπ) 
 ferhen ne τὴ 


6. {risen — 1) 
dx 


2+ 1)d 
eae [πὴ Ἐπ: 
dx xdx 
=| gps Peg μὴ a αὐ Ἐάν 
z+ 7 : 
ι. [ἜΣ Ξπ- 2 Jey 
3. fo. 4. [GET ae, 
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133. Denominator of the form ax* + bx + ¢ and not 
resolvable into factors. 

The student will have learnt from Algebra that the 
expression ax? +- bx -+-c can always be expressed as the 
sum or difference of two squares. e following examples 
illustrate this. 


“44% +2 = 


= {it + 4τ + (})}} -- 2842 
208 — 3x +1 = 


x + 2)3 τ τ (x + 2) — (ν 8)3, 


“mn ἔχ) + 

xt — He + 4)" --ϑχ ἢ» ει 

x? 4-6%-+-14 = re Ee τῶ eet - (ν ἢ» 
χ +8)?  ὅ = (x + 8)? + (V5)! 


Pe eos an +e 
= 1 ἢ): 
= (“By --α- 9. 


All of these are expressions for which there are no rational 
factors. They are all included in the three types: 


ᾷ χΞ — qi 

2) 24+? 

(3) a2 — x? 
We have seen that fractions of which these are denomina- 
tors are of standard form (see §111, Nos. 18, 22, 23). 
Consequently the denominator of a fraction which is of the 
form ax* + 6x +c can be transformed into one of these 
three types. For convenience these three integrals are 
Ἂν iar as they will be in constant use in work which 

ows. 


A 4X 
A ee OG 


dx l 4X 
B πα" δ᾽ 
eg ee τ χ | 
ς gaa Ξ tamh ed γᾷ 


x—ad 
X+a 


or Ls log 


a+x 
log 2 
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If (x + 6) is substituted for x in each of the above, since 
hare parca coefficients of x + b and x are the same, 
we have: 


dx ond 10 yxX+b Ι (x +b) --ἰα 
4 [πτῦττῷ A at α΄ οΥ 70 8 eb) Ἐ σ᾽ 


dx _ 1 ΧῈΡ 
B Gt αν 
dx Ι 


4x+b b) 
Fe 9) q tanh or x logo tit) x +5)" 


Two cases may occur in the integration of such fractional 
functions. They will be illustrated by the following: 


(1) When the numerator Is constant. 
| dx 

Type: i εδενενς 

134. Worked examples. 

1 ™ dx 

Example l. Integrate [απο 


We first express the denominator in the form x? + a’. 
O4 6x - 2 = {xt + 6x + ($4 -- 942. 
= (x + 3)? — 7, 


dx dx 
J + 6x2 J (xe +3)? — (V7) 


which is of form A above, 


dx sonar | x+3 
Ιπτῶετε- - yet Sy 
BOY Mek Boh A 
27° x +34 


Since 2 + 3x — «ὃ = 2 ant Ὁ τ 
a Tt — (x — ἢ). 
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Using — 


lexts + 3x — x8 ~ [τὶ =e 
= 2 tanh-? ——— 

ν΄ 17 Vit Mii 17 

Example 3. Integrate eter 


Rearranging the denominator 
2χ" + 4% +3 = 2{(x* + 2x +1) --ἹἸ - ἢ) 


εἰ af (x Ὁ 1)? + (35) }- 
Using formula B and sey ie 


ατίὰ-: x37 Yarn +t 
_— a 


lew ΞΕ ἢ lari +4 


= le /2(x + 1). 
(2) When the numerator Is of the first degree In the 


variable. eer 
| ee ts 
el ἐκ τ τσ 


135. To solve this integral a combination of the devices 
previously used is required as shown in the following 
examples. 

Example |. Integrate | τ" ds. 


The numerator must be first rearranged so that part of it 
is the oT “5 coefficient of the denominator. 


Now £ @t— 2-1) =2e—1. 
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Re-arranging numerator 
6x + 7 = 3(2x — 1) + 10. 


denominator x —x —1 = (x — ἢ) — ἃ, 


* 


ΓΞ EX 
ὁ [fo gun a 
_ { 3(2% —1) 

= [so κα αἰ [ω-ῇ -ἢ"-. τ 


The first integral is found by the rule of § 107 and the 
second by using the standard from (A) above. 


/5 
2 [Fe = 3 log (x? —x + 1) + log | ea —, 
v3 (Xx—9) + >" 


Verification.—The student will find it a very useful 
exercise to verify some of these results, by differentiating 
the integral obtained. The verification of the exercise 
above, follows as an example. 


Let | V5 
. 8 log (x? cen 4 ἘΝ 
y= — pers — 
Then vo «n+ τυ 
dy _ 3@e—1) , 10 eee pest 
νὐδεε en vee cay | 


_ 6-3 , 10 (« 4+ 4) —(«-3 - "ἢ 
m@—x+1' V5 («4 — ¥)(x-4+ τ 


ie , 10 | 
see τῷ -ττν 
Rot 10 

Vilssi “wea 
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Example 2. Integrate are τ 545. 


f (2a? + 4x +3) ἰδ +4, 


Re-arranging numerator 
5x +1 = $(4x - 4) — 
Re-arranging denominator 
en Fans Rise x8 + 2% + > 


f 6x + 1)dx visiialindie 
. ferries 


_ file +4) -- ας 
2x8 + ἀπ Ὁ 


(ἀκ +- 4)dx 
nafs, See TD 
= Blog (2x* + 4x +3) — (2 + 
Stereo a de ἐν aU sant see 4 I). 


Example 3. Integrate | Ἐς ἘΠ + de 


First we must resolve ‘a ae into partial fractions. 


Since 9 x8 —1 = (x -- )(χ +2 +1). 
μι ὅζ:πι. A Be +C 
@—1 2-1 tase qr 


. Qe +1 =A(xs2+%41) + (Be - ΟἹ(α —1). 


Let *#=1; then3=A(3)+0; “Ὁ A=I. 
Pet reece 
ts ΕΘ 1a = +1 . C=O. 


eo ae a ΒΕ ὍΝ 
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xdx 
6) fav | 
w+ s+ 
“a 24 +1 me dx | 
#4241 EFT 
= flog αὐ + x +1) — (4 x 2.) tan 
rl Ss 
= Plog (#4 +2 +1) τ τ ἴση tan-* “W3 . 
Adding (1) and (2) 
+1 


# 
waft 


xt! 


2e+1 
= log (x — 1) + $log οὐ +x + I) — Je tan St ie 


Exercise 26. 


Integrate the following: 
Weer 3 Iz Gent 
3. [ἀτός « [παῖ τ τι 
ὅ. [δ τῶν 6 (SS 
1. 5 $e +8 8. ΤΥ 
9. [fa 10 Ξ 355 
1. ΕΟ ΩΝ 12. ἈΕῚ ἀκ 


ll. Fractions with irrational denominators. 


Ἢ dx 
ke J Vax? + bx + 
By the use of methods similar to those employed in 
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previous sections, integrals of this type can be transformed 
to one of the — standard forms (see § 111). 


d: 
© | Fama τ set) 
NY jell... a © Sapa a2 ya 1 gt 
© [rams sinh ἃ Ξ log ix + Vx Ἢ a*}. 
In this type the numerator is a constant and does not 


involve the variable. Consequently it is necessary only 
to transform the denominator into one of the three forms 


(A), (B), or (C). 
e method of doing this is illustrated in the following 
examples: 
137. Worked examples. 
Example |. Integrate | παι ὙΠῸ 
Vx + 6x + 10 
Now 
x* -+- 62 + 10 = x? + 6% + (3)? —9 + 10 = (x + 8) +1. 
ΕΣ ἸΌΝ =| me 
ναὶ μὸν +10 νῖχ 185" FT 


This is of type (C) above, in which x is replaced by x + 3, 
which has the same differential coefficient. ἷ 


; dx 
ge lox + 6% + 10 | 
= sinh-? (x + 3) or log {(x + 3) + Vx? + 6x + 10}. 


Example 2. Integrate Ι---Ξ ΚΣΤ ἀντ τ᾽ 


Now, (2χ3 - 3x -- 3) =2 ΤΙ ἢ 
= 2{(x + ἢ" }. 


[παῖε vl vet oe 
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.. Using Type A, 


dx | ee 
lyare= vac 7 
= J, cosh HS, 


Example 3. Integrate | ence 
a ane τὸν 


ὁ [πτσξερ- [7a = — $F 


(Ax + B)dx 
nie ee 


Let us consider a 5 case in which the denominato: 


= SS 


is, say, bi βορὰν ᾧ ἦρι i.¢., (2x* + 7x + 8), 


Then Vf 2x8 + 8) 
Ni de = ies aa 1x —8)-* x Ζ (ext + 7x —8) 


= (2x2 + 7x — 8) x «a7 
(4x ἘΠ 


+ ix —8 
From this it is evident that, ἐ the numerator of a fraction, 
of this type, is one half of the differential coefficient of the 
expression under the root sign in denominator, then the 
a ee ee Bis 


(αν + (x +c) 


μκ 7 πὰ prereren ee = ν᾽ ax® + bx + ¢. 
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Consequently, when evaluating an integral of this 
arrange the pe ᾿ϑεκνσρο so that part of it is the differential 
coefficient of the expression under the root sign in the 
denominator. 

In general, this results in a constant being left over in 
the numerator, as in the co τωρ gg δ type in 8186. The 
expression can then be divided, as in § 135, into two 
fractions, in whieh the first will be as above, and the 
second as in § 137. 

A worked example will make this clear. 


139. Worked example. 


7 (x + 1)dx 
Integrate ἘΞ: 
Now 7 (Qt +23) τι ἀν ΕἸ. 


mee. Shag 
ΚΙ μά +1) +3 
= 2{(4% + 1)} +}. 
: (x + 1)dx 
2x8 +-% -- ὃ 
_ [Ἐ{ξ{4π + 1)} + 
ΣΎΡΩΝ 
(4χ + 1) | 
=i Sorte ἘΪσαῖξεξε 
ἑ af det Dex SEL 
As shown above fs ea og = AVI a8. 
Also using the methods of §§ 135, 136 


sts - vers 


maf Syeon] 


Ὁ ras 


εἰν τ + x—3 + mi cosh-1 4% at 
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Exercise 27. 
Integrate the following: 
aOR: 9 | ni 
Vx2 + 6x + 10 “JV poe ts 
dx dx 
εἰ Ἢ ἜΣ ΕΣ [7s 
ae 
V 5x3 — rE 4 % J Vx(4 — x) 
xdx (x + 1)dx 
oa 8. | ees 4 
x + 1)dx — xd% 
| Vent a5 Ve— 241 
(2% — 3)dx (2% + I)dx_ 
". | eet 2 [ἘΞ Ξα 
Qx + 3)dx (@+2)dx 
1. ΞΕ  ττ i νά -τὶ 


140. Some useful devices. 

Other irrational functions can sometimes be transformed 
so as to admit of the use of the above methods. 

(a) Rationalisation, In certain cases the rationalisation 
of the numerator enables the =e to be performed. 


Example. Integrate f ΤΣ ΞΕ ds. 
say i” the numerator 
Vx — —1_ γίχ -οἸχ νὰ --ὉἸ 
Τὶ Vx+1xvVx—1 


x—l 


| Ve —1 
Nin = (GS 
-ἰνᾶξι- lara 
= Vx? — | — cosh- x. 
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(b) Substitution. By substitution for the irrational 
expression a new variable, such as u, the Integral can be 
pi as shown in the ie examples: 


Let ἡ 5: or Sok 
u x 
Then dx = — {du 
footie, - [a8 
“νη δ ST TT 
Wa t4 
l 
7a 
= — [Ἰ 
wvi+4u? 
-- ἄ 
νΊ + 4 
= — }sinh-? 2% 
“Aes 


Example 2. Integrate E ἜΣ εττ αν 


' 
¢ 


= a 
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du 
Gl a a ὰτὶ 
2u —1 (using method 
ee of ἢ 137) 
Ξ as 
= — sinh-*= 
V3 
ὩΣ μὲ 255 
Exercise 28. 
Integrate the following functions: 
x—2 
l. i Pare ed 2. WE a dx, 
3. [ἡ; 3:34: 4. Ra etd 
uly δ 6. [: 
χα ναὶ! --ἰ χ σας ETD 
(rationalise the denominator). 


7. "ο φεναε i 
χν ὶ +x κα 
εἶχ | 
ri | (x - ἣν χ᾽ +4x 42 τω | V1 + χἢ 
(put x+l= ‘). 
11. paren 


(rationalise numerator). (put x = tan #), 
13. | VE Lt de 14. | veer 
15 -ς 3 16. [—__* 
ντ- τ (x + epi 
(put Vx + 2 =). 


1. | Set 


CHAPTER XiIll 


AREAS BY INTEGRAL CALCULUS. DEFINITE 
INTEGRALS 


141. Areas by Integration. 


Tue integral calculus had its origin in the endeavour to 
find a general method for the determination of the areas 
of regular figures. When these figures are bounded by 

| straight lines, ele- 


when the boundaries 
are wholly, or in 


have the help of the 
integral calculus, we 
must | τς Ἐξ upon 
—~, experimental or a 
X proximate th de 4 
We proceed i σις 
: to investigate how 
_ = integration can be 
ἜΝ to determine any such area. 
Let us consider, as an example, the parabola 
y = x4, 
In ea 29, OA represents a part of this curve. 
Let A be any point on the curve and AB the corre- 
spon ordinate. 
Let OB = α units. 
Suppose it is required to find the area under OA, that is, 
the area of OAB, which is bounded by the curve, OX, and 
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Let the area be A sq. units. 
Let P be any point on the curve OA. 
Let its co-ordinates be (x, γ). 
Drawing the ordinate PQ we have OQ = x, PQ = y. 
Suppose the area to be increased by a small amount 3A, 
due to the point P moving along the curve to M, and Q 
moving along the axis to N. | 
Draw PS and MR parallel to OX and produce QP to 
meet MR at R. 
Then we can represent ΟΝ by 8x 
and 8 i " ' 


a) 
= 
lw 
Ἢ 
+ 
x 


Also 84 is represented by the figure QPMN. 
The area QPMN lies between the areas of QRMN and 
OPSN, 


and area of QRMN is (y + δγ)δχ 
»  QPSN is γδχ. 
.. 8A lies between yéx and (y + dy)&x 
and on yand y + ὃν. 


Now suppose δὰ to be decreased indefinitely. 


Then as 6x ——> 0, 8y —~> 0, and δά becomes “4 in the 
limit, 7.¢., in the limit 


dA 
ἂχ > 
== ἢ, 
. ΔΑ = χϑάχ, 
Integrating A=}44C. 
This result provides a formula for the area A in terms of 
any abscissa x and the undetermined constant C, 


But when s=z0, 4 τεῦ, 
then C=0. 
.”. for any value of x, when measured from O. 
A = 1x3, 
When ἃ = ἃ as in the figure for the area of OAB 
A = }a* sq. units. 
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If now another value of x, say b, be taken, so that OD in 


Fig. 30 = ὃ. Then by the above result 


“. Area of CDBA = ἰώ — μ᾽. 


Fic. 30. 


We will now proceed to establish a general rule which will 
apply to any function. 


142. Definite Integrals. 


Let the curve drawn in Fig. 31 represent part of the 
function 
y = $(X). 


Let AB and CD be fixed ordinates such that 
OB =a, OD = b. 
nol py Ae be the area which we require to find and let 
it 8 
Let PO ‘ie a variable ordinate corresponding to any 
point, The eh so that O2 = x, PQ = y = ¢(z). 
moves along OX so that x be increased by 5x 


a ON), will in consequence move along the curve to 
(say). 


a= 
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Draw PS and MR parallel to OX, 
Then MS = ὃν 
and MN =y + ὃν 
also ON =x + &. 


Then 
PQNM lies between the 
areas of PQNS and 
ORMN. 

*. 6Alles between y5x 


ill. 


| | 5. 
and (y y Sy) 5x, : 
4.¢., = lies between ΞΞΈΞΞ 
y and y + ὃν == 

Let 8x be decreased —= eae 
indefinitely. — ΞΕ 

Then, as 8&—~+> 0, 3 ~86Q@UNN Ὁ Ν 
sy —> 0, and ἘΞ ap- 


proaches “4 as its limit. 


dA ----- 
ἄχ "7 
= xp 
“ ΔΑ = g(x)dx. 
Integrating, and representing the integral of ¢(x) by (x). 
[aa = | $(x)dx 
and A ΞΞ f(x) + Cc . a . ᾿ (I) 
where C is an undetermined constant. Its value can be 


determined when the value of A is known for some value 
of x. 

Now A has been taken to represent the area ABDC, t.e., 
between the ordinates where x = a, and x = ὃ respectively, 
and the variable ordinate moves from x = a to x = b. 


.. in the limit 
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But when *=a,A=0, 
SubstitutinginI, 0=/(a) +C, 
οὗ ς — f(a). 
When x = b, t.e., at ἢ 
A = f(b) +C. 
Substituting the value found for C, 
A=f(b)—fla2). . . . @ 
Since Ao and /(5) are found by substituting a and ὃ 
for x in f(x) which represents the integral of #(X), the area, 
A, between these limits a and b can be found by in ting 
φ(χ) and substituting the values x = a and x = 3, f(a) being 
subtracted from /(d). 
This can conveniently be expressed by the notation 


ΓΟ) — fla) = f o(x)dx. 


| “b(x)dx Is called a definite integral and a and b 
are called its limits, a being called the lower limit 
and b the upper limit. 

.", To evaluate a definite Integral such as | ¢(x)dx 

(1) Find the indefinite integral | $(x)dx, ΠΥ 

(2) Substitute for x in this the upper limit b, {.ε., {{8]. 

3 i“ ἣ da lower limit a, 4.¢., f(a). 

(4) Subtract f(a) from f(b). 


In practice the following notation and arrangement is 
found convenient: 


[sera = [fe] 
= f(b) — f(a). 


143. Characteristics of a definite Integral. 
The following points about a definite integral should be 
carefully noted 1 
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(2) The results of substituting the limits in the 


integral are ere C and f(b) + C. Con 
sequently on subtraction the constant C disappears, 
hence the term “ definite.”” If a and b are numbers 
the integral will also be a number. 

(δ) The variable is assumed to be Increasing from 
the lower limit to the upper limit, ¢.¢., in the above 
from atob. This must becarefully remembered when 
dealing with negative limits. If, for le, the 
limits are — 2 and 0, eee 
from —2 to0. Consequently the upper limit is 
and the lower limit — 2. 

This definite integral would therefore be written 


[ φ(α)άκ. 


(c) The term “limit ’’ in this connection has not 
the meaning attached to it eg poy in §15. It 
denotes the values of the variable x at the ends of the 
range of values a to 6 over which we are finding the 
value of the definite integral. 

144. Worked examples. f. 
Example |. Evaluate the definite integral | 3x . dx. 
2 
Now [sxdx == Fx? ++, 
5 5 
2. | 8xde = Ὁ] 
I, il | 
= #{(5)* — (2)} 
= ὃ x 3] 
*_ 63 
=>: 
The student will find it a useful exercise to check this by 
drawing the graph of y = 8x, the ordinates at x = 2 and 


x = 5 and finding the area of the trapezium Ὁ the ordinary 
goctneieleal sok. nt ᾿ 
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Example 2. Evaluate the definite integral sin xds. Since [atx -- 9χῆάα τα αὖ — pe 
0 

"4 ( ι ὑπ CONE δι, 

Now [sin κάκ = —cosz +6. [0+ Be — 20 dx = [x + OF — ae] 
=0-(-14+4849 
ες. 

ΣΕΥ 
Example 5. Evaluate the definite integral [ἡ ΒΒ 
ὙΑΞῚ 

Since | oF = costs. 


: δ OMB 209 1 4 
oe [ν.ΞΖξι [ cosh 1 
= cosh~? (3) --- cosh-! (2) 
= δὴ" — 1316 (both approx.) 


= 0. 


A [isin xd — [- ον] 


π 
= {(—©0s 5) — (— eos 0)} 
=0+1 
= 1, 

Note.—This gives, in square units, the area beneath 
the curve of y = sin x between 0 and 5. A graph ot 
this function between 0 and π 
᾿ shown in εἰν 88. plenty 

om symme 6 area un 
this curve Ne a 0 and π 
must be twice that between 0 
and δ i.¢., 2 sq. units. This 


can be checked by evaluating 


Rough values for cosh-* (3) and cosh-! (2) can be found 
from the tables on p. 379. 

More exact values can be found by using the algebraical 
equivalent of cosh-! x, viz. log, {x + Vx? +1} using the 


a 


[ PA hyperbolic logs on p. 377. 
ΩΝ ‘ | Example 6. Evaluate the definite integral [= log xdx. 
Example 3. Evaluate [ xedx, Using the result of Exercise 22, No. 5, we get 1 
Now [xe ax = fe" +C (by inspection) fz log xdx = Ὁ (log % — 4). 
" | xe πὰ [ie] "νὴ [ x log xdx = KB (log x — »] 
ad | dos = 5 (06,6 — ἢ) — #(log,1 — ἢ 
Example 4. Evaluate the definite integral =(§ x) -40-» 


[+ 82 — 20%, =$+3 
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Exercise 29. 
Evaluate the following definite integrals: 


1 


7. | “οἱ + ide, 
0 


13. [ 4 1d0. 


2. 

4, 

6. 

8. 

| (cos 0 — sin 3046. 10. 
0 


[_2rae. 


12. 


se Ss καὶ αὶ 8 


[ (x9 - 4)de, 
[. (2x - 1)%dx. 
[vee 
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2 dk 3 dx 
a, 7 ‘ So ET, 
. lye = vere 
i [] ...ὄ καὶ 7 = 
33. [Vip 34. | ‘tant κάκ, 
1 dx (i dx 
ὩΣ ΤΟΙΣ; gees 
41 = ds 
ὅτ | ee 
145. Some properties of definite Integrals. 
(1) Interchange of limits. 
Let (x) be the indefinite integral of f(x). 
thes, 1 the limits of the definite integral are a and b 
b 
| fexjdx = $16) — $(0). 


If the limits be interchanged 
[Ferd = $a) — 40) 
| b ἫΝ 
pe [λᾶς = — | fade. 
| Thus, the Interchange of the limits of Integration 
changes only the sign of the definite Integral. 


b b c 
(2) [ feodx = | feadx - [ρα 
Let ¢(x) be the indefinite integral of f(x). 
2. [ feldx =9@ — φ(ὴ 


also [ fas = $(b) — $(c) 
and [ elds = $0 — 80). 


8 (CAL.) 
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4 € 
es f(x)dx + | f(x)dx ={$(b) — d(c)} + {φ(ο) — φ(α)} 
! | = $(5) — g(a) 


b 
= | f(x)dx. 
In Fig. 30 there is a graphical] illustration of this theorem. 
Clearly, 
Area of OAB = Area of ABDC + Area of OCD, 


ie [re = [ro + [ 'Πυ). 


(3) Since [ [(χ)άχ = φί(δ) — d(a), where d(x) is the 
indefinite integral of | /(x)dx, then as the definite integral 
(6) — d(a) does not contain x, any other letter could be 


in the integral, provided the function of each of the 
two letters in the sum is the same. 


[ fordy = $0) = $12) 
but [ fords = $(0) — 44a). 
ε Β 
τις [ feadx = | fingy. 
[τάχ = | fla — x)dx. 
(4) [τ x= [Πα -- x)ax 


Let x=a-—u or a—*=4u, 
Then dx = — du. , 
Now, if In definite integration the variable Is changed, 
the limits will also be changed and the new limits must be 
determined. 
ες in the above, when x = a, 
u=—-a—x=-a-—a=0O0. 
when x = 0 
u=a—x=a—O0=—da. 
Thus when αὶ = a, πὶ = 0, and when x = 0, u = a. 


For, 


— ὦ πα, ον eee τ. at 
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“ When x is replaced by a — πὸ in [ Seay. the limits 
must be changed to those found above. 
‘a 0 
‘| fede = — | (a —u)du 
0 a 


=| (@—wjdx (by (1) above) 
0 
= [a—x)dx (by (8) above) 
Examples. : 
i $. ym 
ἐς ὦ Te ΩΝ 
[" i 6 x) 
= [cos xdx. 
In general : 


| ὁ isin x)dx = | f(cos x)dx. 
0 0 


146. Infinite limits and infinite integrals. 
In the calculation of definite integrals between two limits 
a and b it has been assumed ; 
(1) That these limits are finite. 
ἢ That all the values of the function between them 
are also finite, f.e., the function is continuous. 
We must, however, consider cases when one or both of 
these conditions is not satisfied. 


147. Infinite limits. 
The problems which arise when one of the limits i. infinite 
can be illustrated by considering the case of y = "δ 


In studying this function it will be helpful to refer to its 
graph, part of which is shown in Fig. 33. The values of 


2 being always positive, the curve of the function lies 
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entirely aboveOX. It consists of two porte, corresponding 
to positive and negative values of x. ese two parts are 
clearly symmetrical about OY. 


Ben ' "7 5ὲ δὲ δὲν κα --:988 δὲ 


a eS 
7 


ra 
nas 

ae 

aa 

ΒΕ 

A 

ber ad 

Bal 

rT) 

Lit Tilt 
2: 

Be | 

| 

ee 

ΓΙ 

0) 


“TL Bee 
ΕΝ eet 


Let Pe OB be ints on ein κῶς ia 

Let PA, 6 corresponding ordinate. 

Let OA = α, ΟΒ = ὃ. | 

Then, as shown in § 142, the area beneath the part of the 
curve PQ and bounded by PA, QB and OX, is as shown by 
the ed part of the figure and is represented by 


ε- ΤῈ -ἢ ὦ Ὁ -} 
[ἢ < ane (5 al’ 
(1) Suppose the ordinate QB to move indefinitely awa 
from ΟΥ̓ 50 that OB—+.e., b—is increased indefinitely. . 
Then the ordinate QB decreases indefinitely and in the 
limit OX is an asymptote to the curve (§ 14), 
i.é.,as b—> ©, OB —> 0. 
The definite integral can now be written s 


= i= Cet=ou 


= 
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δ dx Ξ 

| τῷ. or more conveniently, 
x 


[3-L-d- 
Its value in the limit becomes — (= - , 
But the limit of > is zero. : 
.. The value of the definite integral is - and Is finite. 


(2) Next, suppose the ordinate PA to move towards OY; 
then PA increasesrapidly, and when OA—4.e., a—is decreased 
without limit, the ordinate, f.e., the value of y, increases 
without limit, 

ς 85 a—> 0, y— ω. 


The definite integral can now be written: 
δ ds ὃ dx 117 
Bos » nl ihe ὅσαι τοὶ 
] ] 


In the limit x becomes infinite. 
Thus the definite Integral becomes Infinite and cannot 


be found numerically. 
At the same time OY becomes an asymptote to the curve. 


We therefore conclude that in the definite integral | s = 


a) If x becomes infinitely great, while y becomes 
indefinitely small, the integra) will have a finite value. 
(5) If x becomes indefinitely small, while y becomes 
infinitely large, the integral has no finite value. 
_ It is clear therefore that in all such cases we must 
investigate and determine whether the definite integral 
can have a finite value or not. 
Next we will consider an example in which both limits 
become infinite. 9 
ὃ " 
ἘΝ .1 
ite [ tan x] 
= tan-! ὃ — tan-! a. 
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[f b— > oo, then tan-!? ---» δ' 

[f a—>—o, then tana —> — 5. 

.. In the limit 

ἜΜ ἂν [π π 

fees becomes 15 —(-5)} =* 
+ 

Therefore there is a finite value of the integral | 


dx 


148. Functions with Infinite values. 


We next consider functions which become infinite for 
some value, or values, of the variable between the limits 
of the definite integral, t.e., the function is not continuous. 


The function “4 which was considered above, is an 


example; it becomes infinite when x = 0, as shown above. 
ΠῚ therefore it is required to find the value of the integral 


+ 
| τ᾽ it is evident that the function becomes infinite for a 
-2 
value of x between the limits, viz. x = 0. 
+2 
If | 3 be evaJuated as usual, disregarding this infinity 
-2 


value, the result is as follows: 
rt2dx | 118 | 
Pra be ποτά ea eas 


But this result is at variance with that obtained above 
+2 . 
when it was shown that Ξ becomes infinite as x 


0 

approaches zero. Similarly, it can also be shown that 
Ι ἀπ i. infinite. 

-2 


+2 
As | Σ must be the sum of these (§ 145), it must be 
—2 
infinite. 

It is therefore necessary, before evaluating certain 
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integrals, to ascertain if the function is continuous between 
the assigned limits, or whether it becomes infinite for some 
value of x. 

This is specially necessary in the case of fractional 
functions in which, while the numerator remains finite, the 
denominator vanishes for one or more values of x. 

Thus ix — nie - 2) becomes infinite, and the curve is 
therefore discontinuous 


(1) when (x —1) =0,andzx=1, and 
(2) when (x — 2) = 0, and x = 2. 


Similarly in “αὶ δα the denominator vanishes when 


x = 2, or more accurately, V2 — x —> 0 when x —> 2. 
Consequently the function approaches infinity as x —~> 2. 

All such cases must be examined to ascertain if a finite 
limit and therefore a definite value of the integral exists. 
For this purpose the property of an integra] as stated in 
ἢ 145, No. 2, can often be employed. In using this theorem 
the integral to be tested is expressed as the sum of two 
integrals in which the value of the variable for which the 
function becomes infinite 1s used as an end limit. Each 
of these must have a finite value if the original integral is 
finite and its value is given by that sum. 

An example of this was given above, when it was pointed 


| +2 dy ie. ax 
out that | τὰ» when expressed as the sum of 18» and 
~2 
[ ἐς must be infinite, ἑ.6., it has no meaning, since each 
i— ἢ 


of the two reer δ ga integrals had been shown to be 
infinite. A further example is given below in which a 
method is employed for determining whether a given 
definite integral is finite or not. 


- etede πον dx 
le. Determir the definite al --- 
Examp e Ἐξ if fin: integr [ FP ἢ 
has a finite value. 
The integral approaches infinity as  —~> 2. 
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Using the above theorem (§ 145), the integral can be 
expressed as follows: 


8 dx dx 3 

ἔχ τ, [est [ys 
It is sary, if the original ween is to ——" a finite 
value, that of these integrals Id be finite. We, 


therefore, test these separately. 
In the first let the end limit “ 2”’ be replaced by 2 + «, 
where α is a small positive number. 


() Then f° yet = a[e—2)h] 
ἣν =}ie=28 (e+ a) — 2} 


Anahi) νη (2 + «) —~> 2, the value of the integral 
θΡΕΡΟΒΟΝ 68 i. 
. In the ἮΝ the value of the Integral Is ἔ. 


@) [yet = ale τοῦ. 
= (2 — <<) — τ 7s Ὁ -- 2 
=H{e a)t — ‘ede 2)}}. δια ἡ 

In the limit when « —> 0, (=a 5 ὁ andthe va 
of the integral becomes — $(— 2) = — ἔ 4. 

As each of the definite integrals has a finite value, the 
whole integral is finite and is equal to the sum of the two 
integrals. 


et 


Exercise 30, 
When possible calculate the values of the following 
definite integrals: 


1. I S. 4 [ΓΚ 
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3. Caer 


+ [% 


1. [ eros xds. 


| ad ey 


nu. [53 
. * 


3. [ἃ 


1 

15. | rite de 
-14+—* 
1 

11. | log χάχ. 
0 


sd 
19. | Say 
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4, 
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CHAPTER XIV 
INTEGRATION AS A SUMMATION. AREAS 


149. Approximatiom to an area by division into small 
elements. 

In the preceding chapter it was seen how, with the aid of 
integration, we could ind the area of a figure bounded in 
part by a regular curve whose equation is known. We 
now proceed to the consideration of another, and a more 
general, treatment of the problem. 


Fic. 34. 


᾿ς = $e 34 let AB be a portion of a curve whose equation 
(x). 


t AM, BN be the ordinates of A and B, so that 
OM =a, ON =6. 
.. AM -ξ φ(α), BN = ¢(8). 
Let the co-ordinates of A be (x, γ). 
ABNM is the figure whose area 15 required. 
Let MN be divided into n equal parts at X,, X,,X3,... 
234 
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Then MX, can be represented by 8x. Hence each of 
the divisions ie .. ἃ . is equal to 8x. 

Let A,X,, AgXzq, πὴ a . . » be ordinates corresponding 
to the points Ay, Ἂς Ay 

Complete the rectangles AP, 14 01,4 PA, AoP3A303.-.- 

There are now ~~ xs of rectangles corresponding to 


the divisions MX,, X ke 
(1) MP,A,X Pel Ky SA Wits 
2) MA yh, XA DX,” XOX 

The area beneath the curve, +.¢., the area of MABN , lies 
between the sums of the areas of the rectangles in sets 
(1) and (2). 

If the number of divisions be increased the area of each 
of the two sets will approximate more nearly to the area of 
MABN. 

[f the number of divisions be increased indefinitely, 5x 
will be decreased indefinitely and the area of each of the 
sets (1) and (2) approaches to equality with the area under 
the curve. It is enelons necessary to find expressions for 
the sums of these sets and then to obtain their limiting 
values when 6x ——> 0. 

The ordinates can be expressed thus: 

A,X, = ¢(a + 8x) 
AX, =¢(a + ri 


An Xe = δίας + (n -- ι)δχ} 
and = ¢(b) 
where n is the Nem. 3 naa 
*, the areas of these rectangles in (1) are as follows: 
Area of τὰ at AM xM = φ(α) ὃ χ 
— stg μὰς Κα xX, ee jag = 310) + 8x)3x 
a” X,A oe 7 sks x XK) = ica + 28x) 8x 
[1] eis > π- eS (A,- X,. i. 
cates pithy tn 1) eats. 
The sum of all these rectangles is 
δχίφ(α) + f(a + Ax) +... + φία + (m — 1)8x}] (A) 
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Similarly the sum of all the rectangles in (2) is 


dx[d(a + 8x) + φία + me “6% 
+ φία + (m — 1)3x} + φ(Ὁ)] (Β) 
The area of the figure AMWNB lies between (A) and (B). 


Then (B) — (A) = dx{$(b) — $(a)}. 
In the limit when 8«—-> Ὁ this difference vanishes. 
Thus each of the areas approaches the area of AMNB. 
“. The area is the limit of the sum of either (A) or (B). 
The summation of such a series can be expressed con- 
cisely by the use of the symbol = (pronounced “ sigma”’), 
the Greek capital “S.’" Using this symbol the sum of the 
series may be written : 
r= 
= φί(χ)δχ. 
r=da 
By this expression we mean, the sum of terms of the 
type ¢(x)éx, when we substitute for x the values 
a,a-+ 8x, a + 28%,a + 38%,... 
for all such possible values of it between x = a and x = 8, 
The area of AMNB is the limit of this sum when 8x —~> 0, 
and this is written in the form 
Χ- 
A= lt Σ φί(χ)δχ. 
ix—>O χα 
But we have seen, (8 142), that this area is given by the 
integral 


i ” b(x)dx. 
Σ φρ)άχ = [ $(x)dx. 


5 Lt 
ix—>0O x= 


150. The definite Integral as the limit of a sum. 

It is thus apparent that a definite integral can be 
regarded as a sum, or, more correctly,, the “limit of a sum,” 
of the areas of an infinite number of rectangles, one side of 
each of which (dx in the above) is infinitesimally small. 

The use of the term integral will now be clear, the word 
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integrate meaning “ to give the totalsum”’. The first letter 
of the word sum appears in the sign [ , which is the old- 


fashioned elongated “5. It is also evident why the 
infinitesimal, dx, must necessarily appear as a factor in an 


integral. 

The definite integral has been used in the illustration 
above to refer to the sum of areas. This, however, is used 
as a device for illustrating the process by a familiar geo- 
metrical example. Actually there was found the sum of 
an infinite number of algebraical products, one factor of 
which, in the limit, becomes infinitely small. The results, 
however, can be reached independently of any geometrical 
illustration, “bh . 

Consequently, | ¢(x)dx can be regarded as representing 


the sum of an infinite number of products, one factor of 
which Is an infinitesimally small quantity. The successive 
products must be of the nature of those appearing in the 
demonstration above, and must refer to successive values of 
the independent variable, x, between the limits x = 6 and 
x= ἃ. 

This being the case, the method can be applied to the 
summation of any such series, subject to conditions 
which have been stated. 

This is of great practical importance, since it enables us 
to calculate not only areas, but also volumes, lengths of 
curves, centres of mass, moments of inertia, etc., such as 


z=} 
are capable of being expressed in the form Σ ¢(z)dx. 
They can then be represented by the definite integral 

ὃ 
| $ (x)dx. 

"In the above demonstration ¢(x) has been regarded as 
steadily and continuously increasing, but the arguments 
employed will apply equally when (3) is decreasing. It 
is essential, however, that the range of values of x between 
a and b can be divided into a definite number of parts, and 
that the corresponding values of ¢(x) are continuously 
increasing or decreasing. 
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The practical applications of the above conclusions are 
very many, and some of them will be discussed in succeeding 
chapters. 

e most obvious application, in view of the method 
followed in the demonstration, is to areas; so a beginning 
will be made by examining examples of t 


[5]. Examples on Areas. 


Example |. Find the area between the curve of y = 42%, the 
x-axis, and the ordinate of the curve corresponding to x = 2. 


The part of the curve involved is indicated in Fig. 35 by 
00, where the ordinate from Q corresponds to the point 


ΟἽ 


Pe ee ee Α 


The area required is that οἱ OAQ indicated by horizontal! 


Let », (x, y) be any point on the curve, so that ON = x, 
Let x be increased by 8x, and drawing the correspondin 
ordinate there is enclosed what is approximately a sonal 
rectangle, as shown in the 

The area of this is ap roximately y6 

When 6x becomes indefinite] A "the sum of the area 
of all such rectangles throughout the range from χα = 0 
to x = 2 is equal to the required area. 

The area of this very small rectangle is ydx. 
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This is called an element of area, and it is always nec 
to obtain this element before proceeding to the solution. 
The sum of all such areas bs given by the definite integra] 


| ydx. 
But y= ps2 
Area = [ ἐχϑάχ = {7 
Ξε . 56. units. 


Example 2. Find the area between the curve of y = $2}, 
the axis of y and the straight line y = 2. 
The curve is the same as in Example 1, and is ay in 
Fig. 35 with vertical shading; BQ is the line te 
‘ake any B ope P(x, y) on the curve; as be ore, OM =y, 
ON = x. represents a smal] element of area 
In this problem it is convenient to consider the area as 
being formed by the movement 116] to OX of PM, t.¢., 
y is regarded as being increased by dy to form the rectangle 
PM. 
Then area of PM = x6y. 
Then the rectangle becomes infinitely small, and when 
sy ——> 0, the element of area, is represented by xdy. 


~2 
.. Area of figure OBQO is given by ae xdy. 


Consequently there are two variables in the integral, and 
one of these must be expressed in terms of the other so that 
there remains one variable only. 

Let us express x in terms of y, in which case the limits are 
unaltered, 

Since γ Ξε it 

+= ν᾿ By. 


= | v¥. ἜΣΤΩ ytdy 
= vafis'] = V2 x HV 2). 


- sq. units. 


Substituting, Area 
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If dy had been expressed in terms of x, and it is seen that 
dy = xdx, then for the limits we must obtain the values of 
* corresponding to y=2 and y=0. In this case they 


are the same, since from y = $23, when y = 2, x = 2, and 
γεεῦ, χ τεῦ. 

Note.—Evidently the sum of this area and the 

preceding one in Example 1 must equal the area of 

the rectangle OBQA, 


whe § + $= 4 sq. units. 


Example 3. Area of a circle. 
(1) Area by rectangular co-ordinates. 


The equation of a circle, 
Before finding the area enclosed wholly or in part by 
a curve, it is necessary to know the equation of that curve. 
Y To help those students 
who have not studied 
co-ordinate geometry 
we will proceed to find 
the equation of the 
circumference of a 


In any circle the 
conta can τὴ taken as 
he origin of a system 
of So tadinates” and 
two diameters at right 
angles to each other as 
the co-ordinate axes. 
This is indicated in 


rie Fach 
ake any point P, 


Fie. 36. 
(x, PB the circumference and draw PM Ὁ 


to a 
Let the radius of the circle be a. 


Then OM =z, PM =y. 
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By the property of a right-angled triangle 
OM? + MP? = OP? 
t.¢., xi+y? = οἷ. 

This equation is true for any point on the circumference, 
and it states the relation which exists between the co- 
ordinates of any point and the constant which defines the 
circle, 1.6., the radius a. 

. 5 ἘΠῚ Ξ Ξῷ δ᾽ 
is the equation of a circle of radius a and the origin at its 
centre. 
Area of the circle x? + y? = a*. 
Fig. 37 represents this circle. 


γ' 
Fic. 37. 


For reasons which will be apparent later it is better to 
find the area of the quadrant which is shaded; from this 
we get the area of the whole circle. 

Let P (x, y) be any point on the circumference. 

Then OM =x, PM =y. 

The element of area, as previously defined, can be repre- 
sented by the small rectangle PM, and is given by γᾶχ. 
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In the limit as 8x —-> Ὁ the element of area is represented 


by ydx. 
For the purposes of the definite integral which will give 
us the area, the limits of x for the quadrant are: 


At O, x= (0. 
At A, x= ἃ. 
.. Area= | vax 
0 
Since x* + y* = a 
y = vai — 25 


In § 117 it was shown that 
Ἔ a? Ψ 
[να ΞΞ τ = 5 sin + ἐν δ =. 


πο J ΩΣ = aids «ὦ μιν at — χ + : 5ἰη-1} 43 


Now when x = 4, sin?” = sin-! ] = 5. 
When x =0, sin-” = sin 0 = 0. 
+ three we team aoe χ τὶ. 
τις Area = {}aVa αὐ Ἐπ x δ) 0 
- 7a? 
τε τ’ 


“. Area of the circle = 1a’, 


(2) Alternative method. 
The following method will be found useful in its 
applications. 

e area of a circle can be conceived as the area of a 
plane figure which is traced out by a finite straight line as 
it rotates around one of its ends, and makes a complete 
rotation. 

Thus in Fig. 38 if the straight line OP, length a units, 
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starting from the fixed position 0A on OX makes a complete 
rotation around a fixed point O, the point P describes the 
circumference of a circle, and the area marked out by OA 
is the area of the circle. 

Let the point P have 
rotated from OA, so that it 
has described the angle, 0, 
AOP being consequently a 
sector of a circle. 

Now suppose OP to rotate 
further through an in- 
finitesimally small angle 
denoted by d0, The in- 
finitely small sector so de- 
scribed would be an element 
of area, and the sum of all Fic. 38. 
such sectors when OP makes 
a complete rotation from OX, back again to its original 
position, will be the area of the circle. ld i 

The infinitely small arc subtended by {4θ in the limit can 
be regarded as a straight line, and the infinitely smal) sector 
as a triangle. 

The length of the arc is ad0 eae 120). 

The altitude of the triangle can be re 1, in the limit, 
as the radius of the circle. 

ἐς Using the formula for the area of a triangle 


Element of area = ᾧ x ad@ x a = 4a*d0. 


And the angle corresponding to a complete rotation is 
2x radians. 


+, Area = [ had = [aero] 


= 4a? x On 
= 1a", 


Example 4. Area of part of a circle between two parallel 
chords. 


In the circle x* + y* =9 find the area contained between 
the lines x = 1, x = 2. : 
The radius of this circle is 3 and the centre is at the 
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origin, The area which it is required to find is shown in .. Area of the whole 
Fig. 39. | = 2:582 x 2 

Since @+yi=9 thy = 5-164 square units (approx.). 

y= V9 — “ἢ | Example 5. Area of a segment of a circle. 
If ydx represents the element of area, then Find the area of the segment cut off from the circle 
γάχ = V9 -Ξ χϑάχ. IG anes ὡς or ee 
Ἔν . is the same circle as in the previous example, and the 
Consideringsonly the part at ‘thi-ares/ above O24,"thes area required is that which is shaded in Fig. 40. ering 
eam [νῦξ «ἀξ only the area of that part lying above OX, we have: 
1 


3 
2 2 

Vere the result obtained in the previous example 

[ Vai — dx = [ἐτνϑ -- α' + $sin All 
= Oot Sate} Ὁ Ὁ ie sin ἢ) 
=x 5 — {2-236 + $ x 0-730} (from above) 
‘és Ἔ — (2:236 - 3-29) 
= 1.048 

εἷς, total area = 3-086 = 3-09 square units (approx.). 


Note.—As a check, the student should find the area 
of the segment cut off by the line x=1. It should 


Using the integral | be the sum of those above. 
ad x | Example 6. The area of an ellipse. 
| Vat — χιάχ = ἐχν αὅ — x? + fa? sin? 7 (§ 117) | Fig. 41 re / Sepere an ellipse in which the origin is the 
centre, #.¢., the point of intersection of the major axis AA* 
[ vo=sax=[ievo=? + sin 3], | and the minor axis BB*. τ΄ 
= (j2V0—4 + Bsin- }-GVO—1+4sin ty) peter age agi ata 
= (V5 + §sin-* ἢ) — (ἐν + $ sin“ Δ) Then OA = a, and OB = ὃ. 
= (V5 — V2) — B(sin-* § — sin” 4) It is shown in co-ordinate geometry that the equation of 
Now such an ellipse is 
sin-! ἃ = 41° 48’ = 0-730 radians (approx.) ae 
and Sint ἢ = 19° 30’ -- 0-340 ; 24 ay= 


*, Area = 0-822 + $(0-730 — 0-340) | ὃ 
= 2-582 bona ). whence y= Vat — xi, 
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Example 7. Area of a segment of a hyperbola. 

It is not possible within the limits of this book to give 
any satisfactory account of the geometry of a hyperbola, 
or the method of arriving at its equation. For this the 
student is referred to a book on co-ordinate geometry. 


The curve of y = =, which has been discussed previously, 


is an example of a hyperbola (see § 14). In this form of 
the equation the co-ordinate axes are the asymptotes of 
the curve. There are two branches of the curve, and in 
each the curve proceeds to infinity as x becomes infinite. — 

In the genera] form of the equation to the curve, the axis 
of symmetry of the curve is taken as the x-axis and the 
curve appears as represented in Fig. 42. 

Υ 


The element of area, ydx, is : Vai — x*dx. 


Considering the area of one quadrant of the ellipse, such 
as that which is shaded in Fig. 41. 


Fie 41. 
Area of quadrant = ΓΤ: Va* -- x4dx 
0 
-- ὦ [νὴ = wax 
a}, | 
. ὃ 72 — x2 2 «1... * 1 Y' 
οἱ ἐχν a8 = x* + Jo® sin al: Fic. 42. 
The total area is four times this. AA}, the line joining the apexes of the two curves, is 
Comparing this with the area of the circle, radius a, in called the transverse axis. 
Example 3, it is seen that the ratio of the area of the Let its length be 2a,so thatOA =a. Draw tangents to 
quadrant of the ellipse to that of the corresponding area of the curve at A and A’, On them take AL, A’N each 
the circle of radius a is δ᾽ i.e., the ratio of the major axis to equal to ὃ. Then tanLOA = = 
the minor. This is also the ratio of corresponding ordinates Note.--The relation between a and ὃ cannot be 
of the two curves. discussed here. 
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The straight lines N’OL, NOL’ are asymptotes to the 
curve. It is shown in co-ordinate geometry that the 
equation of the hyperbola is 


PP AEBS 
@ pol: 


The similarity to the equation of the ellipse will be 
noticed. 

1 ὃ =a, ἐ.6., Ὁ =AL, ZAOL = 45°. 

Thus ZLOL}, between the asymptotes, is a right angle, 
and the equation of the curve can be written 


é—y= a 
This form of the curve is called a rectangular hyperbola. 
The area of the hyperbola, 
unlike the ellipse and circle, 
is unenclosed, and conse- 


quently has no definite 
value. We can, however, 
find the area of a segment 
such as is shown in Fig. 
42, being cut off by the 
double ordinate PMP?, 


Let AM = 2%. 
Then, considering the 


per half of the segment, 
the element of area can be 
written ydx. 


But from the equation of the ΠΡῚΝ <n = rae — a*, and 
the limits are a and x, since OA = 


., Area of whole segment = 2 [" > Vx? = gidx 


= δ evid =a — © log x + vita)" (117). 


Equation of a hyperbola referred to its asymptotes as 
axes. 


This form has been mentioned above. 
The curve is represented in Fig. 43. 


Fic, 43. 
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The general form of the equation is shown in co-ordinate 
geometry to be 
xy = οὗ, 


The area required to be found is usually that under a 
portion of the curve as 
shown by the shaded 

rtion of the figure. 
This can be found in 
the usual way. A modi- 
fied form is worked out 
in the next example. 


Example 8. Find the 
area sed between the 
4 
curve of y = ΡΝ the 
axis of x, and the ordin- 
atesx=1,x* =4. 
The curve of this 


4 
μὰ 4| log (x + )] 
= 4(log 3) a 
== 4(0-9163) (remembering the logs are hyperbolic) 
= 3-665 (approx.) 
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152. Sign of an area. 

It will be seen that in the foregoing examples of the 
determination of areas, these were, in most cases, lying 
above the axis of x, and the values of the function were 
consequently positive. In the examples of the circle and 
ellipse, in which the curve is symmetrical] about both axes, 
pee values of the function were still adlicred to by 

nding the area of one quadrant and then the whole by 
multiplication by 4. We must now proceed to the con- 
sideration of areas which lie below the x axes, and the values 
of the function are negative. The following examples will 
serve as an illustration: 


Fic. 48. 


Example |. Find the area enclosed between the curve 
y = x9 — 3x + 2 and the axis of x. 

Since x? — 3x + 2 = (x — 1)(x — 2). 

The curve cuts OX at x = 1, x = 2. 

κὰν Ἢ πο ῶχ -- ὃ. .. there is ἃ turning-point when 
x = i. 

Since 4% = 2 and is always positive, this point is a 
minimum. 

The curve is represented in Fig. 45, and the area 
required lies entirely below OX. 
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Let A represent this area. 


Than ‘do [ (xt — 8x + 2)dx 
1 


Sa a 
ἰῷ τ +2] 

= [ὃ —6 + 4) -- δ ΘΕῸ 
mie fi 


The result is a negative area. But an area, fundament- 
ally, is signless. How, then, is this result to be interpreted ἢ 
[τ will probably not come as a surprise to the student 


b 
because he will have seen that the definite integral | ydx 
"8 

represents the sum of an infinite number of products which 
are themselves infinitely small. When the area lies below 
OX, all values of the function, 1.e., y, are negative, and since 
dx, being the limit of 6x and re resenting an Increase, is 
positive, all the products must negative. Hence the 
sum is negative. It has been pointed out (§ 150) that the 
summation is general for all such products, and the repre- 
sentation of an area by it is but one of the applications. 
Hence if we are finding an actual area by the integration, 
the negative sign must be disregarded, Since by the con- 
vention of signs used in the graphical representation of a 
function ordinates below the axis are negative, the corre- 
sponding areas are also negative. Hence as a matter of 
convention, areas above the x-axis are considered positive 
and below the axis are negative. _ 

The student may note the following in connection with 
the above examples: 


(1) The area below the curve between x = 0 and 
x = 1,1.¢., the area with horizontal] shading in Fig. 45, 
is given by ; 
| (x? — 3x + 2)dx = §. 
0 
(2) Consequently the total actual area, 1.6., dis 


ἀκα gre the negative sign of the above integral, is 
§i4—1, 
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(3) The total area as given by the integral 


[ @ — 3 τοὺ = 3, i2.,§ —}. 


Example 2. Find the area enclosed between the curve of 
y = 4x(x — 1)(x — 2) and the axis of x. 

The function ἀχίχ — 1)(x — 2) vanishes when x = 0, 
land 2. Consequently its curve cuts the x-axis for these 
values of x. Proceeding as shown in § 57, there are found 
to be two turning points, as follows: 

1) a maximum value 1-55 when x = 0-45; 

Bi a minimum value — 1-55 when αὶ = 1-55. 
That part of the curve with which we are concerned is 
shown in Fig. 46. The areas required are shaded. 


(1) Area of OPA = [ 4x(x --- 1)(x — 2)dx 
= | (4a* — 124 + Βα)άκ 


= [4 +40] 


Ξε (1 -- 4 -- 4) -- 
= | square unit. 
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+} 
(2) Area of AQB = | 4x(x —1)(x — 2)dx 
I 


a 
= [x4 — 4° + 41] 
= — | square unit. ‘ 
Hence, disregarding the negative sign of the lower area, 
the total actual area of the shaded portions is 2 square units. 
If we integrated, for the whole area between the limits 
0 and 2 we get: 


Area = [x(x — I)(x — 3)δα 
= [xt — 40° 46} 
= 16 — 32 +10 > 


This agrees with the algebraical sum of the two areas 
found separately. | 

From these examples we conclude that when finding the 
total area enclosed by a curve and the axis of x when it 
crosses the axis, we must find separately the areas above 
and below the axis. The sum of these, disregarding the 
signs, will be the actual area required. 

Other examples follow. 


Example 3. Find the area enclosed between the axis of x 
and the curve of y = cos x, between the limits 


(1) Oand 5: 
2) Ἐ' and π. 
2 
(3) Ὁ and π. 
(1) The first area is shown in Fig. 47, in which it is the 
area above OX with shading. 


Area = [cos odo = [sin 6} 


i 
= sin 5 sin 0 
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(2) The second area is shown with shading below OX. It is evident from the part of the graph of y = sin 2 in 
π᾿ a Fig. 48, that the area enclosed between the curve and the 
Area = [, cos ado = [sin 9" 
3 


sin π — sin = 
2 


, 1 ΓΤ 111 
CCCP AAAS ) 
LL AY Ya 
AAA AAA AA ee 
1 ιν ῊῊΝ 1.11.1 


re 1) igre 
eee? 


fF, Ff 
Fy 
F,! 


Ay 
Ἢ 
Ἢ 


; 1 | 
' i } HEE ' 
BERBER ED νιον 4 
| - his, tg 4 
b thle ᾿ | ! 
rye | | 
“a 1177 
: ὙΤΥΤΥΤΊΙΤΙΤ 
} 1 " 


PEEEEEEEEEHEEEEE | 
does Ha a PO 
BEES 
5 τε Fic. 48. 
TH | x-axis consists of a series of loops of equal area, each 
a2 corresponding to a range of π radians, and lyin alternately 
| above and below the x-axis; consequently they are 
Fic. 47. alternately positive and negative. 
(3) The third area is composed of both (1) and (2). | (1) Area of first loop 
[cos ado = [sin 97 - sin xdx =  -- cos x] = — (cos x — cos 0) 
0 ; ϑ 
= sin 7 — sin 0. Ξε -τἰ --ἱ -- Ἰ) -ΞΞ 2 
=a (2) Area of second loop 
These results agree τ ὐεφόννόκελα but if we require to ἊἜ 
know the actua] area between 0 and x, the negative sign οἱ | — ἐνῷ xdx =| — = — (cos2?x — 
the second area must be disregarded, and aecanntaiectio Ki L stg i iar acd ey ἐς 
area of the two parts is 2 square units. = —{+1—(—1l)}= —2. 
Example 4. Find the area enclosed between the axes of x It is evident that if there are n loops, when n is an odd 
and the curve of y = sin x, for values of x between number, the total area, regard being paid to the negative 
(1) 0 and π. signs, is 2, but if n is even, the area thus calculated is zero, 


(2) π᾿ and 2m. The actual area of n loops is 2n, 
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This represents the element of area for the triangle, while 
QR represents the element of area for OBAC, 
their difference PQ represents the element of area for 
the shaded part. 
Let PR = γι, QR = 
Then element of Θ᾽ ἐς represented by PR is equal to 
y,¢x, in the limit. 
Then element of area represented by QR is equal to 
yadx, in the limit. 
the element of area PQ is represented by (y, — y,)dx, 
in the limit. Before we can integrate, the ποῖ of the 
integral must be found. These be the value of x at 
O and A, the points of intersection. 
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Example 5. Find the area contained between the curve of 
y =< and the straight line y = 2x. 

Fig. 49 represents the parts of the curves of the 
functions between their points of intersection, A and it 
The areas shaded are those which we require to find. 


- ee 
1 ΓΈ <= 


7 To find the value of x at these points we solve simul- 
La | taneously 

᾿ y = 2x 

: y= χα, 


and the roots are 0, + 1/2, — V/2. 
These are values of x at O, A and A? respectively. 
“᾿ς, for the positive area OABO the limits are 


x=0 and *=+v2. 
δι the area required = [“" ΟἹ, —y,)dx 
0 


v4 v4 
=| Ὧν — #)dx = [τ -- FT 


Fic, 49. 


4 

From symmetry it is evident that the parts above = (V2)? — a 

and below the x-axis will be equal in magnitude but of 
opposite signs. 


= | square unit. 


e therefore proceed to find the area of OABO (the shaded From symmetry and previous considerations we conclude 
area). This is the difference between (1) the triangle OAC, that the area below the x-axis is — | square unit. This can 
and (2) the area beneath the curve of y = 2°, viz. OBAC. be verified as follows: 


We first find as usual an expression for the element of 
area. 

From any point P on the line y = 2x draw the ordinate 
PR, cutting the curve of y = χϑ 

As before, construct a small rectangle represented by 
PR. 


rns [ |, Oe τ κάκ = [at — 1] ze 
pol th [ v2)" — aia) 
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meaner ng the negative sign the actual area of the two 
loops is 2 square units. 

he student, as an exercise should verify by finding the 
area of the two loops by the integral | 


+ WI 
(2x — x®)dx. 
- v2 
Exercise 31. 

Note.—The student is recommended to draw the 
figure which represents each problem, even though the 
drawing might be rough. 

1. Find the area bounded by the curve of y = x3, the 
x-axis and the ordinates x = 2, x = 5. 


2. Find the area bounded by the straight line 2y = 5x + 7, , 


the x-axis and the ordinates x = 2, x = 6. 

3. Find the area between the curve of y = log x, the 
x-axis and the ordinates x = 1, x = 5. 

4. Find the area enclosed by the curve of y = 4x?, the 
y-axis and the straight lines y = 1, y = 4. 

5. Find the area between the curve of y* = 4x, the x-axis 
and the ordinates x = 4, x = 9. 

6. Find by the method of integration the area of the 
circle x? + y? = 4. 

7. In the circle x* + y* = 16 find the area included 
between the parallel chords whose perpendicular distances 
from the centre are 2 and 3 units. 

Find also the area of the segment cut off from the circle 
x* + y* = 16 by the chord whose distance from the centre 
is 3 units. x? a 

8. Find by integration the area of the ellipse 16 ἘΞ πὸ ἢ 

2 F ind the area of the segment cut off from the hyperbola 
5 -ὰ = 1 by the chord x = 4. 

10. Find the area between the hyperbola zy = 4, the 
x-axis and the ordinates x = 2, x = 4. 

1]. Find the area included between the curve of 
y = 2x — 3x* and the x-axis. 

12. Find the area bounded by y = δ᾽ and the x-axis 
between the ordinates x = 0 and x < 3. 
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13. Find the area cut off by the x-axis from the curve of 


¥ == . 
14. Find the whole area included between the curve of 


y? = χϑ and the line x = 4. 

15. Find the area of the segment cut off from the curve 
of xy = 2 by the straight line x + y = 3. 

16. Find the total area of the ts enclosed between 
the x-axis and the curve of y = x(x — 3)(* + 2). 

17. Find the area between the curves of y = 8x* and y = 2°. 

18. Find the area which is common to the two curves 
y = x and y® = x. ὡ 

19. Find the area between the catenary, y = cosh 5 
(see § 91), the x-axis and the ordinates x = 0, x = 2. ) 

20. Find the actual area between the curve of y= 
x* — 8x + 12, the x-axis and the ordinates x = 1, x = 9. 

21. Find the actual area between the curve of y = x* and 


the straight line y = 


153. Polar co-ordinates. 

The equations of curves are frequently more simple and 
the determination of areas easier when polar co-ordinates 
are employed, instead of 
rectangular. For the 
benefit of those students 
who have had no previ- 
ous acquaintance with 
them, a very brief ac- 
count is acres 
given below. Fora full 
treatment the student Fic. 50. 
should consult a text- 
book on Co-ordinate Geometry. 

(a) Definitions. Let OX (Fig. 50) be a fixed straight 
line and O a fixed point on it. 

Then the position of any point P is defined with reference 
to these when we know 

1) its distance from O, 
( the angle made by OP with OX. 


Let r be this distance. 
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Let θ be the angle made by OP with OX. 
Then (r, 6) are called the polar co-ordinates of P. 

O, the fixed point, is 
called the pole, OP is 
called the radius vector, 
6 the vectorial angle, 
and OX the initial line. 

θ is the angle which 
would be described by 
the radius vector, in 
rota in a positive 
doom, from Ox : 

(b) Connection be- 
tween rectangular co- 
ordinates of a point and 
the polar co-ordinates. 
Let P be a point (Fig. 51) whose polar co-ordinates are 
(7, 8), and rectangular co-ordinates fr 2), viz. OQ and PQ. 

Then it is evident that x = rcos 9 

=rsin®@ 


(c) Polar equation of a curve. 

If a point moves along a curve, as @ changes, r in general 
willalso change. Hence 
r is a function of 6. 

The equation which 
states the relation be- 
tween r and @ for a 
given curve is called the 
polar equation of the © 
curve. 


d) Example of a 
polar equation. 


Fie. 51. 


Fic. 52. 


Let O bea fixed pita at the extremity of a fixed diameter. 
Let 2a = the diameter of the circle. 


al μουσσδίσις, τ . πο δαασ μεἔἾα, ΑΞ ... ὕὉὅ5 Ὅς ὔὕὍϑ ἀὅπ δῶ 9 δ. -! 
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Then, for any position of P with reference to O and OA, 
the polar co-ordinates are: 
OP=r 


ZAOP = 9. 
From geometry it is known that ZOPA is a right angle. 
. £=2acos 6, 


This is the polar equation of the circle with the above 
conditions. It may be noted that if the centre of the circle 
were taken as the pole, r is always equal to a; 4.¢., the polar 
equation is then 

r= Ὁ. 


In such a case r is a constant, being the radius of the 
circle, and has no functional relation to 0. 
The equation of the circle may take other forms. 


154. Plotting curves from their equations In polar co- 
ordinates. 

Many curves are easily drawn from their polar equations, 
though the set. ey points may be difficult when using 
the equations of the curves in rectan co-ordinates. 
The following example is given as typical of the method 
employed. | 


Example. Draw the curve whose polar equation is 
γ = α( + cos 6) 
=a-+acos θ. 
The general method is to select values of 0, find the 
corneRDORiNg values of r; then plot the points obtained. 
As has been shown above, r = a cos θ is the equation of a 
circle of diameter a, when the pole is on the circumference. 
It is evident therefore that if for any value of 6, the value 
of r for the circle is increased by a, the result is the value 
of r for the required curve. 


Draw a circle of radius 5 (Fig. 53). 


Take a point O at the end of a diameter OA. O will be 
the pole for the curve. 
Since cos 6 is a maximum, viz., unity, when 0 = 0, the 
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maximum value of r for the curve will be at the point B, 
where AB = a. 

Thus the maximum value of r 5 2a. 

When θ τεῦ and *, cos 0 =0. .. r=a. Hence we 
get the points C and D. 


Fie, 53. 

In the 2nd quadrant, cos @ is decreasing to — I, at x, 
then r =a —a =O. 

Similarly the general path of the curve may be found for 
the third and fourth quadrants. 

Finally, when @ = 2x, cos 6 = 1. 

, the curve is closed at B. ; 

To get other points on the curve between the special 
points Bix sell above, draw a series of chords of the 
circle, for increasing values of 0. If OP be one of these, 
produce it and mark off PQ equal toa. Then Q is a point 
on the curve, The complete curve is as shown in Fig. 53. 

It is known as the cardioid, from its heart-like shape. 
It is of importance in optics. 
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Other examples of curves which are readily drawn from 
their polar equations are 
Bi The lemniscate, r? = α cos 20. 
2) The limacon, r = ὃ — acos 6. 
Ἢ The spiral of Archimedes, r = αθ. 
Ἢ The logarithmic or equiangular spiral, log r = a6. 
5) The hyperbolic spiral, r6 = a. 


155. Areas In Polar Co-ordinates. 
Let AB, Fig. 54, be part of a curve whose equation is 
known in polar co-ordinates. 


Fic, δά. 


Suppose it is required to find the area of the sector OAB, 
contained between the curve and the two radii OA, OB, 
the angles made by them with the fixed line OX being 


LAOX =a 
ZBOX = 8. 
Let P be any point on the curve, and its polar co-ordinates 
(7, 9). 
., ΦΡΟΧ = 9. 


Let @ receive an increment $0, and 7, in consequence be 
increased by ὃγ. The polar co-ordinates of Q, the new 
position on the curve, are 

((r + 87), (8 + 80)) 

Then, with the construction shown in the figure, the area 
of the sector OPQ lies between the areas of the As OPM, 
ONQ, the areas of which are 

ΔΟΡΜ = ἂν 
ΔΟΝΟ =; (7 + δχ) 580, 
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If the angle 80 be now decreased indefinitely, then as 
86 —> O, (r + 8x) —> r 
and the area of the infinitely small sector approaches $r*d@. 
This is, therefore, the element of area, and the sum of 
all such sectors between the limits 0 =a and 0= 6 will 
be the area of the sector OAB. 
Expressing this as an integral, as before, 


B 
Area of sector OAB = | 1»340. 
When the polar equation of the curve is known, r can be 
expressed in terms of θ and the integral can be evaluated. 


Example. Find the area of the circle whose polar equation 
is r = 2a cos 0 (ὃ 153, d). 

If P be a point moving round the curve, the radius 
vector describes the area of the circle. 


Fic. 55, 


When P is at A, 06 = 0. 

When P is at 0, 6 = 5. 

"᾿ς as P moves from A to O, and the vectorial angle 8 
changes from O to 5» the area described is a semi-circle. 
Using the formula obtained above 


Area of semi-circle = | 3 d0 
0 


between the limits 0 and =, 
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The area of the circle is twice this. 


* Aven of cltcle οἷ | * 40, 
0 


But r = 2a cos 0. 
., Area = [sat cos? 6d0 
δ 5ἅπ 


= 4ω3 Ἰ cos? 0d0 
0 


= 4a | *4(1 +-cos 20)d0 (§ 114) 
0 x 

= 2a*[ 0 + sin 20] 

= 2a*[ Σ + dsin x] 


= 2a? x 5 


= πιαἷ. 


Exercise 32. 
1. Find the area of the cardiod whose equation is 
r=a(l -+ cos 6), the limits of 6 being 2x and 0. 
2. Find the area of one loop of the curve 7 = a sin 20, ¢.¢., 
How many loops are there 
between 0 and 2x. 2 — 


Note.—asin 20 vanishes when 0=0O and 6 -- 5. 


As the function is continuous between these values, the 
curve must form a loop between them. The student 
should draw roughly the whole curve. 
3. Find the area of one loop of the lemniscate 
γ = a* cos 20. 
How many ἘΜῸΝ are there in the complete curve? 
4. If the radius vector of the function r = a0 makes one 
complete rotation from Ὁ to 2π, find the area thus passed 
over. 
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5. Find the area which is described in the curve 

r = a sect 5 from §8=0to 6 = 5. 
6. Find the area enclosed by the curve r = 3cos 0 + 5 

between 0 = 2n and 6 = 0. 

156. Mean value. 

Let PQ (Fig. 55A) 
represent part of the 
curve of a continuous 
function 


7 ΞΞ 70). 
Let PA, QB be the 
X ordinates at P and VQ, 
where OA = a, OB = ὁ. 
Then from previous 
Fic. 55a. work we know that 


Area of APQB = | 3 f(x)dx. 


Let ABCD be a rectangle whose area is equal to that of 
APOB, i.e., to | Μαλέα, 

Draw LM : lel to OY, from L, the intersection of the 
curve, and parallel to OX. 

Area ABCD = AB x LM 


Area of ABCD 
LM = tg “Ξ 


_ Area of APQB 
AB © 
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LM Is sald to be the mean value of ordinates of the 
curve for the range of values x = atox = ὁ. 
b 
| Πι)αχ 


᾿ς Mean value of f(x) from a to b = Ἀπ τὴ kh 
Example. Find the mean value of 2 cos ἐ — sin 8ὲ between 
the values t = Ὁ and ἐ =F 


From the above, mean value 


[ cos¢ — sin andt 
A ΡΣ τ χης Ἐξ 
gern 


[2 sins + $08 87]' 


π 
6 
{2 sin ξ + $ cos 5} - {2 sin 0 + }cos 0} 
π 
_i-} 6 
Ogg 
6 
4 
π 


Exercise 33. 

1. Find the mean value of the function sin x over the 
range of values x = 0 to x = π. | 

2. Find the mean value of the function sin? x over the 
range of valuesx=Qtozx=n. | | 

ἃ. Find the mean value of y = = for the range of values 
*=Iltoz = 10. Piss | 

4. Find the mean value of y? = 4x between x = 4 and 
z= 0. 

δ. The equation of a curve is y = 0 sin? τ Find the 
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mean height of the portion for which x lies between ὃ 
and a. 
6. Find the mean value of cos x between x = Oand x =7. 
7. Find the mean value of the function y = asin bx 


between the values x = 0 and x = τ: 

8. The range οἱ a projectile fired with initial velocity vg 
and an elevation θ is Yo" sin 20. Find the mean range as 
θ varies from 0 to 5° 


157. Irregular areas. 

The determination of irreg areas, 4.¢., areas the 
boundaries of which cannot be expressed by formal equa- 
tions, is often a matter of great practical importance. 
There are certain practical methods, such as using squared 
paper and counting squares, which yield rough approximate 
results, but there are also methods of calculation by which 
the area can be determined with greater accuracy, though 
still approximate. The first of these is the trapezoidal rule 
which 15 as follows: 


158. The trapezoidal rule. 

Let the area which it is required to determine be that 
enclosed by the irregular curve PV (Fig. 56), the x-axis 
and the ordinates PA and VG. Divide AG into any number 
of equal parts, at B,C, D . . ., each of length /, and draw 
the corresponding ordinate PA, QB, RC... 

cin PO, OR, eee A | 

Let the lengths of the ordinates be y,,¥_,¥3 +++ | 

Then each of the figures formed by these constructions, 
such as APQB, is a trapezium, and their areas are 


(iy, +2) + (ya +s) +--+ tHe +52)- 


The areas of the trapeziums paprox ines to the areas of 
those figures in which the straight line PQ is replaced by 
the curve PQ, and so for the others. Consequently the sum 
of all these approximates to the area of the whole figure 


TS st iS STN RE ile Nags meme 
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which is required, and the greater the number, the closer 
will be the approximation. 


ες the area is approximately equal to 
(Yr +I) + (a +s) + (Οὐ Ἐγὼ - - - τς +91)} 
RTT Pit eae 
= (half the distance between the strips) x {(sum of first 
and last ordinates) + (twice the sum of other 
ordinates) }. 


= 
[= 


159. Simpson's rule for area. 

Considering again the irregular curve of the previous 
section, it is evident that if the chords PQ, QR, Ὡς Da ce 
were to be replaced by the arcs of suitable regular curves, 
and the areas so obtained be found by previous methods, 
the approximation to the area would be closer than that 
foun τὸ the trapezoidal rule. 

Accordingly we assume that the part of the curve 
joining three consecutive points, such as P, Q, R, is the arc 
of a parabola. 

Assume the origin for this parabola to be at B, so that 
the co-ordinates of A, B and C are —/, 0, +/, then the 
area of APRC can be found by integration, 
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Let the equation of the parabola, of which PQR is an arc, be 

y =a t+ bx + cx’. 
Then, since the equation is satisfied by the co-ordinates 


of A, B,C 
AP=a—bl+cP=y,. .. (I 
BQ =a=y εν Ὁ. . ΤΣ 
ΟΝ τε α -ἶ - οὐ -ἰ γ,.. . . ἃ 


| .. Ve=@ 
adding (1) and (3) γ. +43 = 2(a + al’) 
whence =, +93 —2a | 
=y, +73 — ys from yi 
P= ἐ(ν, +s —2y)- (A 
Integrating area of APRC 


on (a + bx + cx*\dx 
= [ ax + 46x? + joa] 
BM 
= ye +H Ἐν -- 2d) + ΟἹ 
τ 4 (+ ι Ἐ2)) 
hy 4 + τον τὴ 
Similarly, area οἱ RCET 
Abe (e+ Ys + 2s) 


and area of TEGV 
beat? ( = Ye +21), 


᾿ς area of whole 
= ξίοι +42 Ἐγὼ + (Ya ἘΔ). +90) + Ve ἘΦ +99) 
= ΤΣ Ἔγὴ) + 2lys + γὲ) + 4{γὲ. + Ya + ¥o)}- 


Clearly, this process can be applied to any even number 
of fritervalb, οὐ λα involves an odd number of ordinates. 
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Thus, if there be 2n intervals, there wil) be 2n + | 
ordinates. From the consideration of these results we 
may deduce: 

Simpson's rule for areas. 

If the area be divided into an even number of strips by 
equidistant ordinates, then 


Area = eh Bo ar {(sum of first and last ordinates) 


+ 2(sum of odd ordinates) + 4(sum of even ordinates)}. 
It will readily be undersood that the greater number of 
strips which are taken, the greater will be the accuracy of 
the approximation to the area. 
160. Worked Sample. Find the area of a quadrant of a 
circle of 2 inch radius. | 
In this example the result as obtained by Simpson’s Rule 
can be compared with the calculated area of the quadrant. 
Fig. 57 represents the quadrant. 
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δῇ 
2 
29 
rs 
eg 
o 6 
ΕΞ 
538 
ΞΕ 
88 

eT] 
58 
Ἑ 8 
τ 
© 


division representing one foot. 


7-91 


follows: 


(3) Even 
ordinates. 


sum 


3-14 square inch. 


13-8, 10-2, 8 and 6 inches 


pectively, and the length of the base is 24 inches, Find 


the area between the curve and the base. 


txnx4 


—, 
—* 


(2) Odd 


ordinates. 
x 46-82 = 3-12 square Inch. 


Exercise 34. 
1. The lengths of nine equidistant ordinates of a curve 


sum 6°59 
0-2 
=z {2 + (2 x 659) + (4 x 7-91)} 


_02 


= 53 
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Divide the radius OA into 10 equal divisions each of 


0-2 inch. 


12:3, 11:6, 12:9, 


Area 


Then the ordinates will be represented by ¥p Ye Vaqe- .).- 
as 
By Simpson’s rule 


Measuring these, the working is arrang 


Calculated areas 


The error 0-2 in 3-14 is less than one per cent. 


are 8, 10-5, 


res 
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by parallel 
| paching the 


fist t 
hs of the ordinates are 0, 1-24, 


2-37, 4:10, 5-28, 4-76, 4-60, 4°36, 2-45, 1-62, 0. Find the 


area. 


, the first and 


ngt 


ng curve. The le 


2. An area is divided into ten equal 
part 


ordinates, 0-2 inch a 
boundi 


9, 6-2, 5-0, 3-9. Find the 


4. Ordinates at a common distance of 10 feet are of length 


in feet, 


y the curve, the axis of x, and the end 


δ, 6-5, 9, 13, 18-5, 22, 23, 22, 18-5, 14-5, Find the 


3. The lengths of the ordinates of a curve in inches are 
7-9 


2-3, 8.8, 4-4, 6-0, 7-1, 8-3, 8:2, 


area under the curve. 
area bounded b 
ordinates. 


CHAPTER XV 
THE LENGTHS OF CURVES 


161. The measurement of the length of a curve. 


The student will remember that he has previously been 
faced with the problem of the length of a curve when 
considering the “circular measure’ of an ne mg The 
unit employed in this method of measuring angles is the 
rede which is the “ angle sencenees : δὲ Or centre of a 
circle an arc a in length to the radius gonometry, 
p. 150). The difficulty of comparing the έλαῦτ, a curve 
with that of a straight line is met by the assumption that 
the arc of a semi-circle subtends πὶ radians, where x is a 
constant the value of which the student has no means of 
finding except approximate practical methods. The 
student learns that this value has been found to be 
approximately 3-14159 . . . or some less accurate approxi- 
mation. Using this constant, the semi-circle is stated to 
contain wr units of length, where r represents the radius 
and that the length of the circumference of the circle is 
2rr units. 

It will be observed that this “ formula "’ for the circum- 
ference of a circle is, in reality, merely a statement that 
the ratio of the length of the circumference of a circle to 
its diameter is represented by the Greek letter x, where the 
value of xis undetermined. The determination of its value 
occupied mathematicians through the centuries, and by 
various ingenious devices, with which we are not concerned 
here, approximations were found. 

Modern mathematics, however, with the help of the 
calculus, as the student will see later, has solved the 
problem, and it can now be proved that the ratio is incom- 
mensurable, but that its value to any required degree of 
accuracy can be calculated with certainty. 

Since no part of a curve, however small, can be super- 
imposed on any portion of a straight line, so that it coincides 
with it, its length cannot thus be found by comparison with 
a straight line of known length. Integration, however, 
supplies a method of determining the length of any regular 
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curve. This method, as the student has probably antici- 
Pw is similar to that used for areas, expression is 
ound for “ an element of length’ of the curve and the sum 
of all such elements is obtained by integration. 

This process is called “‘ the rectification of a curve.” 


162. General formula for the length of a curve in cartesian 
co-ordinates, 

Let AB (Fig. 59) 
represent a portion 
of the curve of a 
function y = /(x) be- 
tween the points 4, 
where x = a, and B, 
where x = 6. 

Let P, Q be two 
points on the curve, 
and PQ the chord of 
the curve through 
them. 

Let P be (x, y). 

Let s be the length 
of the arc from A toB. 

When x is increased by 8x 


Ty ὃν 

then 8 = 5s. 
t.¢., 8s represents the length of the arc PQ. 

Then by geometry the chord = V (8x)? + (8y)*. 

[Ὁ be A close to P, 4.¢., a: des ail de length 
of the chord is nearly equal to the length of the arc. 

If Q is indefinitely close to P, in the limit when 8x —~+> 0, 
the chord approaches to coincidence with the curve and 
the sum of these chords is equal] to the length of the arc. 


Then ds = ν΄ (dx)? + (dy)? 


= pe (?) .dx or wir + . dy. 
.. Integrating ‘J 


S = fy I+ (ὦ; . dx, 


Fic. δῷ. 
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If the integration is more conveniently performed with .. circumference of the circle 
€ 
respect to values of y, then s = al >) Ἐ1 ὧν, where ἘΠ ΤΥ ς 
ς me d are the limits of y. 4 (3) fous io ΘΒ 
In many cases the evaluation of the integral is difficult == 2πα. 
and requires a more advanced knowledge of the subject Note.—The use of = is necessitated in the evaluation 
than is contained in this volume. of the definite integral, and it is there employed in the 
same way as referred to in § 161. 
163. Worked examples. | 
Example |. Find the length of the circumference of the Example 2. Find the length of the arc of the parabola 
ΒΡ ρου γ3 = a’, df " d x* = 4y from the vertex to the point where x = 2. P 
Since 2° 49° =a? The equation can be written in the form: 
y= να -- x = (α — χἣ)ὶ ; ai 2 
dy 4 
ee ee (a? ~ x%)-4 Χ ξ- 2x) , 
ae we 2 whence 2 = 5. 


“63 -- χϑ 
* oY" - x3 
AG) tae 
Considering the area of a quadrant the limits will be a 


and 0. 
Using the formula above, viz. 


sm [afi + (2) ae 
then $= [Wt tare ax 
τ [Nava | 


tl eye 


| Fic, 60. 
=a xX [ sin 5] : : 
a. represents the ᾿ of the curve of which the length is 
a, uired, The Fimits of x are clearly 0 and 2. 
=a x (5 - 0) sing 


= ξ΄. s= [afi + (Ὁ }.ὦ 


278 TEACH YOURSELF CALCULUS 
on substitution 


sam [νι fae 
=i[ ve Fs. ax 


οὶ by the formula of § 116, 
ἐπ [deve $4 + tlog EYE Ὁ 9} 


= i} erage? bepetpeiniaiaale 
_2+2 

= V2 + log a : 

= V2 + log (1 + V2) 


= 2-295 (approx.). 
(The logs being to base e.) 


164. Equation for the length of a curve In polar co- 
ordinates, 

The general method is similar to that in rectangular 
co-ordinates, In Fig. 61 let AB represent part of a curve 
whose polar equation is known. 


Let the angles made by OA and OB with OX be 8, and 6,. 
Let s be the length of AB. 
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Let P be any point (7, 9) on the curve, 

Let Q be a point on the curve near to P, so that ZOOM, 
the increase in 6 is 86 and PM is the increase in r, #.¢., 8r. 

Whence Ὁ ts the point (r + 87, 6 + 86). 

Let be the chord joining P to Q. 

Then QM = r80 and the arc PQ represents 8s. 

With the construction shown 

PM = ir. 

Then PQ? = (r80)* + (67)* 

When Q is taken indefinitely close to P, t.e., 30 —~ 0, 
in the limit 


= 


(ds)? = (γάθ)} + (dr)* 
| 2. ds = VA do) + oP 
. = Jn + (γ᾿. a0 Nas | 
. The limits of the integral are 6, and @,. 
| ye ὃ Pe | 
.. Integrating, § = J p2 + .ἂθ. ἢ 
| |, (go) ν 
We may also write (A) in the form 
ds = {fi +(e) dr 


4.6., we regard θ as a function of r; hence if the limits of r 


are r,, 4 eee λῆς 
s= fy + (4) oo bag 


165. Worked example. 

Find the complete length of the cardiotd whose equation ts 
r = a(l — cos 0), 

As was seen in § 154, the construction of a complete 
cardioid involves a complete rotation of the radius vector, 
so that 6 increases from 0 to 2z. 

Since γ = a(l — cos θ) 

do =asin 6. 


Using formula (1) above 
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8 ΞΞ [ναι — cos 0)}* + (asin 6)2d0 


-- αν [νι — cos 046 (on simplification) 
et elie 
= avi [4/2 sin? 3.40 


= 2a [sin 549 
Oo 
ῃ 35 
= 2al — 2c0s 5 
= 4a[— cos x + cos 0] 


Exercise 35. 


= [νπ = 2 cos 0 -+ cos? 8) + α 51η3 0}d6 
0 


1. Find the length of the arc of the parabola y = }73 
between the origin and the ordinate x = 2. 

2. Find the length of the arc of the parabola y* = 4x 
from x = 0 tox = 4. 

3. Find the length of the arc of the curve y* = 23 from 
*t. Find the i gth of th f th 

. Find the length of the are of the catenary y = cosh x 
from the vertex to the point where x = 1. ᾿ 

5. Find the length of the arc of the curve y ΞξΞ ἴ᾿ο 


between the 


integral see Ex. 28, No. 11.) 
6. Find the length of the part of the curve of y = log sec x 


between the values x = 0 and x= δ. 


7. Find the length of the circumference of the circle 
whose equation is r = 2a cos 0. 


8. Find the len 


r = a0, between the points where θ = 0 and θ = x, 


9. Find the len 


(Note.—The student should draw the curve. 


points where x =1 and x=2. (For 


8 


of the arc of the spiral of Archimedes, 


of the curve of the τ spiral 


70 =afrom@=}to@=1. (For the integral see Ex. 28, 


No. 13. 
10. 


3. 
Pind the whole length of the curve of r = a sin? 


0 
ἢ" 


CHAPTER XVI 


SOLIDS OF REVOLUTION. VOLUMES AND 
AREAS OF SURFACES 


166. Solids of revolution. 


It is obvious that the methods of integration which 
enabled us to find areas of plane figures may be extended 
to the determination of the volumes of regular solids. 

The solids with which we shall γε κ᾿ concerned are 
those which are marked out in space when a regular curve 
or area is rotated about some axis. These are termed 
Solids of Revolution. For example, if a semi-circle is 
rotated about its diameter it will generate a sphere. 
popcorn ὦ a rectangle rotated about one side will describe 
a cylinder in a complete rotation. 


167. Volume of a cone. 

The method employed for the determination of the 
volumes of solids or revolution can be illustrated by the 
example of acone. Ifa yotanged triangle rotates com- 
pletely about one of the sides containing the right angle as 
an axis, the solid generated is a cone. 

Or, if a straight line, equation y = mx, is rotated about 
the x-axis (or y-axis) so that it makes a constant angle 
with the axis, it will generate a cone. Since the straight 
88 poet through the origin, and is of undetermined 

ength, 


(1) The volume will be undetermined. | 
(2) The complete solid will be a double cone with the 
origin as a common apex, 


llel to the x-axis, the section will be a ἢ 
ence it is that the curve as stated in ὃ 151, Example 7, 
has two symmetrical branches. 
The volume becomes definite if an ordinate from a point 
on y = mx is also rotated to enclose a definite portion of 


251 


Incidentally, if the complete cone be cut by a Rene 
yperbola. 
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the cone. It is the volume of such a cone that we will pro- 
ceed to determine. 

In Fig. 62 let OA be the straight line y = mx, A being 
any point on it. 

Let @ be the angle 
made with OX. 

.» tan 6 = m. 

Let OA rotate 
around OX so that 
the angle made with 
OX ts always 96. 

Let OA! be the 
position after half 
a complete rotation. 
Then A, and every 
other point on OA 
after a complete 
rotation, will de- 
scribe a circle, and 
a cone will be generated with apex at 0. 

_ Let AMA? be the double ordinate joining A and 41. It 
is also a diameter of the circle formed by the rotation of 
A—viz., ABA}. 

Let V be the volume of the cone of which O is the vertex 
and the circle ABA! the base. 

OM represents the height of the cone. Let this be ἢ. 

Let P be any point on OA and its co-ordinates (x, y). 

Let x be increased by 8x so that the corresponding point 
Q on OA has co-ordinates (x + 8x, y + 8y). | 

PQ, on rotating, describes a small slice of the cone of which 
the ends are the circles described by P and Q. 

The thickness of the slab is 8x. 

[ts volume lies between the cylinders whose volumes are 


πνδχ and x(y + 8y)*dx. 

Let Q become infinitely close to P, so that 8x tends to 
become infinitely small and in limit is represented by dx. 
Thus as 8x —~ 0 the volume of the slice —> ry*dx. 

ty*dx is therefore the element of volume. 
ἦς The volume of the cone is the sum of all such elements 
between the values x = 0 and x = A. 
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But m = tan 0 = 


= 4rAM*% 
or, if AM = y,, the radius of the base 
Υ = ἐπγ, ἢ 
or volume of cone = 4 (area of base x height). 
168. General formula for volumes of solids of revolution. 


(A) Rotation around the x-axis. 
rag a (Fig. 63) be part of a curve whose equation is 
2 =J\). 


Fic. 63. 


Let it rotate around OX, generating a solid which is 
depicted in the figure. 
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Let ra BNB* be double ordinates so that OM = a, 


ON 
Let P(x ) be an int on the curve. 
age Gibeolan/ ΧΙ by 5x, so wig 0, the corresponding 
cme on the curve, is (x +- 8x, y 2 
Then, the volume of the μὲν ὅθι: by ΡΟ on rotation 
lies between ny*dx and x(y "ἐν Dae 
In the limit when Ὁ is Vianit y close to P, 


as 6x ——> 0, and ’y —~> 0, volume —— ry*dx. 


The volume of the whole solid is the sum of all such slabs 
between the limits x = aandx =—b. Let V be this volume. 


og V= [πγλάχ. ἐπ Wh) 


Since y = f(x) we can substitute for y in terms of x and 
integrate. 


B. Rotation around the y axis. 
Let AB (Fig. 64) be a portion of the curve of y = /(z). 


Wis fi ΤΌΝ 


Fic. 64, 


Let it rotate around OY so that A and B describe circles 
as indicated, centres M and N. 
Let OM = a, ON = 6. 


A Ma ly a EM I τον. ena itis ὦ 
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Let P (%, y) be any point on the curve and Q another 
eo wi ee (x + 3x, y + dy). 

ΘΙ, μοῖραι ine of the previous example, the 

slab generated by P01 becomes, in the limit, 


wx*dy. 


.. the volume of the whole solid is the sum of all such 
slabs between the limits y = a, y = ὁ. 


iY V = [πων ie ee 


From the equation xa) “titel. x can be found in terms of 
y and substituted in the in 


169. Volume of a sphere. 


Let the equation of the 
circle in Fig. 65 be 


3 +i = = a, 
The centre is at the origin 
and radius OA = a, 
t OAB 


Let the quadrant 
be rotated about OX. The 
volume described will be 
that of a hemi-sphere 
Using formula (1) of the 
g section, and re- 
presenting the volume of the sphere by V, we have; 


V =2 x [nyde 
= 2 |" x(a* — κἢ dx ἘΝ et eel 
0 


= ὃπ [εχ - ἐὉ}" 
ae 
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171. Volume of an ellipsoid of revolution. 
This is the solid formed by the rotation of an ellipse 
(1) about its major axis, 
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170. Volume of part of a sphere between two parallel 


planes. 
In Fig. 66 let the quadrant OCD of the circle x* + γῆ = r3 
be | or (2) about its minor axis. 
(1) Rotation about the major axis. 
The rotation as shown in Fig. 67 is supposed to be about 
AA}, t.e., OX. 


| 
ΕἸ ΤῸΝ 
om τῶν 
— 
-_ 
Ὁ} 
= as 
—_ 
—T | 
[--αττῇ 7 
— a | 
AY , [Ε 
ΞΕ 
ΕΊ 
I 
I 
= a 
=: 
ΓΞ 


oe 
Fic. 66. 
mene 5 around OX describe a hemi-sphere. Let two 
] planes whose distances from O are given by OA = a, 
B = ὃ, mark out the segment whose volume (V)isrequired. 
We may use equation (A) in the example above to express V. 
| δ Ϊ Consequently any section perpendicular to OX is ἃ circle. 
Then Ai J πίγ" — x*)\dx Let the equation of the e sage 
x[rx 7 2+ =1. 
γ = ᾿ (α" — χὮ. 


= πί(γ ὁ — ἐδ) — (r7a — ἀα)} 
= n{r?(b — a) — $(b° — a5)} 
= πὸ — a){r — 4(b* + αὐ + δῆ} 
If 6 =, the part of the sphere becomes = spherical cap. 
Then V -- πίν — a){r* — }(r? + ar + a)}. 
Note.—When in this result a = 0, the spherical cap 
becomes a hemi-sphere, and the result is one-half of 
the volume of the sphere found above. 


Let V be the volume of the ellipsoid. 


Consider the volume marked out b 
quadrant OAB, the limits being o and a. 
Then, using formula (1) of § 168 


This volume = ny"dx. 
ὃ 


the rotation of the 
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α ("5 
μὰ V = 2 π a? — dx 
: i {= (@ — «ἢ 
8 
ΕΞΞ ae Ϊ (a? — x \dx 
ae 
= Oe [ate — i] 
2nb* 
= <> (a — ja) 
ee = ξ ποῦ". 
Note.—If ὃ = a, the ellipsoid becomes a sphere. 
(2) Rotation about the minor axis. 
Let the equation of the ellipse be 5: +35 = 1. 
In this case, as indicated in Fig. 68, the rotation being 


about OY, any point P (x, y) on the circumference of the 
ellipse will describe a circle radius x and centre on OY. 
e area of such a circle is πα, 
.. Volume of slab between two such circles infinitely 
close together is 
nx*dy. 


re er ea eee 
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.. Using formula (2) of § 168 and considering the half 
oe ellipsoid above OX, we have, the limits of y being 
b and o: 
Volume of half the ellipsoid 
= [ nxidy 
ῃ 
.. Volume of whole ellipsoid 
= 2 π | x*dy 
0 


“ἐῶ ' a” (05 — y")dy 
-- 3π. Δ Ο' — y*)\dy 
= SS ( — 45) 

“Ὁ γε : παῖ. 


The solid formed by the rotation of the ellipse about 
(1) The major axis is called a prolate spheroid. 
(2) The minor e an oblate spheroid, 
Note.—The solid, not of revolution, in which those 
sections which are perpendicular to the plane of 
XOY, as well as those which are parallel to it are all 
ellipses, is called an ellipsoid. 


172. Paraboloid of revolution. 

This is the solid generated by the rotation of a parabola 
about its axis. It is not a closed curve, consequently we 
can obtain only the solid generated by part of the curve. 

There are two cases. 

(1) When the axis of the parabola coincides with OX. 

The general form of the equation in this case is 

y? = 4ax. 


E (CAL.) 
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OP in Fig. 69 represents part of the curve. 

P is any point on the curve, its co-ordinates being (x, y). 
PA is the ordinate of P, and OA =c. OP rotates around 
OX, generating a solid, with a circular base POR. 


Fic. 69. 


As shown in ὃ 167, the element of volume is ry*dx, and the 
limits of x are Qandc. Let V be the volume. 


VY = [ποῖα = τ | daxdx 
0 0 


= πᾶ [ 2x 
= 2mac?, 
Note.--The cylinder indicated by the dotted lines in 
Fig. 69, having PRQ for one base, and a circle equal 
and parallel to it with O as centre, is the circum- 
scribing cylinder of the paraboloid. 
The volume of this cylinder = ry* x OA 
=n Χ 4ac x ὃ 
= 4rac*. 
.. Volume of the paraboloid equals half that of the 
circumscribing cylinder, 
(2) When the axis of the parabola colncides with OY. 
In Fig. 70, QOP represents part of a parabola, the equation 
of which is 
y = ax’, 


SOLIDS OF REVOLUTION. VOLUMES AND AREAS 291 

Let P (x, y) be any point on the curve. 
Let PB be its abscissa, so that 

OB = 6. 
The element of volume as shown in § 168 (B) is 

nx*dy. 

The limits of y are 0 and ὃ. 
., using formula (2) of § 168 


V = | nxtdy 
" 6 
=*[ τὰ 


="[*], 


ab? 
= +. r . 
Note.—Compare this with the volume of the circum- 
scribing cylinder. 
9) Parabola whose equation is y = kx* rotating about 
O 


The parabola does not 
rotate about its own axis, 
which coincides with OY, 
but with the other axis. 

Let the curve OQP 
(Fig. 71) represent part 
of the curve of the func- 
tion between the origi 
and x = a, where PM is 
the ordinate of P and 
OM =a. 

Let V be the volume 
generated by OP as the 
curve ag ig τοῦ OX, Y ag 
occupyi the sition c. 71. 
OO1P! after a half rotation. 

sing formula (1) of § 168, the element of volume is 
ny*dx, and the limits of x are 0 and a. 
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ΝΑ V => [πριν 
0 
=n | ” (x2) 2dx 
0 


-- Ὁ. [λχ6} 
mire! 
= ἔπκ3αὅ. 
If the part of the curve which is rotated is QP, where 
ΟΝ is the ordinate of Q and ON = 8, then the volume 
generated is given by 


Ρ a | ὁ nytdx = }k*(a5 — 58). 
ὃ 


173. Hyperbolold of Revolution. 
This is the solid generated by the rotation of a hyperbola, 
It may take different forms. Nags 
(1) Rotation about OX of the curve whose equation is 


Since there are two symmetrical branches of the curve, 
as shown previously, there will be two corresponding solids, 
one of which is shown in Fig. 72. 


ΥἹ 
Fig, 72. 


These two parts are called an hyperbolold of two sheets. 
Clearly, there will be no part of the solid between A 
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and Αἴ, Also there is no enclosed solid, but the volume 
yey be found between sections corresponding to two values 
of x. 

Let P be any point on the curve, and PM its ordinate. 

Let OM = c. 

Let V be the volume between the vertex A, where 
*=a@ands=c, 

Then 


| adi δ᾽ (x* — a*) 
V= [ ry*dx = [ za 
nb? a ee | 
aa [a atx | = δ, (οὗ — 3a*c --- αὐ + 8.5) 
-- ps (ὦ — 3a% + 265). 
(2) Rotation around ΟΥ̓́. 
Let the equation be 
x? 
a — pol. 
The solid formed will be as indicated in Fig. 73. 


Fic. 73. 


Since the two parts of the curve are symmetrical, an 
point P on the curve, after a half complete rotation, wi 
coincide with the reens point P? on the other arm. 
Fhe pees like every other point on the curve, will describe 
a 8. 
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The solid is therefore continuous, and is called a hyper- 
boloid of one sheet. It stretches out infinitely around the 
ἔθεον and any volume which has to be determined will be 

unded by sections corresponding to two values of y, 


say y, and yy. 

This πρίν can be found as in former examples. 

(3) Rotation of rectangular hyperbola about its asymp- 
totes, which, as shown in § 151, Ex. 7, are the rectangular 
axes OX and OY. The equation of the curve is xy = οἷ, 
and there are two parts of the solid, above and below OX. 

The eo of the volume contained between two sections 

rallel to one of the axes can be found in the usual way. 

us, if P and Q are two points on the curve (Fig. 74), and 


the corresponding values of y are y, and y,, the volume 
would be i by j ¢; 
[ ‘ wx'dy. 


nr 
Note.—Only that sheet of the hyperboloid which is 
above OX is shown. There is a second similar sheet 
below. 
Exercise 36, 
1. Find the volume generated by the arc of the curve 
jie ηὉ 
(1) when it rotates round the x-axis between αὶ = 0 
and x = 3; 
2) when it rotates round the y-axis between x = 0 
and x = 2, 
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2. Find the volume generated when an arc of the curve 
οὗ γ -Ξ χὃ 


(1) rotates round the x-axis between x = 0 and 
ἃ =o; 
(2) rotates round the y-axis between + =0 and 
% == 2, 


3. Find the volume of the cone formed by the rotation 
round the x-axis of that part of the line 2x — y + 1 =0, 
intercepted between the axes. 

4. The circle x? + y? = 9 rotates round a diameter which 
coincides with the x-axis. Find 

(1) the volume of the segment between the planes 

' dicular to OX whose distances from the centre, 
and on the same side of it, are | and 2; 

(2) the volume of the spherical cap cut off by the 
plane whose distance from the centre is 2. 


5. Find the volume generated by the rotation of the 
ellipse x* + 4y* = 16, about its major axis. _ 

6. Find the volume generated by the rotation round the 
pti the part of the curve y? = 4% between the origin 
and x = 4. 

7. Find the volume generated by rotating one branch of 
the hyperbola x* — y? = a? about OX, between the limits 
x = O and x = 2a. 

8. Find the volume of the solid generated by the rotation 
round the y-axis of that part of the curve of y* = 2° which 
is contained between the origin and y = 8. 

9. Find the volume of the solid generated by the rotation 
about the x-axis of the part of the curve of y = sin z, 
between x = 0 and x = =. 

10. Find the volume generated by the rotation round 
the x-axis of the part of the curve of y = x(x — 2) which lies 
below the x-axis. 

11. If the curve of xy = 1 be rotated about the x-axis, 
find the volume generated by the part of the curve inter 
cepted between χα = 1, x = 4. 

2. The parabolas y? = 4x and x* = ἐγ intersect and the 
area inainaid between the curves is rotated round the 
x-axis. Find the volume of the solid thus generated. 
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174. Simpson’s rule for volumes. 

Simpson’s rule for calculating the areas of irregular 
figures can be adapted to find the volume of an irregular 
solid. Thus, if the areas of the cross-sections of the solid 
at equal intervals are known, these can be plotted as 
ordinates of anirregular curve. For example, if in Fig. 58 
of Exercise 34, each of the ordinates represents the area of 
a cross-section of the irregular solid and / represents the 
distance between the cross-sections, then the sum of their 
products, which are represented by areas in Fig. 58, will 
represent the volume of the solid. Just as applying 
Simpson’s rulein Example 34 we find the area of the irregular 
figure, so the products will now represent the volume of 
the irregular solid, In the particular example quoted the 
area was found to be 73-5 square feet, so, now, the volume 
of the Irregular solid is 73-5 cubic feet. 

Note.—When the values of the areas of sections are 
not known at equal intervals, those which are given 
should be drawn, the curve plotted and then the 
ordinates required should be drawn and measured. 

Examples can be found in books on practical 
Se sage such as National Certificate Malhensation, 

ol. II. 


Areas of surfaces of solids of revolution. 


175. Area of curved surface of right circular cone. 

The curved surface of a right circular cone, if unrolled, is 
the sector of a circle. The problem is therefore that of 
determining the area of this sector, and this can be found 
by previous methods. 

τὶ | = radius of the sector ({.6., the slant side of the 
cone). 

Let r = radius of circular base of cone. 

Let A = area of curved surface of the cone. 

Then it can readily be shown that 

A= trl. 


Area of curved surface of a frustum of a cone. 
ΕΝ cone (Fig. 75) be cut by a plane, CD, parallel to 
e base, 


SP cs 
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Then ABDC is a frustum of the cone, 

The curved surface of the frustum can be considered as 
the limit of a very large number of small trapeziums, such 
as PORS. 


Fic 76, 


Using the formula for the area of a trapezium, in the 
limit, this sum—+t.e., the area of the curved surface of the 
frustum—is 

AC x } (sum of circumferences of circles AB and CD), 

., if r = radius of base (AB) 
and vr, =radius of section (CD). 

Area = 3AC x 2n(r, - ἡ 


176. General formula for area of a surface of revolution. 


Let AB (Fig. 76) represent a portion of a curve which 
rotates round OX, generating a solid of revolution. We 
fe oy to find an expression for the surface of this solid. 

t PQ be a smal ens the curve, which on rotating 
ΘΕΟΣ 8 — (3 ) of the surface of the whole. 

P and Q, on rotation, describe circles, PP}, QQ4, with 
centres M and N on OX, 

Let PM = y. 

Then QN = y + ὃν. 
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If PQ be small the portion of the surface which it generates 
may be considered as surface of the frustum of a cone. 


*, as shown in § 175, its area is ῶπ x y — a Χ 3s. 


If rf PO becomes indefinitely small so that Sy —~> 0. 
Then, in the limit, area of strip = 2πγάξ. 
It was shown in § 162 that 


as =/1 + (2) dx or “1 + (Sy 


ἐς if s be the total area of the surface. 
— γεν 
s = aefya/ ().α εἰ λα Pgh) 


or 2π γκί i +(F). i i Vet Wel 


In particular problems limits are stated, and thus the 
definite integrals may be found. 
Note.—The form of the integral above may lead to 
complicated integration, consequently only simple 
examples will be given. 


Rotation round OY. The above formulae are used 
when rotation is round OX. If rotation be round OY, the 
following formulae may be used. 


s = 2nfxg/ + (HL). ax . lave, 
or sm [κι {1 + (2)" gy oie Eg 


177. Area of the surface of a sphere. 


Let x* + γ᾽ =a? be the equation of a circle which 
᾿κας ig a sphere by rotation about OX, on which there- 
ore lies a diameter. 


Since x? + y? = α 
γ ΞΞ. να -- χῇ 
Ἰὰς. μὰ x 
de ate 
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The limits of the integral when a quadrant rotates are 
o and a, giving rise to a hemisphere. 
. using formula (1) above. 


Surface of hemi-sphere = 2r [y x 5a 
0 
a 
, 
= anal x 


= 2πα3. 
ἐς Area of surface of sphere = 4πο. 


Exercise 37. 


1. Find the area of the surface of the solid generated by 
the rotation of the straight line y = 3x around the x-axis, 
between the values x = 0 and x = 8. 

2. Find the area of the surface generated by the rotation 
about OX of the curve of y = sin x, between x = 0 and 
S ==. 

3. That part of the curve of x* = 4y which is in ted 
between the origin and the line y = 8 is rotated around ΟΥ̓́. 
Find the area of the surface of the solid which is generated. 

4. The curve of the function χα + y!=a! rotates 
around OX. Find the area of the surface of the solid which 
is formed between x = 0 and x = a. 

5. Find the area of surface of the zone cut off from a 
sphere of radius r by two parallel planes, the distance 
between which is h. 

6. Find the area of the surface of the solid generated by 
pay) (pg alain the curve y = x*, between 
= := 


CHAPTER XVII 
USES OF INTEGRATION IN MECHANICS 


ἡ Ι. Centre of Gravity. 
178. 

Integration, as a method of summation, can be applied 
to the solution of many problems in mechanics in which 
it is required to find the sum of an infinite number of 
infinitesimally small products. Some of these are included 
in this chapter, but in a volume of this size and purpose 
only a few of the simpler examples can be given. 


179. The centre of gravity of a number of particles. 

It is shown in treatises on mechanics that if a series of 
parallel forces acts Spee a body, the point through which 
their resultant can be considered as acting is called the 
Centre of Force; also the resultant is the algebraical sum 
of these parallel forces (Mechanics, § 24). 

This can be otherwise expressed as follows: 

Let m,, m,, m;... be the masses of a number of particles. 

Let (αν γῇ, (%q, Ve), (%s, ¥g) « « - be the co-ordinates of the 
positions of the particles with reference to two rectangular 
axes, OX, OY. 

Each of the particles is acted upon by the force of 
gravity, this force being termed the weight of the particle 
and ἐμῷ Hogs aoa to its mass. 

Since this force is always directed towards the centre of 
the earth, these forces, in a small se of particles, may 
be considered as a system of parallel forces, which can be 
denoted by 

ME, M8, M38, » > » 
or Wy, We, Ws, ο ἃ ἅ 
where w represents the weight of a particle. 

The centre of force of this system is the centre of gravity 
of the particles. 

Let the co-ordinates of the centre of gravity be (2, ¥). 

Let M be the sum of the masses of the particles. 

300 
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1.¢., M= + m, + %,+..- 
or M = X(m). 

The product of the mass and the distance of the particle 
from any point or axis, Is called the moment of the force 
about that point or axis. 

It is established in mechanics that the moment about any 
axis of the resultant acting at the centre of force Is equal to 
the sum of the moments of the particles about the same axis, 

.. considering the system of particles above and taking 
moments about OY 

Megx = My OX, + ὩΣ -}- Ng LX, = ese 
or, dividing throughout by g 
Μὰ = yk, τι MyX_ + MgXy + 
τι with the usual algebraic notation 


π -- =(mx) 
τ £(m)" 
Similarly, considering the moments about OX 
- __ =(my) 
¥ = S(m) * 


The point (%, 5), the moments of which we have found, 
is the centre of mass of the system, or considering the masses 
as acted upon by the force of gravity, the centre of gravity 
(c.g.) of the system. 


180. The centre of gravity of a continuous body. 


In the above section we have considered the c.g. of a 
system of eda irrespective of their distances from one 
another. But a continuous solid body can be regarded as 
made up of an infinite number of infinitely small ‘por 
and the centre of gravity of these is the centre of gravity 
of the body. . 

As the moment of each of these particles about an axis 
is the product of its mass and its distance from the axis, the 
problem of finding the sum of these products at once 
suggests integration as the means of effecting it. The 
method of applying integration is most easily shown by 
examples, such as those which follow. : 
It should be noted that c.g. of a body must clearly lie 
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upon any axis of symmetry which the body possesses. For 
example, the c.g. of a solid of revolution must clearly lie 
on the axis about which the revolution takes place. This 
suggests that for the purpose of finding the c.g. it will 
generally be simpler to take the axis of revolution as a co- 
ordinate axis. 


181. To find the centre of gravity of a uniform semi- 
circular lamina. 

The c.g. evidently lies upon the radius which is perpen- 
dicular te the Menler of the semi-circle at its centre, #.e. 

᾿ on OA in Fig. 77. This line 
should therefore be taken as 
the x-axis and the diameter as 
the y-axis. 

If the radius of the circle is 
a its equation is 

x3 + y? = qi, 

Since the lamina is uniform, 
its mass, or that of any part of 
it, can be 9. ag by its 
area. If m be the mass of 
unit area, it will occur on both 
sides of the equations found in 
§ 179, and so will cancel out. 
δὲς 2 Let x be the distance of the 

ve Bk c.g. from O, along OX, 

If a narrow strip of width 8x be considered, at a distance 
x from OY, such as is indicated by PQ in Fig. 77, then 

| areaofthestrip = 2y. 8x 
and moment of the strip = 2yéx x x. 

In the limit when the width of each strip becomes 
indefinitely small, 

Sum of areas of strips, t.¢., area of semicircle 


sf 
0 
also sum of moments of these strips 
mo [νὰν x~i=z [ 2yxdx. 
0 ‘9 


Ρ 
: 
, 
LA 
A 
, 
Y 
i 
, 
A 
Y 
, 
᾿ 
(4 
Q 


| 
| 
| 
ἰ 
| 
| 
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by the principle of moments 


_~ an [ 2ydx = [ 2ayde. 
0 0 


ΓΞ J aay " Qydx. 


But γ = Vat — 2. 7 
* t= | eval ade = [ovata ds 
0 “0 
=[- ie - 2) | + 4na* (§151, Ex. 3) 
= κα — ἐπα], Υ 
τς Δα 
A Ot’ 


182. Tofind the centre of gravity 
of a solid hemisphere. 

Let the semi-circle of the pre- 
ceding example rotate about 6x ᾿ 
thus generating a hemi-sphere. 
The c.g. will lie on the axis of 
rotation, OX, 

Let x be its distance from O. 

Equation of curve is 

x* + y? = a}, 

as radius μὰ e ν nn 

Ihe rectang oO e pre- 
ceding example ὧν rotatin will 
generate a slab, which, when the width of the rectangle 
is very small can be considered as cylindrical. 

ἦς in the limit this volume = ry*dx. 


.. volume of hemli-sphere = ” nytdx 


= a + = or - 
ΤΠ ONT ΠΠΠΤΙΤΙΤΤΙΠΤΟ 


Fic. 78. 


moment of cylindrical slab = nytdx x Me 
εἰς sum of moments of all such slabs = | “πγλχάχ. 
o 


Also moment of hemi-sphere =X Χ [ποῖα 
o 
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But these are equal. 


oe % [ πάλ = | Ἢ πγῖχάχ. 
0 0 
᾿. &= an χίαβ — x*\dx + [ (a? — x*)dx 
0 


= π[ 4.» — txt] + §na® (169) 
ar ie ta’) - > "na? 
"= and 
7. & = ga. 


183. Centre of gravity of paraboloid generated by the 
rotation of the curve of y = x*, about OY. 


Let the limits of x be Ὁ and 2, When +=2, y =4, 
Fig. 79 represents the solid generated by the rotation 
about OY of that part of the 
parabola y = x* between the 
values = 0 and x = 2 (see 
§ 172). 
The c.g. lies on OY. 
Let its distance e from be’. 
PQ τ small 
cylindrica mab, formed, ἐν 


τ of very aaa wid 
Fic. 79. Let the co-ordinates of P 


In the limit when width of Pieters becomes infinitely 


Volume of slab = nx*dy, 
Moment of slab about OX = nx*dy x y 


τς sum of moments for all such slabs = |” mxtdy x y (1) 
y= 
Volume of the whole solid = | : nx*dy. 


0 
.". moment of whole solid = y x | "weedy (2) 
ῦ 


oo eo 22 = 


a ἡ. α΄ «ἰνῶν» 
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Equating (1) and (2) 
y x | κῶν = | expe. 
0 0 


= 4 ᾿ 4 ΓῚ 
a y= | ny*dy + | πγᾶν (since x* = y) 
0 0 


=-[b*], = τη» 
=x #) = ¢ x16 


= ΕἾ 
.. the c.g. Is ᾧ units from 0 along OY. 
Note.—This is 3 the height of the solid, 


184. Centre of gravity of a 
uniform circular arc. 
Let BAC (Fig. 80) represent 
a circular arc. ᾿ 
Let r = radius of arc, centre 


0. 
Let 2« = angle subtended at 
the centre. , 
Draw OA bisecting this 


FL OA be the z-axis. 

The c.g. of the arc must lie 
on OA. 
P Let x = distance of c.g. from 


Let P be the point (x, y), 
and PQ be a small arc sub- Fic. 80. 
tending an angle 86 at O. 
Then PQ =r. 86. 
The c.g. of all such arcs as PQ must lie on OA. 
.. Moment a ton about 4 = 750 x x and x = rcos 0. 
Σὰ = r*cos 0. δθ. 
In the limit when PO i is ὅσα infinitely small 
Moment of =r cos 040. 
Mass of arc BC =r x 2a 
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(representing mass by length as arc is uniform) 
moment of arc = x x r X 2a. 
Equating moments 
ξ x Wee [pcos 0. do 


a 
=2| r2 cos 0 40 
oO 


”, & x 2ra = 22 [sin 6] 


= 2r* sin «. 

- 2r*sinag 

c= --- 
2re 

= rsing 

x= -—--— 
a 

Exercise 38. 


1, Find the centre of gravity of the parabolic segment 
bounded by y? = 4ax and the line x = ὁ. 

2. Find the centre of gravity of the segment of the para- 
bola γ = 8x, which is cut off by the line x = 5 and the 
axis of the bola. 

3. Find the centre of gravity of the area bounded by the 
curve y = 2, the y-axis, and the line y = lL. 

4. Find the c.g. of the parabolic segment of y = 23, 
which is contained by the curve, the y-axis, and the line 


= 
== 


5. Find the c.g. of a quadrant of a circle, radius r. 

6. Find the c.g. of the area between the curve of y = sin x, 
and the z-axis from x = 0 to x = x. 

7. Find the c.g. of a thin uniform wire in the shape of a 
semi-circle, radius r. 

8. Find the c.g. of a thin uniform wire in the shape of a 
quadrant of a circle, radius r. 

9. Find the c.g. of the circular sector shown in Fig. 80 
as OBAC. 

10. Find the c.g. of the right circular cone formed by the 
rotation of the line y = mx about the origin to x = h. 

11, Find the c.g. of a quadrant of an ellipse whose 
diameters are 2a and 2b. 
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12. Find the c.g. of the area bounded by the hyperbola 
= «?, the x-axis, and the ordinates x = a, x iat fas 

13. Find the c.g. of the solid formed by the rotation of 
y = x* about the x-axis between the origin and x = 3. 

14. If the —— of the curve of ay* = x* which is 
bounded by the curve, the x-axis and the ordinate x = ὃ, 
rotates about the x-axis, find the c.g. of the solid thus 
generated. 


MOMENTS OF INERTIA AND RADIUS OF 
GYRATION 


185. Moments of Inertia. 


Let m,, tM, M3, . . . be the masses of a series of particles 
forming a system. 

Let γὴν 79, 73, - - - be their distances from a given straight 
line or axis. 

Then the sum of the products 

1,755, m7, my," . . . OF D(mr*) 
is called the moment of inertia of the system, and is usually 
denoted by M.I. or I. 

It is also called the second moment of the system, while 
£(mr), which was defined in § 179, is called the first moment. 

As was pointed out when considering centre of gravity 
(§ 179), a rare ag lie ge body can be reg as a 
system of infinitely small particles which, with the usual 
notation, can be expressed by dm. 

The sum of the products or second moments then 
becomes Z7*dm, This sum, taken throughout the body, 
becomes in the limit the integral [ dm. 

ΜΙ. = | r8dm. 


The moment of inertia becomes of great importance 
when the body is rotating about an axis. 
Suppose a body of mass M to be moving in a straight line 
with velocity v. Then its 
Kinetic Energy = 4Mv?. 
Thus the Kinetic Energy of any particle is 4v*dm. 
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Now suppose a body of mass M to be rotating with 
angular st τα ity ὦ about an axis. 

Then a particle dm is moving at any given instant with 
linear velocity v where v = roo. 

Its kinetic energy is 4dmv* 
$£., 4dm (rw)? 

ἐς the total kinetic energy of the body is 

ΚΕ. = [}(ro)*dm = ξωϑ [γλάρι 
= fo* x MI. 
’. Total kinetic energy = $(moment of inertia) x «? 


186. Radius of gyration. 
If the moment of inertia be written in the form 
] τ Μκϑ 
so that k= VI + M. 
then κ Is called the radius of gyration of the body. 

From these statements it is clear that— 

The kinetic energy of a body and the moment of Inertla 
are the same as If the whole mass were supposed to be 
concentrated at a point whose distance from the axis of 
rotation Is «x. 


187. Worked examples. 

Example |. Find the moment of inertia and the radius of 
gyration of a uniform slraight rod about an axts perpendicular 
to the rod at its centre. 

Let M be the mass of the rod. 

Let 2a be its length. 

Since the rod is uniform its mass may be represented by 
its length. 

., M is represented by 2a. 

Let O (Fig. 81) be the centre of the rod and OY the 
perpendicular through O. | 

It is required to find the M.I. of the rod about OY. 

Let PQ be a small element of the rod, where the distance 
of P from O is x. 

Then PQ can be represented by 8x. 

M.I. about O of the element PQ = χἕδχ. 


cr ied ΕΣ 
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Fie. 81. 
In the limit when this element becomes indefinitely small 
ΜΙ. of the whole rod = [* x%dx 


= §a* 
but Μ = 2a. 
“. [= Ma’, 
Since Mi = 4Ma? 
ee ’ /3 


about an axis which bisects 
two opposite sides. 
Let ABCD (Fig. 82) re- 
t the rectangle. — 


Ge mass M,. 
By Example 1 its 
ΜΙ. = $M,a’*. 

The M.I. of the whole rectangle is equal to the sum of 
all such strips. 


Fic, 82. 
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ἐπ, MI. =}(M,o* + Mya*+M,a*+...) 
= }a*(M, +M,+M, + * © 
= Ma’. 


Example 3. Find the MI. of a uniform circular lamina 
of radvus r and mass M, about an axis through its centre and 
perpendicular to the plane of the lamina, 


ra 
Vi ἊΝ 
εἰ 
Ἢ 
5 , 
4 
“ 
εἶ F 
on ; Uf 


Fic. 83(d). 


γ' 
Fic. 83(a). 


Fig. 83(a) represents the circle, centre O, OY being the 
axis, perpendicular to the plane of the circle, about which 
it rotates. 

Fig. ry represents the plan of the circle. A small 
circular band, radii χα and x + 8x, represents the element of 


area 
M.I. of this band = (2x .dz) x χϑ. 
The sum of all such as this throughout the circle is the 
M.I. of the whole. 


ΜΙ. = [' Qnx8dx = 2n[ hx] = fort 
But M= L | 
᾿ MIL = ἐμ, 


Exercise 39. 


1. Find the moment of inertia and the radius of gyration 
of a uniform straight rod, length J, about an axis perpen- 
dicular to its length at one end of the rod. 

2. Find the M.I. of a uniform rectangular lamina of 
sides 2a and 2b about the side of length 2b. 
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3. Find the M.I. of a uniform circular lamina of radius r 

about a diameter. 
4. Find the M.I., about OX, of the ellipse whose equation 
is 
wr ue 
za + a= l. 
δ. Find the M.I. of an isosceles triangle, height ἢ about 
(1) its base; 
(2) an axis through its vertex parallel to the base. 

6. Find the M.I. of a right circular cone, radius of base r 
about its axis. | 

7. Find the M.I. of a uniform circular cylinder, radius of 
base r, about its axis. 

8. Find the M.I. of a fine circular wire, radius a, about a 
diameter. 

9. Find the M.I. about OY of the area of the segment of 
the parabola y? = 4ax between the origin and the double 
ordinate corresponding to x = b. 

10, Find the M.I. and radius of gyration of a uniform 
sphere, radius r, about a diameter. 


188. Theorems on mo- 
ments of Inertia. 


The following theo- 
rems are helpful in the 
calculation of moments 
of inertia in certain 
cases. 

|. The moment of 
inertia of a lamina 
about an axis OZ per- 
pendicular to its plane, 
is equal to the sum of 
the moments of Inertia Ζ 
about any pair of rect- Fic. 84. 
an wae on ΝΜ | 
OY In the plane of the lamina. 

Let P ἐς a particle of mass πὶ in the plane of OX, OY 
(Fig. 84), 
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Let its co-ordinates with regard to these axes be (x, y), 
oinOP, Let OP =r. yi 
t OZ be an axis perpendicular to the plane XOY. 
Then POZ is a right angle. 
.", moment of inertia of particle at P about axisOZ = mr*. 
Let PM, PN be drawn perpendicular to OX, OY. 


Then OP? = 0M? + MP? 
or γ" = x8 + γΆ͵ 


or I,=I1,+],. 


where J,, I,, I, are the moments of inertia of m about the 
areas OX, OY and OZ, respec- 
tively. 

This is true for all particles of 
a lamina of which the particle at 
P is a part, and is therefore 

true for the whole lamina, 
\ As an example let us consider 
the case of the circular lamina 
described in Exercise 39, ques- 
Pet ABC (Fig. 85) represen 

; (Fig. ta 

circular lamina, 

Let XOX! be a diameter. 

If J, be the M.I. about this 
diameter, then it was found in question 3, that 


I, = 1Μ»γ3, 
If YOY? be another diameter at right angles to XOX}, 
then I, =34Mr 
o. Ip +1, =4Mr + ἘΜ" 
= $Ma'. 


If OZ be an axis perpendicular to the lamina and therefore 
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unripe toOX and OY, then, it was shown in Example 
3, p. 310, that 
I, = 4Mr*, 


Hence I,=1, τ], 


ll. Theorem of parallel axes. 

Let I, be the M.I. of a mass M about an axis through its 
centre of gravity; let a be the distance of a parallel axis 
from the centre of gravity. Then 

M.I. = fe + Ma?, 
This may be defined as follows: 
The moment of Inertia of a body about any axis Is equal 
to the sum of— 
the moment of Inertia about a a axis, and 
the pb ape of the mass and the square of the 
distance of the axis from the centre of gravity. 

It is evident that (2), #.e., Ma*, is the same as the M.I. 
of the whole mass, collected at the centre of gravity, about 
the selected axis. 


189. Worked examples. 

Example |l. Find the MI. 
of a uniform circular lamina, 
radius a, about a tangent. 

In Fig. 86 the tangent to 
the circular lamina centre C 
is taken as OY. 

BC is an axis parallel to 
OY through C, which is, of 
course, the c.g. 

Then, by the above theo- ΣΟ, 56. 


rem 
ΜΟΙ. about OY = M.I. about BC + Μαβ, 
But M.I. about BC = }Ma*. (Ex, 39, (3), and example 


on Theor, I. 
ἧς ΜΙ]. about OY = ἴα + Ma? 
. oes e 
= λα - 
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Example 2. Find the M.I. of a uniform lamina in the 
shape of an isosceles triangle, height h and vertical angle 2a, 
about— 


1) An axts through the vertex parallel to the base. 
ts A line through the c.g. parallel to the base. 
(3) The base. 


Arrange the triangle so 
that its axes of symmetry 
lies along OX (as in Fig. 
87 


Then OC =h, AC =h 
tan a. 

Let P (x, y) be any point 
on OA. ai 

The strip PQ represents 
an element of area 
and y = «tana. 


Fie. 87, $x = width of strip 
(1) To find M.I. about OY. 
Let m = mass of unit area, 
M.I. of strip = 2my5x x χἢ 


.. in the limit, M.I. of triangle about 
OY =m | ” oyatdx 
but y=ex Bete α. 
M.I. = m/f 2x4 tan ads = 2m tan α [ sx 
A 
== 2m tan αἱ }x* 
= dnh* τοὶ | 


but mass of triangle, #.e., 
M=—mh x ἢ ἴδῃ α 
= mh* tan α. 
“. MI. = 4Mh4 
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(2) MI. about an axis through the centre of gravity and 
parallel to AB. pinta 


Let I, = M.I. about an axis through c.g. 
Let a = distance of c.g. from O. 
In this case a = $h. 
Using I =I, + Ma?, and substituting. 
I, = I — M(%h)? 
= 4Mh* — ἐμ}. 
== yyMh?, 


(3) Μ.1. about the base. 


Distance of c.g. from base = $h. 
By the theorem of paralle] axes 
M.I. about base 


= (M.I. about axis through c.g.) + (at * 3)) 


= ἡ ΜΠ} + Mh? 
=> 4Mh*. 


Exercise 40. 


1, Find the M.I. of a uniform rod, length 2a, about an 
axis κὰν υϑ νὰ, to the rod through one extremity. 

2. Find the M.I. of a uniform square lamina about an 
axis perpendicular to the plane of the square, at one corner. 

ἃ. Find the M_I, of a uniform lamina in the shape of an 
equilateral triangle of side a. 

(1) About a line parallel to the base through the 
centre of gravity. 

(2) About an axis through the centre of gravity and 
Say viper eer to the plane of the triangle. 

(3) About a line perpendicular to the plane of the 
triangle and through a vertex. 

4. Find the M.I. of a uniform circular lamina of radius a 
about an axis perpendicular to the plane of the disc through 
a point on the circumference. 

5. Find the M.I. of a uniform mght circular cylinder 
about a line through the centre of the axis of the cylinder 
and perpendicular to it. Length of cylinder is 2@ and 
radius of base b. 

6. Find the M.I. of a uniform thin spherical shell, radius 
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a, about a diameter. [Hint—see problem of finding surface 
of as (§ 177]. 

7. Find the M.I. of a solid sphere, radius a, about a 
diameter. [Hint.—divide the sphere into thin con- 
centric shells and use the result of the previous question.] 

8. Find the M.I. of a right circular cone, height ἢ, about 
an axis drawn through the vertex parallel to base, the 
radius of which is r. 

9. Find the M.I. of an elliptic lamina, axes 2a and 2b, 
about an axis drawn through the centre of the ellipse and 
perpendicular to its plane. — 

10. Find the M.I. of a uniform rectangular lamina, sides 
2a and 2b. 

1) About a side. 

(2) About a diagonal. 

3) About an axis perpendicular to the plane of the 
rectangle and passing through a corner. 


CHAPTER XVIII 
PARTIAL DIFFERENTIATION 


190. Functions of more than one variable. 


Tuus far we have been concerned only with functions of 
one independent variable. It was pointed out, however, 
in § 12, that a quantity may be a function of two or more 
independent variables. Examples were given in illus- 
tration. 

We must now consider, very briefly, the problem of 
differentiation in such cases. An adequate treatment is 
not possible in an introductory book on the subject, but 
some simple aspects of the problem can be examined. 


191. Partial differentiation. 

We will begin with an example referred to in § 12, viz. 
that the volume of a gas is dependent upon both pressure 
and temperature. 

Let V represent the volume of a gas. 

» ἢ be the a αὐλοὶ 


» # be the absolute temperature. 
The law connecting these can be expressed by the formula 
t 
V=k.= 
p 


where k is a constant. 
(1) Suppose the temperature to vary, the pressure 


remaining constant. 


dV Ι 
Then “δὲ =k. ry 
(2) Suppose the pressure to vary, the temperature 
remaining constant. 
᾿ dV ἐ t 
Then p == k a -- 3 or -- hoe 


Thus the existence of two independent variables gives 
rise to two differential coefficlents. 
317 
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These are called Partial derivatives or Partial Differential 
coefficients. For the sake of simplicity the ordinary 
notation was employed above, but special symbols are 
employed to indicate partial coefficients. Instead of the 
letter ‘‘ d,”’ the small Greek delta, ὃ, is employed. Thus 
the partial differential coefficients above would be written: 


av t 
Q) 55 = — Κ' ὃν 


Thus, (1) indicates that V is differentiated with φ ἬΝ 
to t (hence δ), while p is constant. Similarly, with (2). 

In general—if z be a function of x and y, the partial 
differential coefficients are written : 


(1 =F when x is variable and y constant. 
(2) my when y is variable and x constant. 


Using the form referred to in ὃ 33, of defining the 
differential coefficient, the partial differential coefficients 
can be expressed thus: 


Oz _ ig Fx + dem y) — for) 
Ox ix —>-0 5x 
ὃΖ ug Fey + Py) — fy) 
ἣ &y¥ —>0 by 
Examples. 
(1) 2 = 2x8 + Bxty + xy? + 8, 
a = 6x* + l0xy + y? (y constant) 
= δχ" + Qxy + By? (x constant) 
(2) z=siny + x* cosy + εἶδ 


= 2x cos y -+- 2e* (y constant) 


| & 


= cosy — x*siny (x constant) 


21k 
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192. Graphical illustration of partial derivatives. 

We have seen that a function with one independent 
variable can be represented by a plane curve. If, however, 
there are two independent variables, the dependent function 
can be represented by a surface, #.e., co-ordinates in three 
dimensions are employed. This can be illustrated as 
follows. 

In Fig. 88, let XOY represent a plane with OX, OY as 
co-ordinate axis at right angles to one another. Values of 


D 
Fic. 88. 


two variables x and y can be represented along OX and OY 
as heretofore. This we call the xy plane. 
Draw OZ at right angles to the plane from O. 


Thus the planes XOZ, YOZ, are dicular to the 
plane. XOZ is the (x, 2) plane and YOZ is the (y, 2) plane. 

Values of z, corresponding to values of x and y, are 
marked on OZ. 

Let P be a point in the plane of XOY with co-ordinates 


MY 1): 

ong OX mark OB = x, and along OY, OA = 4,. 
Then P is the sg of the point in the plane XOY. 
From P draw PC parallel to OZ and equal to z,, where z, 

is the value of z corresponding to x, for x and y,fory. 
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Then C represents the position of the point in space when 
the co-ordinates are (x,, ¥,, 2,). oy 

If other values of x and y are taken, with the corresponding 
values of z, we shall obtain an assemblage of points such as 
C, which will lie on a surface. 

(1) Let y be constant and have the value y,. 

GCE will now represent the variations of z relative to x 
when y is constant. ΩΣ ea! : ata 

Consequently the partial differential coefficient ἃς will 
represent the slope of the tangent to the curve, corresponding 
to any assigned value of x. For example, when x = ,, 
C is the corresponding point on the curve and the tangent 
to the curve GCE at C represents the value of a when 
x = Χγ. = 

(2) Let x be constant and have the value x,. 


Then the curve of DCF represents the variations of z toy, 
The tangent to the curve at any point on it represents 


= for corresponding values of y and z. 


193. Higher Partial Derivatives. 

The partial derivatives are themselves functions of the 
variables concerned, and thus may have their i 
derivatives. | 

(1) Thus if = be differentiated with respect to α 
, | Sikek ainaiicessh Ζ 
(y being os this is indicated by ox (52) and 
(2) Since it is also a function of y, it can be differ- 
entiated with respect to y, x being constant. Thus we 
have: 
ὃ (dz 052 


(3) Similarly 5 can be differentiated with respect 
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to x and y, so that when it is differentiated with respect 
to x, y being constant, we have: 


ὃ (dz ez 
(4) When differentiated with respect to y, x being 
constant, we have: 


ὃ [ὃ 852 
ay (ay) denoted by oy 
It will be seen that (2) and (3) are the same, except for 
the order of the differentials in the denominators. ese 
indicate the order of differentiation. 
ane (2) we differentiate with respect to y first and 


en Χ. 
In (3) we differentiate with respect to x first and 
then y. | 


It can be shown that these are commutative—t.e., the 
order of differentiation is immaterial—i.¢., the result is the 


same 
on Gz _ Oz 
dyax Ὀχδγ' 


Similarly there may be third and higher derivatives. 
194. Total differential. 


When a function of a single variable such as y = [11] is 
differentiated, the result is expressed by 

dy ς᾽ 

dx =f’ Gl- 

If this be written in the form 

dy = f' (x)dx | 
the differential dy of the dependent variable y is thus 
exp _in terms of the differential dx of the independent 
variable x (see § 33). 

We eed han to find a similar expression, when z is a 
function of the independent variables x and y; i.¢., we 
require to obtain the relation between dz, dx, and dy. 

Let ἘΝ 6 & ose es 1 

Let x receive an increment 6x. 

L (CAL.) 
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Let y receive an increment dy. 

And z receive a corresponding increment 82. 

Then z+ 5z = f(x + 5x, y + Sy) hat inant 

Subtracting (1) from (2), 

bz = f(x + 6x, y + 8y) —fix,y) ~~ (A) 

If y only varies, and is increased by 6y, the result can be 

expressed by 
ΠΧ 3 iets: « ps ᾧ 48) 
If x only varies and is increased by δχ, the result can be 


expressed by 
Fei Oke ioelo soba cal) ot 4) 
If (3) be added to and subtracted from (A 
$2 = {f(x +8x,y + δγ) —f(%,y + 8y)} + Uf (#9 + dy) —S(%,9)} 
ἐς a ἱ +e, » + δ) —S(%, y+ By) }5* 


5x 
by 


(1) Considering the first part of B. 
If 8x and Sy tend to become zero, then 


[ὁ +8, y + by) — [{,} + dy) 
bx 


in the limit becomes the partial differential coefficient of 
f(x, y + 8y), when x alone varies and y remains constant. 

But in this expression $y ultimately vanishes, and thus 
it takes the form 


1 : 32, 2) — 1,}) 


Thus it becomes the partial differential coefficient of 
f(x, y), when x varies and y is constant, 
; az 
4.€., Bx’ 

(2) Considering the second part of B. 

In the limit this represents the partial differential coeffi- 
cient of f(x, y), when y alone varies, 
{,6., Ξ 


: Bie ὦ 
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Also, in the limit, with the usual notation, 8x, dy, 82, 
become the differentials dx, dy, dz. 

*, substituting for the corresponding parts of (B) they 
become 

oz 

oy dy * * ΓῚ (C) 

This is called the total differential of z, where z is a 
function of the variables x and γ. 

A similar ri egg may be obtained when z is a function 
of three variables. 


dz = 02 ax ΓΝ 
ox 


195. Total differential coefficient. 


Let x andy, and consequently z, be functions of a variable 
t. 
In equation (B) above, divide throughout by δι. 


_On proceeding to limits in the same way as was adopted 
above with (B), then in the limit we reach the result: 
dz_ oz dx , @z dy 
a ae ae aio (0) 


This is termed the total differential coefficient of z with 
δ to x and γ, these being variables dependent on t. 
If y ls a function of x, and the total differential coefficient 
of dz is found by replacing ὃ by x in the above, we get: 
dz oz az dy 
ἀχ Ox ᾿ dy” dx’ 
This may be obtained independently in the same way 
as the above. 


196. A geometrical illustration. 

The following geometrical illustration will probably be 
helpful to many students in realising the meaning and 
significance of the above results. 

The area of a rectangle is a function of two variables, the 
len of its two unequal sides. 
ig. 89 represents a rectangle, with sides x and y. 
Let A be its area. 

Then A = xy. 
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Let x be variable and receive an increment 8x, while y 
remains constant. | 

Then A +8A = (x + 8x)y. 

H Subtracting 84 = yéx, #.<., 
rectangle CGHD. 

The rate of Increase of A 
with regard to x, y being 
constant, is the partial differ- 
ential coefficient sie iit, 

a ἢ 
G 8. 09) 5ΞΞ)' 
Similarly, if y be variable, 

Fic. 89. *% being constant 

8A = the rectangle BEFC = xdy 

: aA ὃ 
and rate of increase = --- = -- - (χ») = x. 
ὃν By) 


If both x and y vary, then by formula C the total differential 
increase, in the limit, when 8x and éy proceed to zero, is 


aA 8A 
Substituting the values of the partial differential coeffi- 


cients, we get! 
dA = ydx + xdy. 
Comparing with Fig . 89, it is seen that the total increase 
in area, due to increases of x and y, is rectangle 
BEFC -+- rectangle CGHD + the small rectangle CF KG, 


{.6., in the limit 
ydx + xdy + dxdy. 

But dxdy is the product of two Infinitesimals and is 
deacegueded tn ‘anpustada’ withr yor tid κα; which ey 
| ded in com n wi x and xdy, w are 
infinitesimals of the first order. 4 ἶ 

., total differential Increase of area Is ydx +- xdy. 


Total differential coefficlent. 


Now suppose y = 8 in., and at a given instant ts increasing 
at the rate of 2 in. per sec. 


A 


RIMM 


8 Mmmm 


* 
ι 


I 
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Also let x = 5 in., and be increasing at the same instant 
at 3 in. per sec. 

At what rate is A increasing at the given instant ? 

In this problem another variable, time (ἢ), is introduced, 
so that x and y, and consequently A, vary with time. 

The rate of increase of A is a given by the total 
differential coefficient as stated in formula (ἢ). 

This becomes 

dA δὰ dx , 2A dy 


=e 


dt ~ ox‘ dt ' by dt 


We know that “—y—s 

aA 

δ᾽ x 

ax 

5 
ἂν 

Y = 2. 
dA 


.. substituting Ἢ = (δ x 3) + © x 2) 
= 34 square inches per second. 
197. Worked examples. 
If 1 = tan, find the total differential dz. 


If i= tan-1~ 
% 
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Substituting in formula D 


οὐδ ΤῊ ΤῊ , 
dz wy pet aT Ay 


xdy — ydx 
=e 


198. Implicit functions. 
Partial derivatives will, no doubt, have reminded 


students of the method of differentiating implicit functions 
as described in §48. The connection will 


by a modification of formula (C), § 194. 
Let Σ = /(x, y) = a constant, say δ. 
Then its Sivbentinsiale equal zero. 

.. Formula (C) becomes 


az az , 
oz az 
on ἐν τε" 
ez 
. ἂν & 
"dx yz 
oy 


je clear 


It will be noted that though the total differentia) co- 
efficient of z is zero, this was not the case with the partial 
differential coefficients. 

Referring to § 48 it will be seen that the results are, in 


principle, identical. 


Worked example. Jf z = 4χ — xy* + y® = 0, find 2. 


From above 


but 


ἂν _ (2 ὃς 
ax ax ᾿ ὃγ 
δ᾽ . 
-- ey 
by Αν Ψ 
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ε΄, substituting 
dy 12x8 — 9? 
dx — Oxy + 3y9 
a a 
xy — 3y* 
Exercise 41. 
| . _ Oz @2 
A. Find the parcial differential coefficients ax’ ay’ | 
questions | to Χ Sy 
l. z= x, 2. Σ = cos (x? + γἢ. 3.2 = - <a 
4. z= χ' + 3xty + Gry? + 2γ9, a+y 
6.z=sin-12, 6.2= tan ἽἼ. Σ τε »» 
8. ΠῚ z = log (e* + δ᾽), show that = + "3 ==], 
B. Find the total differentials in questions 9 to [4. 
9.2= . 10. z = αχ + 2bxy + oF. 
“elgetesy δρβεα 12. z = x*y + xy". 
13. Σ == οἷν, 14, z = atev. 


15. If u = 2x9 + 3y%, find du, when x=1, y -- 3, 
ax = 0-01, and dy = 0-02. hy 
16. If the law of a perfect gas be V = =~, where V 


represents the volume, P the pressure, and t the absolute 
temperature, find the relation between dV, di, and dp. 

17. If « = χῷ — sin y, find ἐν and show that it is 
equal to - ox" 

18. In the solid representing z = a? — x* — 2y™ what 
is the slope at a point of the curve along a section for 
which y is constant? What is the slope at a point along a 
section for which x is constant ? 

19. The radius of the base of a right cylinder is increasing 
at a given instant at the rate of an inch per sec., while the 
height is increasing at 2 inches per second. At the same 
instant the height is 10 inches, and the radius of the base 
5 inches. At what rate is the volume increasing? 


CHAPTER XIX 


SERIES. 
TAYLOR’S AND MACLAURIN’S THEOREMS 


199. Infinite series. 

WHEN studying algebra the student has become ac- 
quainted with certain “‘ series,”’ as, for example, geometric 
ΚΒ or series, arithmetical progression, and the 

inomial series. 

In the first of these he will have considered the impor- 
tant problem of the swm of the series, when the number 
of terms is increased without limit, t.e., becomes “ infinite.” 

Two cases arise: 

(1) When the common ratio r is numerically greater 
than unity, as the number of terms increases the terms 
increase individually and so does their sum. If the 
number of terms becomes infinitely great, their sum 
also becomes infinite, #.¢., if 5, represent the sum of ἢ 
terms, then, when ἢ —~ ©, Sp -——> ©. 

(2) If, however, the common ratio be less than unity, 
the terms continually decrease and the question of 
what happens to S, when » becomes infinitely great 
is a matter for investigation. 

In this case it is readily shown that when n —> 0, 
S, approaches a finite IImit. 


200. Convergent and divergent serles. 
In general when considering any kind of series, it becomes 
a problem to be investigated as to whether 
1) S, approaches a finite limit when n —> ©, or 
( S, approaches infinity when 5 —~> οὐ. 
If a series is of the first kind it is said to be cert i 
if of the second, it is called divergent (Algebra, § 270, § 282) 
There is also a third type of series called oscillating, but 
we shall not consider it in this chapter. 
For theoretical and practical purposes it is very important 
to know whether a given series is convergent or divergent. 
328 
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There is no universal method of determining this, but there 
are various tests which can be applied for certain kinds of 
series. A consideration of such tests is, however, beyond 
the scope of this volume. Students who desire, or need to 
study, this important matter, should consult a book on 
igher Algebra. 

n this brief treatment of infinite series by the use of the 
Calculus, the series considered will be assumed, without 
proof, to be convergent. 


201. Taylor’s theorem. 
In on oye ΜΌΝ it is — that ie doe 
x + a)" can be expanded in a series of descending powers 
of x and ascending of a. Many other ree: δ πα can 
be similarly expanded, and various methods are employed 
for this purpose. In this chapter, however, it is proposed 
to investigate a genera] method of expanding functions in 
series 


Briefly, we shall see that ἡ a h) can, in general, be 
expanded in a series of ascending powers of h. Such an 
expansion is not possible for all functions, and there are 
limitations to the application of the theorem which defines 
the form of the expansion. 

We will begin by stating the theorem which is known as 
Taylor's Theorem, and proceed afterwards to demonstrate 
the truth of it. 


Taylor’s Theorem. 
Πα + h) = fe) + He) + ΣΡῸ) 


+ yf + ὄχι ἘΠΡΩ + ... ad inf. 


The following assumptions will be made : 
(1) That any function which will be considered is 
capable of being expanded in this form. 
(2) That subject to certain conditions in some cases, 
the sertes 1s convergent. 
fe That the successive differential coefficients, {1(x), 
f(x), F(x), . . . £*(x) all exist, 
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In accordance with (1) we will assume that /(x + A) can 


be expanded in ascending powers of h as follows: 


f(x +h) = A, + Ayh + A,h? + Ah? +... (Β) 


where the coefficients Ag, A,, Ag, . - . are ΠΈΡΑΤΙ, of x 


but do not contain A. 
Since this is to be true for all values of h 


let ἢ = 0. 
Then on substitution in (1), we have: 
A, = f(x). 


Since the series (B) is an identity, it may be assumed that 
if both sides be differentiated with respect to h, keeping x 
constant, the result in each case will be another identity. 


Repeating the process, we get: 
(1) f(z +h) =A, + (Ay x 


2h) 
+ (A, x 3h) + (A, x 4) +... 


since f(x) = 0, where x is constant. 
Similarly : 


ἢ Πῖ(α +h) =2A, + (3.24yh + (4.34 μὴ ee: 


3) ΠΗ +h) = 3.2.14, +4.3.2A4 + .. 
and so for higher differential coefficients. 
In all of these results put hs = 0. 


Then from 
=A 
Ὁ ey = 2h 4y 
“πῶ - 539 2d 
1.é., ἃ; Ξε: πιὰ 
A, = 


A, = τ i and so on. 
Substituting for thenad in (B) we obtain the theorem, viz 
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fle +h) =f(e) + AP) + ἡ Λὶ 


+ pate + εὐ ἜΤ nt) τ΄ 


202. Application to the binomial ite” 
To expand (x + h)" (by ἜΝ ig 
f(x + ἢ = (x + ἢν 
= f(x) ἘΠ) + , PCa 37 3 me) +. 


When A = 0, 
x) => a 
x) = μχν 


x) = n(x — l)ar-3 
(x) = n(n — 1)(n — 2)x*-* 
Substituting in Taylor’ 5 expansion 
(x -ἰ A)? = χα +h. nx! F 3 n(n — 1)x"-3 
ao τ n(n — l)(n --- 3)χ5.8 ++... 
or with the usual arrangement 
(x + h)s = x + nxt-th + es a) oe 2h3 


aa = ye — 2) κπ- 868 a 


203. Maclaurin’s theorem (or Stirling’s theorem). 
This is another form of Taylor's theorem. It is obtained 
rage a x = 0, and for convenience replacing ἢ : 
᾿ is τήρει since Taylor’s theorem is true for all values 
of x 


ἐπ let += 0, and k}= x. 
Then Taylor's theorem yee 


ΓΟ) = ΠΟ) + ΧΡ) + ἢ PO) +... + + TPO)... 


In this form f*(0) means that In the nt differential 
coefficient of f(x), x Is replaced by 0. 


332 TEACH YOURSELF CALCULUS 
204. Worked examples. 
Example |. Expand log (1 +- x). 
Since (x) = log (1 + x); f(0) = log (1) = 0. 


6 Πρ πγξα; FO =7=1 
Pe) =— 0; ΛΘ) τε - ἢ Ξ --ἱ 
fU(x) = aa f@(0) = 1.2 
1.2.3 


f(x) = -- +x" f¥(0) = — 3 
in ike ve Ἰη πὶ . . aft) " | n-1 
Pe re Te πὶν 
Substituting these values in Maclaurin’s series, viz. 
3 

f(x) = log (1 + x) =f) + 2f*(0) + [575 0) fee. 
we have! } 
log (! Ἔλ)τεχ τς Ἐπ Stes + (— γ»-ἰχπ +... 


It should be remembered that the base employed 
throughout has been e. a the above series 
may be used to calculate logarithms to that base. From 
these the logs to any other base, such as 10, can be 
obtained. 
anes 2. Expand sin x in a series involving powers 
of x. 

f(x) =sinz. “ΚΟ =0 

f(x) =cosx =sin (x oe 5) FO) =! 

fU(x) = —sin x. 

f™@(«) = —cos x = sin s+ 5). “ἷ, f20) = -1 


" - Γ Γ : 


"Ὁ = sin (e +) 
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Substituting in Maclaurin’s series we have} 
a sin ἮΣ 
uy οἱ a | 

In this series x is measured in radians. 
If now we put x = 1, we may readily calculate the value 
of a radian to as great a degree of accuracy as may be 
desired, by taking sufficient terms of the series. It will 
be noted that the terms decrease rather rapidly, or the 
series is said to converge rapidly. 

It should be further noted that the series contains only 
odd powers of x, #.¢., it is an odd function. The series for 
cos x will be found to contain only even powers of ~, #.¢., 
it is an even function, 

Example 3. Expand e* in ἃ sertes involving powers of x. 
Wehave ὀχ) =e, f0) = 1. 


Substituting in Maclaurin’s series we get } 
Walk beh tee ee eae 
gt aioe al ἢ 

Compare § 83. 
205. Expansion by the differentiation and Integration of 

known series. 

The method may be illustrated by the following example: 

By division. 

1 il — x@ 
+x! a= ἢ x3 + x* ἌΡ 5 es 

It may be proved that when a function is represented 
by a series, and the function and the series are integrated 
throughout, the results are equal. 


os [ fa-fe — fxdx + [τ — ene 
x3 if 


Ρ +l ) x° 
. tmtxex- at eoyt... 
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This is known as Gregory's series. It is convergent 
and can be used to calculate the value of x. 

Thus, in the series let χ = l. 

Then tan-! (1) = 7 


Substituting in Gregory’s series 
π ν᾽ ΡΠ ἢ 14 
yo Ere Erg - κυ 
Hence, by taking sufficient terms, the value of x can be 
found to any required degree of accuracy. It converges 
slowly, however, and a μορμςι mp4 other series which 
converge rapidly are employed for the calculation. 


Exercise 42. 
Expand the following functions in powers of x1 


1. (a) sin (a + x); (6) cos (ὦ + %). 

2. eth, 3. tan-! (x + A). 
4. log (1 + sin x). 5. cos x. 

6. tan x. 7. log (1 + 4. 
8. ας. 9. «8, 
10. eins, 11. sec x. 
12. log sec x. 13. sin-! x. 
14. log (1 — x). 15. sinh x, 

16. e* sin x. 17. tanh x. 


CHAPTER XX 
ELEMENTARY DIFFERENTIAL EQUATIONS 


206. Meaning of a differential equation 

A differential equation ts one which involves an independent 
variable, a dependent variable and one or more of their 
differential coefficients. 

These equations are of t importance in Physics, 
Engineering of all kinds, and other applications of Mathe- 
matics. Although it is not posse in this volume to give 
more than a very brief introduction to what is a big subject, 
the elementary forms which are dealt with in this chapter 


may prove valuable to many students. 
xamples of differential equations have already appeared 
in this book, as, for example, questions 49-54 in “th 50m 16. 
Again, as illustrated in § 100 
If Rime δέ hoe diss order(l 
or dy = 2xdx ate need eed 


we obtain by integration the relation : 
y=rit+o.... (3) 

(1) and (2) are differential equations, and (3) is their 
solution, Thus a differential equation is solved when, by 
rps ig e we find the relations between the two variables 
x and y. 

This process involves the introduction of an undeter- 
mined constant. Thus the solution (3) is the general 
equation, or the relation between y and x for the whole 
family of curves represented in Fig. 28. 


207. Formation of differential equations. 

Differential] equations arise or may be derived in a variety 
of ways. 

For? example, it is shown in mechanics that if s be the 
distance passed over in time t by a body moving with 
uniform acceleration, a, then 

" d*s 
dp ἘΠΕ ἐξ... ee ee es κα (1) 


335 
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By integration a 
ete 0.0... (2) 
Integrating again s=fa+et+e . . (3) 


Of these (1) contains a second derivative, (2) the first 
derivative, while (3) is the general solution oly and (2). 

Differential equations may also be formed by direct 
differentiation. Thus, let 


Pret +3e+7 έῥεωμν ἦν 
then S=St+l4e+3 . . .. (ἢ 
4 = θχ - 14 . εἶ (c) 
σοῖς Ἢ M scene cima (a) 


(a) is called the complete primitive of (d). 


208. Kinds of differential equations. 
(A) There are two main types of differential equations: 
(1) Ordinary differential equations, involving only 
one independent variable. 
(2) Partial differential equations, which involve 
more than one independent variable. 


In this chapter we shall concern ourselves with (1) only. 


(B) Orders. Differential equations of both types are 
classified according to the highest derivative which occurs 
in them. Thus of the differential equations (ὁ), (c), (d) 
in § 207: 

(b) is of the first order, having only the first deriva- 
tive. 

(c) is of the second order. 

(d) is of the third order. 


(C) Degree. The degree of a differential equation is 
that of the highest power of the highest differential which 
the equation contains after it has been simplified by 
clearing radicals and fractions. 
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3 
Thus the equation (3) ai 32 = 0 is of the second 
order and third degree; s = fa . (2 ) ax (§ 162) is of 
the first order and second degree. 


209. Solutions of a differential equation. 

A solution which is complete or general must contain a 
number of arbitrary constants which is equal to the order of 
the equation, Thus in § 207 (3) contains two arbitrary 
ore and is the solution of (1), an equation of the second 
order, 

Solutions which are obtained by assigning particular 
values to the constants, as in Exercise 16, question 54, are 
called particular solutions. 

This chapter will be concerned only with equations of 
the first mt and first degree. 


Differential equations of the first order and 
first degree. 
210. Since solutions of differential equations involve inte- 
gration, it is not possible in uence to formulate rules, 
as with differentiation, which will apply to any type of 
equation. Some indeed it is not possible to solve. But a 
large number of equations, including very many of practical 
importance, can be classified into various types, solutions 
for which can be found by established methods. Some of 
these types we will proceed to consider. 


211. 1. One variable absent. 
There may be two forms: 
(1) When y Is absent. 
The general formis dy = f(x)dx 
and the solution is γ = [f{x)dx. 
This requires ordinary integration for its solution. 
Example. Solve the equation 
dy = (x* + sin x)dx. 
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Then y = [6 + sin x)dx. 
 y=bx® —cosx+ec. 
(2) When x Is absent. 
The general form is 
ad | 
1, =f) 
or dy = f(y)dx. 
This may be written in the form 1 


dx 
dy f(y) 


The solution is then obtained by direct integration. 
| ae 
Example. Solve the equation 2 = tan γ. 


Hence 


ἧς X= logsiny +c. 


212. Il. Variables separable. 
If it is possible to re-arrange the terms of the equation in 


two groups, each contain ing only one variable, the variabl 
are said to be separable. Then the equation takes the em 
' F(x)dx + f(y)dy = 0 
δι — F(x) is a function of x only, and f(y) a function of 
y only. 

The general solution then is ἢ 


JFeadx + [πρῶ =. 
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213. Worked examples, 
Example |. Solve the differential equation 


xdy + ydx = 0. 
To separate the variables divide throughout by xy. 
Then Y πε ax == (0. 
go x 


2 [Rs [to 


log y + log x = ¢,. 
If the constant c, be written in the form log ¢ 


Then log y + log x = loge 
whence xy =c. 
The factor ; used to multiply throughout to separate 


the variables is called an integrating factor. 
Example 2. Solve the equation 
(1 + x)ydx + (1 — y)xdy = 0. 


Multiplying throughout by > we get | 


or (: + 1)dx + (5 —1)dy τεῦ. 


l ] 
ἧς logx+x+logy—y=c. 
or log xy + (x —y)=c. 
Exercise 43. 
Solve the following differential equations: 
ἂν. :k ae a Y _ 

1.2 +5, =0. 3. ἡ πὶ 3. Vad. 
4. { HG — (1 — x)dy = 0. 
δ. (x + 1)dy — γάχ = 0. 


| 6. sin x cos ydx = sin y cos χώγ. 
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1. (γ" — xi)dy + 2αγάχ = 0. 
* de ~ x8 + ]’ 
9. 2ydx = x(y — 1)dy. 
Pe igre 2 dp 
10. y +sin2x.7 =1. 
ee ἂν 19. ἦν 
11. Tae - dx’ 12. ἧς "Ξ- Pd 
13, ἘΝ γ3 se one yV χϑ — Idy = 0. 
a. ax are 15, Y = 
14. fy ke 15, “> = 2ay, 
16. The slope of a family of curves is —2. What is the 
equation of the set ? se 


214. Ill. Linear equations. 
An equation of the form 
d 
ig ὁ PY Ξ: 0, 
where P and Q are constants, or functions of x only, is called 
a linear differential equation, 

It is so called because y and its derivatives are of the 
first degree. 

It has been discovered that if such an equation is multi- 

ied throughout by the Integrating factor eJ?¢x, an equation 
ἀφο αι τὰς; which can be ‘civ ᾿ τὰν 

When multiplied by this factor, the equation becomes 1 

eSots (2 + Py) = QeSPis, 

It may now be seen that the integral of the left-hand side 
is yeJP¢x, This is evident on differentiating ye/?, There- 
fore the solution is : 

yelrax — J Qe dxrisioiist sc: MA) 

The procedure in solving this type of differential equation 

is to begin by finding the integral [Pax, then substitute in 


| ‘xamples will illustrate the method more clearly, 


ELEMENTARY DIFFERENTIAL EQUATIONS 341 


215. Worked examples. 
Example |. Solve the equation 


d 
Transforming this to the general form, viz., 
d 
ἦς t Py =O 
we get 
dy % 


ἂς fos” 1- τ 
Since the integrating factor is ¢/?#*, we proceed first to 
find [Pax in this case, noticing that P= ;—*,,0 =; 
Comparing with the equation above we have, 


[Pas = — J inde 


= flog (1 — 2%) 
= eae 


”. integrating factor = ¢@VI-* — /[ — aA, 
Using the form (A) in § 214, we have: 


yin = | Lyx VI wae 
=/ dx 
=) ST 3 
= sin! x + ὁ. 
.. the solution is: 


γνΊ —x=sinx+c. 
Example 2. Solve the equation 
cos x +ysin x = ]. 
Dividing by cos x, 
FA Ἔ y tan x = sec %. 
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Comparing with the type equation 
P = tan x, 
Et [Pax = [ tan τάκ = log sec «. 
=s ¢ [Pda = glog sec 2 = sec x. 
Using formula (A) and substituting 
y sec x = [ sec x sec xdx 


= | sec? xdx 


= tanz + Ὁ, 
ε΄, the solution is: 


y =cosztanz +ccos*x 
or y = sinx + ccosx. 


Example 3. Solve the equation 
: + 2xy = 1] + 2x3, 
Comparing with the type equation 
P=2x;Q=1 + 2x4, 
Me | Pdx = |2xdx = x. 


., integrating factor is ¢. 
εν using formula (A) and substituting 


yor = [ (1 + 2x%)e""dx 


a | (e” + Qxtes\de 
= xe + 6, 
.. the solution is : 
ye" = xe" + 
or y=x+ce*. 
EXAMPLE 44, 
Solve the following differential equations ! 
a ΓΙ 
L,Y — Qxy = 2x. 2x2 + x+y =0. 
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dy _ dy at 
3. ΤΟΣ 4. ὥς τ Ὁ, 
dy wie dy a, 
6. ‘ + ay =e 6. dy ὁ} tanz =1. 
y © -« 1 ] d = 
cp ἧς ὰ 1 . 8. tan 22 1+ y. 


9. εἰν = (1 —ety)dx. 10. xdy — aydx = (x + l)dx. 
7 .. ἂν Ψ 

11. OF Seve + y = tan x. 

12. ae A +xy+1=0. 


216. IV. Homogeneous equations. 
These equations are of the form 


P+Q% =0 


where P and Q are homogeneous functions of the same 
degree in x and y. 


Then Ὁ is a function of z. 

Such equations can be solved by using the substitution 
2 =~) or y= vx 

Thus the two variables x and v are separable, and the 


solution can be found as before. 
When the solution has been found, using these variables 


substitute 5 for v and so reach the final solution. 


217. Worked examples. 
Example |. Solve the differential equation 


| te 
(x+y) +2. 5 = 0. 


In this example P and 0, t.¢., x +y and x, are each 
functions of the first degree throughout in τ and y. 


Let z =v or y= vx. 
Then dy = idx + xdv (d.c. of a product) 
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Substituting in equation above Integrating 
(x +- ox) pax, MET τὸν ig $06, 9m 10g, Chih Of) 9g, it, ὃν 
ἐπ “. log a log x + log ὃ. 
“.  (% + vx)dx + x(vdx + xdv) =0 1+? 
and xdx +-2uxdx +- x*dv = 0. δὰ γε οὶ 
Separating the variables 4 » 
(1 + 2v)dx + xdv = 0. : % 
; dv dx Ὁ replacing v by ~ — = x 
1 + 20 “3 Ϊ +5 
Integrating, . xy 
4 log (1 + 20) + log α = cy per eaten ag ke alae 
and log (1 + 2v) + 2logx = ¢,. and the solution is x? + y? = cy. 


“, (1 +20) =. 
Substituting x (1 abi 22) πα, 


Exercise 45. 
Solve the following equations: 


“᾿ς, solution is x? + 2xy =. Ἢ ( λας is a ses " 
, ἶ 3. (x + γ)άχ + (y — x)dy = 0. 
Example 2. Solve the equation 4, ; ba ay fu. bs τ ὃ. 
(x4 — γλάν = Ξαγάκ. there b 
δ cree 5. (δ +94 oxy ἘΣ. 
then dy = vdx +- xdv, 6. γ) — 0 = 0. 
Substituting 7. (ν" — 2xy)dx = (x? — Qxy)dy. 
(x* — v*x4) (udx + xdv) = 2ux%dx. 2 phd ΤΊΣ “ie κέ re : 
Dividing by x? 10. y2dx + + x? a =: Ὁ. 
(1 — v%)(udx + xdv) = 2vdx 11, (% — 2y)dy + xdx = 0. 
whence (1 — v')xdv = v(1 + v*)dx. 218. V. Exact differential equations. 
Separating variables — The equation Mdx +- Ndy = 0 
i~? 1% is called an exact differential equation, when it is formed 
v(l-+v) from its complete primitive by simple differentiation. 
᾿, by partial fractions Thus, if the complete primitive be 


x? + Sxty + y® ec. ων Ὁ (A) 
Then, on differentiation 
(3x2 + Gxy)dx + (3x* + 3y)dy =0 (198) 
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This is an exact differential equation. Consequently 


(1) (3x* + 6xy) is the partial differential coefficient ad and 
(2) (3x* — 3y%) is the partial differential coefficient ™. 


The first is obtained by differentiating (A) with x variable 
and y constant, the second by differentiating with y variable 
and x constant. 

{n general the result is of the form 


ou ou | 
Bx dx + iy = 0 (§ 198) 
Comparing with the form 
Mdz + Nady =0 


it is evident that M = — 
Ox 
Ou 
N ΞΞ —, 

ὃν 


219. Test for an exact differential equation. 
In § 193 it was shown that if “™, %, be the first partial 
differential coefficients, that of the second derivatives are 


iy (ae) md 5 (35): 
These are denoted by 


a q au 
ay Bx an Ox dy” 
It was further shown that these are equal. 
Consequently, if the equation Mdx + Ndy =0 is an 
exact differential equation 


a ὃ 
ὃγ (M) = δα (N). 


ἐς if the function M be differentiated on the as-umption 
that y is variable and x constant, and N be differentiated 
with x variable and y constant 


the results are equal. 
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Thus, in the example above 
(3x2 + 6xy)dx + (3x* + By%)dy = 0 
jy (85 + Gxy) = θα 


ἐς (Bet + ὃν" = 6x. 

Hence the equation is exact. 

220. Solution of an exact differential equation. 

The integral [Mdx, ic, M, integrated assuming x 
variable and y constant, will contain those terms in Ndy 
which contain x. Hence the following rule: 

(1) Integrate | Max, assuming y is constant. 

OM ye OY 
Add the results, but the terms common to both are written 

Thus in the above example 


J (Bx* + 6xy)dx = αὐ + ϑαῖν 
| (8x4 + 3ydy = ϑχὴν +9. 


Since 3x*y occurs in each, it is written down once only. 
ἐς the solution is 


x + 3x4 +y=c (see § 218) 
221. Integrating factors. 


<quations which are not exact may often be made so by 
multiplying throughout by a suitable function of x and γ. 

Such a factor is an integrating factor (see § 213). 

It represents common factors which have cancelled 
out during the process by which the equation was obtained 
from its primitive. This factor is not always easily 
obtained. In some cases it may be found inspection ; 
sometimes by the method of trial; in others there are rules 
for obtaining it. The work in this chapter will be confined 
to the simpler cases only. 
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222. Worked examples. 
Example 1, Solve the differential equation 
(x + y)dx + (x + 3y)dy = 0. 


plying the test of ὲ Ω the second partial differential 
cocthtiont in each case Is 


*, the equation is i 


Applying the rule of § 220 
(% Ἔ y)dx = p28 + ay 
(% + By)dy = xy + ἐγ" 


.. the solution is 
a8 + xy + By? =e 
or : x8 ΒΔ. + 3y? = awe 
Example 2. Solve the differential equation 
(6x4 — lOxy + 3y*)dx + (— ὄχ" + Gxy — 3y")dy = 0. 
Testing 
5, (6x4 — Oxy + 3y%) == — 10x μὲν 


jg (— διλ + Oxy — By") = — 10x + Oy, 


Hence the equation is exact. 
Solving by method of § 220 


| (6x* — 10xy + By%)dx = 22% — Baty 4 3χγ". 
(— 5x4 + 6xy — 3y"\dy = — Sxty + 3xy* — γ᾽. 


Writing down the common terms 3xy* and — 5x*y once 
only the fr Or pas is 


— 5x*y + 3xy? — y= ς. 
Example 3. at the differential equation 
Applying the test, it is seen that this is not an exact 
equation. l 
Multiply throughout by the integrating factor x" 


: 2,,,1 
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This is exact. 
Solving [345 = 2 log x = log "" 
1 
., the solution is 
x? +logy Ξξ οἵ 
or = Ee es ec et 
or xy == ς. 
Exercise 46. 
“ the differential equations. 
+ y)ax + (% + 4y)dy = 
2. ΤΌΣΟΣ + 22 — lity =0. 
y + yay 
a Shae +(e — γὴν 
Gay 99 4 Oe\de GY — Day + Qyldy =O. 
6. cua (x +y*)dy = 0 (Integrating factor >) 
ῷ γε -- ydx = x*dx. Int factor 
3} a Ao. ΣΙΝ a 
10. a (3 Ady + dojde = 0. 


11, ady +98 Bf γ. 
INTEGRALS OF STANDARD FORMS AND 
OTHER USEFUL INTEGRALS 
| 

I. Algebraic ene 


(1) famdz = 3: et, 


re 
(2) [Ξ = log, x. 


(3) [ards =a x logs δ. 
(4) [eas = 
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II. Trigonometric functions. 
(5) J sin κάκ ae Gone. 
sin axdx =— : COS ax, 


| cos axds =< sin ἀκ. 
( | tan xdx vias es) δου soe x. 
tan axdx = + log sec ax. 
(8) | cot xdx = log sin Σ. 
| tog cot axdz = * tog sin ax. 


III. Hyperbolic functions. 
(9) | sinh xdx = cosh x. 
| sinn axdx = + cosh az. 
(10) [ cosh xd «= sinh x, 
J cost axdx = 1 inh ax. 
(11) f tanh xdx = log cosh x. μ 


[μὰ axdx = “log cosh az, 


(12) [ coth xd = log sinh x. 


J coth axdx = “log sinh az. 


IV. Inverse trigonometrical functions. 


(14) vam = sin-? = Or — cos"? =, 


] x 1 % 
(15) we 28. St tan} -.or, — = cot z 


Ι x l x 
16) [= Fs = sec? = or —--cosec-t= 
(16) re gee? = or — = cosec* =. 
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V. Inverse hyperbolic functions. 


(17) lore , = sinh" ~ oF log {x + Vx? + αὖ. 


(18) [a= = cosh-!= = or log {x + Vx* — a4}. 


| = ae ] ἃ ἘΠ 
as) ! na a  tanh-1 5 7 log “ἘΞ 


x—a 


x+a 


= 


4 Ι ht 1, 
“Ξ = — 5 coth — or δᾳ Om 


ax 


CO) Wate 


(17) (a) loperx = fs ae 1 a 
log {bx + Vb*x* + a}. 


(18) (a) | itera =; | cosh-2 = 


= ; log {bx + ν΄ 3.3 — a}. 


ee 


= =a 


| dx 1 _, Ox 
(19) (a) qi — By = Sa tanh-! a 

] @ + Ox 
= Ma 8 a — bx 

dx Ι 3 

@0)(@) [iam gs “- — gg th ἃ 
\ bx —a 
= 553 8 bz + -@ 
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Squares of the circular functions. 
(23) fsin®xdx -- }(x —}sin 2x). 
(24) [costady = ἐ(ν + }sin 22). 
(25) [ tantxdx =tanx —x. 
(26) fcottxds -- — (cotz +4). 
(27) [sectxdx =tanz 
(28) [ cosec* xdx = —cot x. 
Other useful Integrals. 
(9) [va was = 2 sit? + VERA, 
(80) [Va =v —F cost? 
or Va -- Flog 5:Ὲ VEO 
(31) [VB Fade = eV TA + $F sin t2 
or HVE Fa +S log tt VETO 
(32) [306 τἀ  =log tan (F +5) 
or log (sec x + tan 2). 
(33) [ cosec χαχ =logtan 5 
(34) | tog xax = x (log x — 1). 


ANSWERS 


Exercise |, 

ἢ OT, Oe grees ha Bi keg MEF 40) 1. 
] —¢g ] + 

4 0, — 5, ae + 6), HS ae, 0. 

. 0, 1,3, “5 — 1. 

. 9, 961, +0601. 9006001, 6-001. 


Hs 


Saree ow bo ~ 2 


2x .b% + 2.8% + (δι). 


(2) 4hx - 3}, 


— 
o 
=. πὩὦὠ πὰ ἢ 


p. 3! Exercise 2. 


1. (a) 0; (6) values less than 1; 
2 1, 1:25, 2, δ, 10, — 2, — 1, — 4, — ἐ; 


infinity 
δ) the Dexepe is a hyperbola similar to that of Fig. 3, but 


e y axis is at x = I. 
2. (a) Ἢ 3°01, 8001, 3-000001; b) 3; 
3. (a) δ᾽; b) infinity, 
4 (a) 11, 5, 3, 2°56, 21, 2°01; b) 2. 
5. 1, 6. 2. 7. 8.3, 8, 4. 8, + 
p. 43. Exercise 3. 
1. 1}; 1.2. b 
2. (a) 2°5; (Ὁ) — 08; Pay =< 
3. y = 1.2. + 4. ἃς » 
4, ὃς = 32) x (δῆ + 16(δῆ; ξ; =, 32) + 16(84) ; 
1) 6712; 2) 65°6; 3) 64°16; 


l 

a 

6. ὃν = 3x*%(Bx) + 3x(8x)* + (8x); 
oY -- 855 + ϑείδ) + Gy; 13. 

1. y= ate! ~~ 5. | Sradient= — 1 


8. (1) 2; (2) 3. 9. (1) 12: (ἢ) 8. 
Μ (CAL.) 353 
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p. 56. Exercise 4. 

1. Tx; δ; δ; 0-06; ἔχ᾽; θ0χ᾽; 4x8; 4-522; 825, 
2. afd ἠὼ ν᾿ Qaxte-1; 2(2b + 1)x; 8π7. 


3. 6; 0°54; 
gts Bats ats ἄρον ts eat ii Gi fae 
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Exercise 7. 


δ. 4. 5 6. oo. 7. 2nr. 8. 4πν3, 

a . 3/2 
” ava? ἡ ay’ ἦν 
10, Of. 1S. 6, eels 

Till slated ibis” tlie “nah site 
11. 19.2.3. xis? rr 5st 12 “νι 13. ae 
14, 24, 15. — 0°02, — Οὐ, — 2, — 8. 16. i 
17, «= 1. 18. # = Fe 19, 2= yy. δ χα ἢ 
p. 60. Exercise 5. 
1, 12% + δ, 2. 947 + 1, 3. 16%* 4+- 6% — 1, 
4. χὰ}. δ. — A+ 8. -- 545. 
1.6—24+92%. 8. Ss 9. u + ft. 
10. 6+ et 11. ΨΥ 12. 3ax* +- 2b + ὃ. 
13. 22 — τς 14. σππ 1:5). 15. 3(1 + 3)" 
1 1 2 

- ae = 
16. 2nx*™ 2nx 11. Va ἢ εὐ τὶ μι 
18. 8; αὶ = 19. αὶ = + 2or — 2. 
20. 2, — 1, 21. #=—=+ lors = — |, 
p. 62. Exercise 6. 
1, 124 + 5 wi + Qe 3. Ox? + ὃ. — 10. 
4. 8x* + 10% δ ἴδε Ὁ Say ae 8x. % , 8.3, Ὡ 

3.3. 243 + 6x — 8. 

10 one ri 3x, ea teal -Ὁ ἃ. 


13. 
15. (Gar + Bide +9 + plaxt + bs + 2) 
16. τσ -- ἡ" + 4+ 1 + wae $ x + 


1853 + 26% + 9. 


1) 
Vx(2% — 1)(2x + 1). 


11. 3V 2(V% + 2)(V% — 1) + 4(2V% : 1). 


ἜΣ, b auedee 

; ar EF me Ξ 3% 

3. (x + 2)* 4, x .). 9 '- 

δ. ΕΝ 6. he 

ἰξ --ὕ 

, ὁ δ .. BB 

᾿ + 5) ' F— 4)" 
aaa 96 eee 

ahs ᾿Ξναίν + 1) 
:— | 

un. ~— 13. Tepe 
18; eee lt oo 
17, Se es 1 ee Be 
ΜΝ ee 
19. χἴ -- ἀκ -ἰ- 4 20. —e+ 
p. 71. Exercise 8. 

L. (2 + δ); — 20(1 — δεν; (Be + 3. 

3, age — 41 -- 3; Ξε; 

8. ἐν —4)*; —3eVI—a; mF 

_—2e | 1a eet 


r= aa Via aa via 

δ. gaa er as 

” a a aT ἃ aa 

” Tom aye =a oer, 


all τ λδν 
Ἢ 4 ; ΟΝ -- oe + ir 9. aa ara + aa oat 
10. irre at τ ἄμα — Baten 
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11. 
12. 
14. 
15. 


16. 
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(2a* — x4) at. 
pap ee OR 0 a): 
— 8.3 — (1 + 4) 
(i + κ᾽ av + 2x 
-4 -- 8 | 4x — δι" 
9(95 - = 894. τ 41 ὃν --α 


τὰ τα τινα τὸ το 


(= av Sr πος 

— 6% -- Ty _ 2a(x — x 
1 τ συνε Ὁ γὴ) Ῥ γ᾽ 
3" - ¥y ΒΝ 

yi — x 19. γ΄} 


i at (1, 1). 


p. 76. Exercise 9. 


od ey δὶ 2(32 — 1 


τὶ, 2b(2b — aa; 2b(26 — 1)(2b — 2)x%-3, 
90χ3 — 9x? + 4x — 1; δ0χ — 18% + 4; 120% — 18, 


‘ 0x4 — 12,8 + 5; 200%* — 24%; 6000? — 24, 
Ι 


χὰ! χὰ! —= 2 “ oxi’ — ἀχ i’ αἱ 


ἘΣ τὰ στην 


1 (— 1)" 
a@— xt (a (> a}. 


. — 5; the lowest point on the curve. 
. — 7: 23; 0 and 
, ἃ τα 3, x=2; 2: 51—0- 25 (the lowest point on the curve), 


100. Exercise 10. 


WY _ oy _ 9; -- 4, -- 3,0, 3, 4; = 1; 5% is positive; 


a2 point is a minimum. 


Dm 8 — 2; 3,1, — 1, — 3; 1°56; negative; maximum, 


Ἢ * = }; minimum. pies © maximum. 
3) « = — 2; minimum. x= —}; 


minimum. 
1) Min. value — 16, α = 2; max. value + 16, * = — 3. 


(2) Max. value 5, x = 1; min. value 4, ἃ = 2. 


8. 
Σὲ ft depth 1°26 ft. 
| 16 ft. deep, 0°6 ft. broad. 
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3) Max. value 12, x = 0; min. value — 20, αὶ = 4. 
4) Max. value 41, καὶ = —2; min. value 03,7 = ἡ. 
(δ) Max. value 2, x = 3; min, value — 2, ¥ = 1. 


. Max. value 4, αὶ = 0; min. value 0, x= 2. 
a value — 4, tam d: min. value 4, + = 


5-29. 9. height = diameter. 
ll. s=3 + 4-8t — 1-68; 6-6. 
13. 4°42 in. (approx.). 


enw —38. (2) x= 3. (3) α = — }. 
Sees = ἢ 688s? μέν ὦ. "385; ient = — lL 
. αὶ = 0. 18. 225 ft.; 32 secs. 
. Centre of beam. 
. 108. Exercise ||. 
. 8 008 %, 2. 8 cos 82. 
λ Ἢ * 
. — $sin 9° 4. } sec.’ 3" 
. 08 sec 0-6x tan 06x. j= + cosec ἢ cot ες 
. 2(cos 35. — sin 2x), 8. 3(cos 85: + sin 3x). 
. sec z(tan x + sec 2). 10. 4cos 4ϊ — 5 sin 6x, 
| — sin 36 + }cos 20. 12. 2cos (2x + 3). 
. sin (8π — x). 14. } cosec (a — $x) cot (ὦ — }-). 
15. 3 sin’ αὶ cos Σ. 16. 8.3 cos “3. 
- — 6 cos* (2%) sin (27). 18. 2% sec (#7) tan (4%). 
— sect αὶ 
Y So (ν Ὲ- 4). 20. n(a cos nx — ὃ sin mz). 
o/1—* τ 
. asin x. 22. sec? ., 
. — 2sin (2% + 5). 24. 2 sec? 2x — 2 tan αὶ 560 x. 
δ. ἃ 
. ῶχ + ἢ cos ἐκ. 20. sin |. 
in x sin # — ¥ 008 αὶ 
. sin αὶ - # 008 2%, 28. v's Ἶ 
τς Dy 
. sec? x + tan x, 30. eee ee 
x sec’ x — tans ἔβη" # 
. ΣΝ. 32. 2cos 2% 8. cos (21). 
dicen) ἕν Cm. 34. 2x tan x + αὐ sec? x. 
. — δ᾽ cosec* (5% + 1). 36. — 6 cot 3% cosec* 3%. 
sin x : 
ῤ 88. 2(cos* 2x — βἰη" 2%). 
2\/cos # ( ) 


40. ἃ sin * cos x. 
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41. pee 45. τος ἣν | Sy (ὁ) ἐν ΤΕ cosec 5. 
43. eS «ἃ 44. 2x( cos 2x — x sin 94). 2) Wart. i’ ©) ava(l + #) 
45, 3:95 tssin2s) — 46, sins + cos z. Bi sis © Vi=# 
2sin x + x cos αὶ sin x cos x(2 + sin x) 13. (a) : (ἢ == 
a7, “5 jae 48. a 5. va μὲ 
49. =, een = 50. sec #(2 sec* x — cosec? #), 1 ο at a Τ-- al a 
15. == tan-! sec? x sin-! x + 
p. 116. Exercise 12. dh aa: Ἐπ: νΊ -- αὐ 
1. Max., x = 33 min., y= — 2, Max., # = 4 | p. 136. Exercise 14. 
8, Max., x = 5. 4. Max. x = 7. 1. (a) be, (Ὁ te. - (c) wi eva, 
δ. Max., x = tan“! 2. 6. Max., # = δ or sin"? }. FO BOM, Ome ἢ, (c) — 2ε τῶ, 
7. Max. 1'ὅν 8 when x = #x; min. — ] ‘6/3 when X = ᾧπ. 8, (a) — pe-™. (δ) te. (c) ae***, 
8. Max. wh ἘΞΞ Η ἘΞ -- .-- 46 , - 
(oom a ee ek eee . 2@%S" ots (ἢ) 2x0". 
+ le. ee "(2 -- 
payee lant ΝΑ 7s ἃ. ( ἰῷ Ὁ 6. (ing t cosa).” “(e100 
1. ἡ =e’ T= 1. (a) 210g,2. (ἢ “gay (ὁ) cos x 65», 
$55 Px, i Υ 8. (a) 3516" (5 + ls ia (b) 2a*+1 log a. 
ON aa © T= ὁ) — sins . 
a ἄρ 9. (a) 2ῤχαν log a. (Ὁ) (a + b)* log (a + ὃ). 
3. (a) 1 { tan a 
᾿ arta ©) > ]a@—-s)F 4. 5 sec? x. Pree ὁ ὦ 
ΟΞ Θ sree pe : waa Sie 
= sin" ὩΣ." eee δ... 11. (@) -. 4 
δ. (a) Γ᾿ ὴ αν ey .-. (6) - Wrat # x +3 
the \ a ΟΖ 2 | 12. (a) 1 + log 2. (δ) oh 9 
6.) ee oat Ve — 4 13. (a) cot x. (b) π tan x. 
7. (a) ἜΣ ΣΙ (Ὁ) soap ices 14. (a) ane (δ) ee 
8. (a) ian aia # τὰς δ τς . 165. O Veet ; (δ) a0 + ay 
9. (6) ees? O az 16. (2) ==. Oni © 
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17, (a) 2xe*(1 + 2x). (8) — ake-™(sin kx — cos kz). 
18, ὦ rer (δ) καὶ cot x. 


ti Va ΡΝ | 
21. (a) /z(a — x) (δ) δ "a (2 cos * + asin 3. 
22. (a) 6%. αν adi (δ) pest 
NT pees ee oe NS 

88. (0) ΓΞ Toga ΨΥ ΞΡ 
24. (a) e™\{a cos (bx + ¢c) -- ὃ sin aie + c)}. 

δ) — e-“{a cos 3% + 3 sin 3% 

(ec) — ἐ-σἷῃ sin [πὸ + 3) — 7 COS (ne 4 5) }: 

—a 2 

5 (0) Jat — a O ape 
26 


ate ΠΥ 2568 oe 3.5} 
a OO τι ee ee ΕΣ 
p. 149. Exercise 15. 
1. (a) } cosh 5. (Ὁ) 2 cosh 2x. (c) 4sinh % 5" 
2. (a) asech* ax (δ) + sech? 7. 
(c) a(cosh ax + sinh ax). 
3. (a) — Acosh =. (δ) sinh 2. (c) 3 σοβ αὶ sinh x. 
4. (a) acosh (ax + δ). (ὃ) 4% sinh 2.3. 
Ἃ na sinh*~* ax cosh ax. 
δ. (a) cosh 2%. (ὃ) 2 sinh 2x. (c) 2 tanh x sech? z. 
6. (a) sinh 2x" (δ) ἃ cosh α. (c) tanh x. 
7. (a) 8.3 sinh 3% + 3° cosh 3x. (6) 1. 
Ὁ oak eat 
ad - 
8. (a) Vinh (δ) 2 (c) sech?® xe sb, 
9. (a) 5 OP jem ὦ eee, 
Ve Ὁ ἃ J/x* — 25 ᾳ + ν {1 + #4) 
10. (a) sec x (δὴ sech x. (6) sec #. 


2x 
. (a) eh + log 1]. 


® ave at 


: ate, ate™, ate™, a"e™. 


δὴ) ate~™, — a®e-™, ate-@, (— 1)"a*e-™. 
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11. (a) sech x. (δ) sec x. ic) Pe) 

| ee 5 patti 

12. (a) Vix τ ἢ (δ) ΤᾺ (c) a 1 ὃ) 

13. (a) ~~ sD) sees. (c) ἃ sech x. 


15. 


p. 


(6) log 


l 
©) Tate 


160. 


. (a) log {tye 4. wk 
(tO) iy ng Πὰν ΩΝ 


0) =a = = 


Exercise 1/6. 


(b) log cave =m. 


In order to save space the constant of integration is not 
shown in the following answers after the first twelve. 


«| 7 8χ + Ὁ, 


. prt. 


. 8.1... δαὶ. 
37 — 10%. 
. δ], 

. log (* + 3). 

. log (ν᾽ + 4). 

. 4. — 7 log 5. 
. £(2% + 53)}. 


, — X/T— - ἡ. 
. $ log (αὖ — 1). 


2. ἢν! + C. 3. bet + Ο. 
δι bee + 6. 6. 68 + C, 
+ C. 9. de® — ὅχ" 424, 


13. 
16. 


19. 


22. 
. gt. 36. — sats + log # — 3. 
See cay xt 


, log (ax + δ). 32. log {% eT 
aa τῶν 4 τι 


logs +} — 


Lge (ax Ὁ ὃ). 


11. 8.3 — μ' + C. 
hat x Ox, 14. $49 + Sx? — 12x, 
ft 17. το 94 
Vx. 20. gat, 


Wat Be 23. — jp. 
gat τα Vix 


29. a as 
vig 1 

95. # + 

a ' 
38. τ (αν + δ)". 

ι. ὅ γᾶς $8. 
x 2 x κα 
“4545+ 945: 
— , log (1 + cos ax). 


Ι 
ἜΣ 


0 9)! 
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47. 4 log (e + 48. 4 log (2% + sin 2%). 
49. yap t Got + Ce > Sat ts 
61. x 52. y = 3.3 — bx + 6. 
53. y = 3° — δχ" - 4x + 4. 64. s = 4 + 8ὲ + 10. 
p. 164. Exercise |7. 

1. $e%, 2. 467 1, 

8. He — 4:2) + 2x. 4. aes, 

5. a(et — “ἢ. 6 Vet +er*). 

(e** +- a®* log, e). 8. 2 log, é. 

ἢ 1035 logis 6. 10. (α" -- α΄ ἢ log, 6. 

Il. . 12. — e™*, 

13. — } cos 81. 14. } sin 5x, 

15. — 2008 ὁ (x + 5). 16. } sin (2¢ + a). 

17. — 3cos ἐν. 18. $ cos (« — 3x), 
19. | ines = | 08 be. 20. — = cos 2ax, 

a b 2a 

za ns, + See 22. log (* +- sin 2). 
23. +sin *% 24, ens, 
25. Ὁ log sec ax + ; logsin bz. 26, log (1 + sin* x), 
27. 4 sinh 2x. | 28. = cosh § 2. 
29. 4 log cosh 3x. 30. ὗ I isin (a ‘eu cos (a + bz)}. 
31. te? + act — 2673, 32. ὃ log sec τ 
88, 3 tan ἢ 3° 34. log (1 + ”. 
865. log (1 + tan 2), 36. ¢(sin x)’. 
p. 168. Exercise 18. 

1. (a) sin-* 7; (Ὁ) cosh-? 3 or log {x + Vi -- Ὁ]. 


(c) sinh“ 3 or log {x + Vx? + 9}. 
2. (a) } tan 4. Ο) tanh ἢ ἢ OF blogg tb 5 
(Ὁ) — tooth 5 or ᾧ log ae 


+3 
8. (a) sin” Η (δι ραν or § log j— mtd 
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4. (a) cosh"? 7 or log (x + +/a*— 10). 
() both For bog Ff 
. (a) sinh"? 5. or log (x + ν 57 + 10. 
(a) γάμον, 
(δ) ἐ cosh" 55 or ΕἸορ (8: + /9a — BB). 
(c) ὁ sinh ὅδ or § log (3x + /Oa¥ F BH). 
(a) αὶ tant“, (δ) ὁ tanh % or 74 log 324. 
() — booties For ἡ, μος TS 
8. (a) ἃ ἔαητα δῇ, (ἢ gsinht F or flog (8: + VO FH, 
(Ὁ) }cosh-t 5 or log (3 + OF —G. 
9. (a) jaok Boog + VRE 
() Jasin VA. + OF 575 log teV3 + VIED 


ao σι 


a 


10. (a) sin Ὲ. (δ) } sin? vi 
11. (a) } sinh" τ or } log (2x + +/6 ἀτὴ 
(δ) 4 tanh-2 2% 


12. (a) Je sini VT og oF 579108 (VTE + VTE HS 
(δ) — cosech"! « or — log {ΞΕ 535 
13. (α) ἐ sec"? 5. 
(δ) — ἐ cosech* 5 vm ὧλ tlog {5: Ὁ +! yet. 
14. (a) — }sech"t 5 or — plog {2 F-VE—* }. 


(δ) cosh-1 = z+ } sect 5, 
p. 172. Exercise 19. 
1. $(¥ — sin 2). 2. $(¥ + sin 2). 3 
8. Stan 5 — x, 4. 2 { + sin de + gsin de}. 


coh 


. te sin 3% + ἢ sin x. 12. 


. tan αὶ — cot %. 
; ἐ tan* -- log sec #. 


‘ 21/2 sin ἢ δ᾽ 
p. 183. 


1. 


TEACH YOURSELF CALCULUS 
¢ {SF — sin 2x + gsin ax}. 
ἐν — din ἐκ. 
be + ὦ sin 2ax + ὃ). 


6. —(} cot 2x + 2). 
8. ἐκ + xy sin 6x. 
10. — }cos z+ x; cos 85. 


: 3(sin * — ¢ sin 5x). 
πῶς ke “ 14. — }(cos 2x + 4 cos 67). 
- {me + cos -- Ba} 


a+ τ' a— : 
— } cos 20, 18. id — sin 4+). 
20. 2 tan αὶ — x. 


24. tan αὶ + } tan? z, 


Exercise 20. 
νος ἀγ9Ξ: αὶ 


sabre + - tee “πε 


MgB 


sae 25 — sdatachd 


r= τ 


9. 1 sinh’ | + sea 16. Ane 
10. 9xV2#—3—Geosh? 4. 1]. - τ 
“ t vit? 
12. be I + 2? — }sinh™ 2. 13. wait as 
ν΄ αἱ + x3 hie 
ee” "i — sin 
14. ταν 16. Viz 
16. gifts : ἘΞ = x (see formulz, Trigonometry, ae 
17, 2 log tan ἢ. 18. 2 log tan (7 + ἃ 
19, } log tan 5 20. log tan x. 
21. tan 5. 22. tan — sec αὶ, 
23. tan x - sec αὶ 24, log >= “ἀπο 


22. — τς (ἢ 5ἰπϑ 2x — x + }sin 41]. 


8. gaa? +5 + §sinh™ δε 
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25. } tan (} tan 5). 26. } tan-? (2 tan 5). 
tan5—2 

27. ἢ tanh"? (tan a) 28. 1:06] ———— ]. 
2tan5—1 

p. 187. Exercise 21. 

1, }sin 2°. 2.4 ας a saart p. 211.) 

8. V1 + x3. n/ 2 — Be. 

5. — 2cos Vz. APs Ts. 

1. } log oR rE 8. } (log x)’. 

9. 26 + x38, 10. tan=? x4, 41... 8 
11. (¥ -- 2)5(5% +- 2). 12. log (x + 1) + I(x tp 
13. ἢν + ae = i, 14. ¢&(3x + 2)(* — ἡ. 
16, -- V5 — 16, $(2* + ὧν «ἢ — 1. 

17. ὌΝ ~ - Qe + 3). 

18. $(2%% + 6% — 11) + log (x — 1). 

19. ty + 4)(x* — 2);. 20. 2x + 3 log (ν΄ — 3)}. 
21. 3(}5 — v2 + log (Vx + ἮΝ 


ae - 51 ν — log (Vx + »}. 


23. } cos’ αὶ — Fond. 24. i pint x — Bocp'w + Teint. 
25. a(x2 — 3)(x2 + 1d. 26. σ᾽. — ἴ + tlog (et — 2). 
91. ἀξ (1 + 2x) (39 = 3h 28, — vie# 

Vie Baad? a 80. ξ(1 + log x)!. 

p. 193. Exercise 22. 

l. sin αὶ — # cos #. 2. $sin 3x — 3% cos 3. 

3. (#*— 2) sin + 21 cos x. ον μὰ 

4. - γὐκα ον ονμρφ μά ἷν 5. ᾿ (log  -- }). 
6. | (log + — ἐ. 7. | (log αὶ — 3). 

8. gx! (log αὶ — ἢ). 9. εἴα — 1). 

10. e*(2 — 2x + 2). a e-«(*F-*) 


366 TEACH YOURSELF CALCULUS 


12. }e"(cos 2x + 2 sin 22). 18. ἀ ΡΟ ΓΕ πὸ Υ -- x3, 

14, # ἰδητῖ x — ἃ log (1 + “ἢ. (#2 + 1) tan-2 4 — ἐπ. 
16. $e" (sin ¥ — cos #). *«* — lysin 2¥ — } cos 22. 
18. — }* cos 2% + } sin 2+. 19. χ tan καὶ — log sec +. 

20, cosh x — sinh x. 21. Fsints + FP VI—w, 
22, ἢ {(log x)* — δ log x + 9) 

p. 195. Exercise 23. 

1,  — 2 log (ἡ + 2). 2. - {* + log (1 — #)}. 

3. x(a + bx — alog (a + bz)}. 4. # + 2 log (+ — 1). 

5. — * + 2 log (¥ + 1). 6. x — 21ο (as. +- 3). 

7. ἀντ — 2x + 4log(*#+ 2). 8. Pek, log (1 — #). 
9. $ {5 4% + τος (3x — ἢ}. 


10. ps th(a 4 bx) — Qala + bx) + a log (a + bx)}. 
11. 8.15 — x? + 4x — 8 log (ἡ + 2)}. 
12. fx? + ga? + x + log (x — 1). 


p. 200. Exercise 24. 

1 log 75. 2 $ log ;—; 

8. # + log τ τ 4 ds log δ’ 3. 

5. 3 — 2lo 4). 

6. vice Apt Barth toe Aad Ay 

7. log (2% + 5) + 3 log ( — 7). 

8. sper — yx log (3% + 2). 2 
9. Slog (x + 1) — flog (ἀν — 1). 10. log (1 — x) + ;——. 


11. 2log(@+2)+225 12. ὁ ἐμεδν Ἐὰ δ ατεν 


13. «  2Ἰοὸρ (x — 4) — log (ἡ + 

14 at foe  — 2 Ξ ἔ log (¥ + i 

15. #4 + 2 log (x + 2) — log (x — ὃ 

16 ba log la 1) leg Wea). 
p. 203. Exercise 25. 


1. — log α + $ log (αν + 1) + dog (ας — 1). 
2. ἔβορ (x -+ 2) — log 4} — ἐς. 
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. — § logs + § log (+ — 1) — 3 log (x + 2). 

. } log ( — 1) + 3 log (Ὁ — 2) + ae ow 
ae te ee se — By 
hess the 49-52 gp 

. log — ὁ log (#* + 1). 

» 8608  — 3) - ὁ CT md ee 

Yo flog (x* + 4) — 2 log (¥ + 1)} + 3 tan™*5. 


11. ¥oflog (χ᾽ + 4) — 2 log (1 — 4)} — ὁ ἐδητ 


12. fe ( x + Ἢ + log (ὦ — ἢ — log (x* + 1)} ++. 
13. log = 0) > log ( + 1)} + } tan! z. 
14. 1 #. 
p. 209. Exercise 26. 
Y tan22+3 (#+3) — ν 
᾿ va εὐ 2 5793 Ey) τ ἢ 
3. Ate, Fad gah 
va V2 / 13 / 13 © 


δ. -- + log (347 + 4% +- 2) 5" ΕΝ Ὁ Ὁ. 


. 2log (53 — = Ὡς Mgnt vE 


6 
7. log («Ὁ +- 4% + 5) + tan“! (x + 2) ον... ἢ 
8. ἃ log (¥ + 1) — log (πὴ — x +1) + Se tan” ov ἮΝ 
9 


. ἃ — 2 log (x* + 2% + 2) + 3 tan “Wis 
Stop V2 t+) 
. = blog (1 — 2+ — 24/2lo 
10 δ log ( #*) τῶν 6 Va—(1+2) 


11. Hog ot + 2+ 9) + 88, tant ET 


12. $ log (x + 1) + } log (x* — x + ἢ + 7g tant So 
p. 213. Exercise 27. 

1. sinh“? fig 3) or log {(% + 3) + V2? + 6% + 10}. 

2. sink? 5 or log {((¥ + 1) + V2" + 2% + 4}. 


368 TEACH YOURSELF CALCULUS ANSWERS 369 
ee oe. ae or log {(* — 2) + Vz" — 4x + 9}. p. 224. Exercise 29, 
4. 5ἰπ΄} 1 δ. goo "ἃ ππϑ 1. arr 2. 44. 3. 1h. 
5 vii + 4. 9. Η 2-925. 6. 
6. sin“? =>". 7.VA@+ 1. 7. ἈΚ, 8. κα 9. 
pee δ) bere | , 10. 0 16 (a 
Oe a Ω — 1 + cosh" α. 12. 2 - 1) = 3-436 ianpce ee ee 
10, V2? —& + 1 + καὶ sinh? — τ΄ 14, >. 15. Ele — ec) 18. 7 
11. 3 χϑ — Be Ὁ ὅ — sin Ἐπ ὦ ἐν log V2. a6. 19. — ἢ, 
7 3 sin 27" — 2/3 -Ξ ἂς — αἱ = “ὦ uy ες 22. ἃ —  ἴος 2. 
| 2 +1 . δ᾽ 24. (7 -- 8). 25. τῷ, 
aE 8 eae Te 26. 4 — 2log3 27. 3. 28. Σ΄. 
14. Vx9 + 2x — 1 + cosh" oe 29. δ᾽ 30. 1. 31. a 2 + +/3). 
32. -9379 33. ὃ — 1. 84. 1 -- 7. 
p. 215. Exercise 28. 85. sin? 3 — sin- ἃ. 36. x. 81. — sis. 
Toe nae wos 1 2% 
Νὴ ἐσ λον hen oh PP Ὗ oy Sat leben aca p. 232. Exercise 30, 
δἰ VEE FB pee ee ARR Note.—The omission of an answer indicates that no finite 
4. ἐν 53 — ἡ — 3 + ΩΝ “κ-- value of the integral exists. 
εἰ ta OTE Bceel ts, ae 3. δ. 4. } log 3. 6. 1. 
@ =x εἴ ann 22+ 20 $s) adahere ¢ +3), 112. 9. 1—log2 10. Ιορ 3 -- ἀ. 12. δ. 
Pe τς en adhd ἦγ 13. π. 18. 5: 2, 16. 3. 17./— £. 
8. — cosh (** + ἢ 9, — sin-! {—t 3 .} 18, 2. 20. 0. 
ad VaF1I-1 (x + 1)V2 
10. — cosech-! x TL As - } ᾿ p. 258. Exercise 31. 
11. V1 + #4 + log a. 18. — pA be 1688. 3. ὃ 8. 4-047 (approx.). 
| VIPs 7. 8-199 and 8-628 (both approx. 8. 15π. 
13. log (* + VI+ #4) — “=. 9. 4-982, 10. aime ‘ 11. ᾿ς 
* Pig avtoe * I, ΨΩ Ξε... τς τῆς 13. 4. 14, 2δὲ 
ae: Fa 5 δγχεδει 16. Between — 2and 0, area = 5}; between 0 and 3 area = 15}. 
ὃ bog a 17. 341}. 18. 1. 19. 2°3504. 


20. 40. 21. a. 
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p. 265. Exercise 32. 
1. μὰ 2. brats 4. 8. ζα"; 3. 
4. + 5. co (for the integral see Example 19). 
6. ὅ9π 
. a 
p. 267. Exercise 33. 
1, 0°637 (approx.). ἥδ. 0°5. 3. 0-256. 
4. § abe δ Se 
* i * a” : πν ἃ 
=. 8. er 
ria 
p. 272. Exercise 34. 
1. 260 sq. ins. 2. 6°24 sq. ins. 3. 60°7 sq. ins, 
4. 1426 sq. ins. 5. 73°5 sq. units. 
p. 280. Exercise 35. 
1. V5 + 4} log (2 + V5). 2. ὃν ὃ + log (2 + 6). 
3. 5S, ; 4. (e -- 2). 
δ. (V5 — ν᾿ ἢ) + oe ἐ κω 6. 1°732 
ν᾽ ὃ -- Ἰ ; 
7. ὃπα. 8. θ1α. : 
ὃ. ὁ [«6-- 1/3) + log (1  ν ἢ) — log τ 5). 
1, ona 
10. “π΄. 
p. 294. Exercise 36. 
1. (a) $3; (ἡ 85. δ΄ (a) S578. 2. 
π 2ῦπ͵ 8π 
8. δ 4. (1) Ξπ ; (2) -π΄ 
6. “τ΄. 6. 32π. 7. ἔπαϑ, 8: Ξε-. 
= 16x 3x 96x 
9. τ: 10. τε- 11. =. 12. "Ἐπ 
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p. 299. Exercise 37, 
i 135n = fi 
TE" 2. ϑπιν ὃ + log (V2 + 1). 
208 12a? 
ἃ. =. =. δ. Qnrh. 
΄- - 
6. ΤΆ (ν 1000 -- 1) 
p. 306. Exercise 38. 
1, Ψ = $b; y =0 2.% = 3; 7 = iv 10. 
8.  τῷὸ ἢ; y =}. 4. 2 -Ὺ 8; y= ¥. 
5 i from the centre along the middle radius. 
6.%7= δ: y= Ἐ' 
7. co from centre along radius at right angles to diameter, 
ne a ee ὁ. BA. 
" - ,᾿ γ = π᾿ * . :: . - 
12. z b—-a .,_ Ὁ δῷ — a) 
* = fog b — loga’ ” ~ ὃ αὖ (log ὃ — log a) 
18, #= 25; y= 14, ἐὁ from 0 
p. 310. Exercise 39. 
1, 4MP; 2. 4Ma’*. 3. +Mr', 
4. 1Μμ03. δ. (1) 4@Mh*; (8) ἐΜ}». 
6. τ Μν3. 7. ἘΜ3. 8. ἐΜαϑ, 
9, δ8.ΜῈ3 10. $Mr?; γνῇ. 
p. 315. Exercise 40. 
1. 4 Μαϑ, 2. §Ma*, 
8. (1) #¢Ma*; (2) yyMa*; , 3) veMa*. 
4. ἔΜαϑ, δ. Μ(ξ Ὁ 1): 8. §Ma'. 
1. ΞΜαϑ. 8. ¥5M(r? + 4h). 9. }M(a? + 6%), 


10, (1) APab*; (2) 8 τι; (8) Mad(ar + δ᾽. 
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: 4 Β 
Ρ. 327. Exercise 41. 1 + et Set oon ha + bo ἡ ον 
a ute 4 ἐς | og? xt 
2. — 8. οἵη (Ὁ + 98); — 2y sin (2° + γ5. 4. —(*+54+54+7+--.) 
8. τ τοῦ , : 
+ ae Tet Wr ge ee as Oa, 
ack ode ον ὅν τοι 1δ ete ἘΠΕ ἘΠΕ. . 
δ — ΡΨ Ae ae ete Ss 
ae wf ER σεν Seles we 
a az yds — xdy 17. α — gv? + ὧν — . .. 
Ἴ. -π —-<. Sy te τε 
Aisa it, τ 
10. 2(ax + by)dx + 2(bx + ογγάγ. 11. 5 dx + log xdy. p. 339. Exercise 43. 
12. Bey + ee +. + ΦΟΌ ΝΙΝ 13. εν (ydx + xdy). k 
14. or (og ads + dy). 15. 0-40 (anprox). ” lL y= oto. 2. y = ce’. 3. y = ox. 
16. aV = 5 at — Κη ἀρ. 17. Each equals 5x4. 4. (1+ y)(1 —2) =o. δ. εἶπ’ 
18. — 2%; | 19. 150c8 cu. ins, pe 6. sec x = csecy 7. x8 + y? — cy = 0. 
sity 4 er ee 8. (0 28) = ον, 9. log χἣν — y = ὁ. 
p. 334. Exercise 42. on! uF one tans 11. (1 -- y?)(1 + #3) = on, 
Ι- γ ye De 
1. (a) sina + # cosa — ἦς sina — ὅς copa +... 12. y= e**, 13. Vx? —1—- ν᾿ γ — le, 
x # 14, % + logs FF me. 15. y = ce”. 
(Ὁ) cosa — x sina — poet is sina +. 2 
e [eo 16. #y = δ. 
2. (thers ἘΠῚ +.---). | 
ae Ἐπ - Ρ. 342. Exercise 44. 
ἃ να, “- xh 1— 8. A ' ox? 9 x42 
: ics (1 + x4)3 — ~ (1 + #3’ a + lLly+il= 3 ,. # ἘΠ ἘΚ 
— jx = _* 
4. κα ek Jans ” ὋΣ: 8. γε  -Ε]Ἰ + ce*. 4. για οϑ ὃ 1. 
ἡ Ἢ ete +7089 yao tee" 
eae 6. y sec x = log (sec x + tan 2) + ὁ. 
8. ve og. are 9. y= ete. | 10. y= > - 3 t+. 
υ. ars a A ΝΙΝ i ll. y= tanz—1+ce™™*, 12. xy + loge =e. 
10. Ns Pt . a p. 345. Exercise 45. 
= 8 l. #2 + 2xy = ο. ἣν εν nae: tie 
n3+5,¢2 483 + AEP — too? = ΒΕ ἘΣ, 
‘oa  ἼΣ [δ᾽ ra 3. log ν΄ “ἢ + γ᾽" — tan ΟΞ ον r 
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5. x2 — γῇ = cx, 8. Σ -- τε 

7. ay(¥ -- y) =. 8. xy? = ον + 2y). 
Ε 

0. y = ce’. 10. sy? = e(x + 2y). 

1 a ay 2 we ‘ 4s 

p. 349. Exercise 46. 

1. #9 + 21) + 4y* = ὁ. 2.8@+ ey +yvi+ae—y=e. 

3. ley — χῇ ταῦ. 4. 2+ γ — Bry =e. 

δ. vty — χγΈ + 47+ =o. 6.~—y=e. 

7. y = 2(*% +c). 8. log ay — ἔν" =. 

9. log * + ta = ὁ. 10. 44 + y? — cy = 0. 

ys 


8 8558 Ξ5858 5558 


2 
Φ 
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